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ARTICLE INFO ABSTRACT

Dataset link: https://github.com/DCN-FAU-Av Federated learning (FL) is a promising framework for learning from distributed data while maintaining privacy.
H/FedADMM-InSa The development of efficient FL algorithms encounters various challenges, including heterogeneous data and
Keywords: systems, limited communication capacities, and constrained local computational resources. Recently developed
Federated learning FedADMM methods show great resilience to both data and system heterogeneity. However, they still suffer from
ADMM performance deterioration if the hyperparameters are not carefully tuned. To address this issue, we propose
Inexactness criterion an inexact and self-adaptive FedADMM algorithm, termed FedADMM-InSa. First, we design an inexactness
Client heterogeneity criterion for the clients’ local updates to eliminate the need for empirically setting the local training accuracy.

This inexactness criterion can be assessed by each client independently based on its unique condition, thereby
reducing the local computational cost and mitigating the undesirable straggle effect. The convergence of the
resulting inexact ADMM is proved under the assumption of strongly convex loss functions. Additionally, we
present a self-adaptive scheme that dynamically adjusts each client’s penalty parameter, enhancing algorithm
robustness by mitigating the need for empirical penalty parameter choices for each client. Extensive numerical
experiments on both synthetic and real-world datasets have been conducted. As validated by some tests, our
FedADMM-InSa algorithm improves model accuracy by 7.8% while reducing clients’ local workloads by 55.7%
compared to benchmark algorithms.

1. Introduction sends the model update to the central server. The server aggregates
these updates by averaging to update the global model parameters,

With the increasing volume of data generated by massively dis- which are then sent to all clients. Despite the fact that no raw data
tributed devices and organizations, traditional centralized deep learn-

ing paradigms encounter challenges in terms of data collection, privacy
concerns, and scalability. To address the above challenges, federated
learning (FL) (Li et al.,, 2020a, 2021; McMahan et al.,, 2017) has

is transmitted, there is still a risk of privacy breaches, such as data
reconstruction attacks (Geng et al., 2023; Wang et al., 2023a; Xiao
et al., 2024; Yang et al., 2023).

emerged as a promising paradigm and has gained significant attention One of the key properties of FL is that the clients are massively
in recent years. distributed and have limited communication capacity (Kairouz et al.,

2021; McMahan et al., 2017; Zhang et al., 2022). To decrease the
1.1. Background number of communication rounds needed to train a model, FedAvg

suggests increasing local computation on each client. Unlike tradi-
In FL, multiple clients (devices) in a distributed environment col-

laboratively train a neural network model under the coordination of a
central server, without centralizing their data. The training process of
FL consists of several communication rounds. For example, in the most
commonly used FedAvg (McMahan et al., 2017) algorithm, at every descents before these local model parameters are aggregated in order
communication round, each client computes a model update on its local to update the global model parameters.

data using the latest copy of the global model parameters and then

tional distributed optimization (Zinkevich et al., 2010) where consen-
sus is performed after every local gradient computation, in FedAvg, the
clients perform multiple epochs using full-batch or stochastic gradient
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1.2. Current challenges

Nevertheless, simply increasing local training epochs as in FedAvg
would cause the client drift (Karimireddy et al., 2020) issue due to the
inherent data and system heterogeneity in FL (Kairouz et al., 2021;
McMahan et al., 2017). The client drift issue comes from the fact
that clients in FL normally possess unbalanced and non-independent
and identically distributed (non-IID) local datasets, which leads to
inconsistent minima of the local and global objective functions (Karim-
ireddy et al., 2020; Wang et al., 2020). As a result, the aggregated
global model suffers from deviation and does not converge to its true
optimum (Li et al., 2019). To address this, FedProx (Li et al., 2020) was
proposed by adding an extra proximal term to the client’s loss function
to constrain the client’s local model to be close to the server’s global
model. However, the extra proximal term might degrade the training
performance unless carefully tuned (Wang et al., 2022). In Karimireddy
et al. (2020), a method called Scaffold is proposed to reduce client
drift by using variance reduction to correct each client’s local updates.
However, this method doubles the size of variables that need to be
communicated between the server and clients, which is not ideal given
the limited communication resources in FL.

Recent findings show that FedADMM methods (Acar et al., 2021;
Gong et al.,, 2022; Wang et al., 2023; Zhang et al., 2021; Zhou &
Li, 2023) based on the alternating direction method of multipliers
(ADMM) (Boyd et al., 2011; Glowinski & Marroco, 1975) are inher-
ently resilient to heterogeneous clients in FL. Fed ADMM leverages dual
variables to tackle statistical heterogeneity and accommodates system
heterogeneity by tolerating variable amounts of work performed by
clients. FedADMM maintains identical communication costs per round
as FedAvg/Prox and generalizes them using the augmented Lagrangian
with dual variables and an extra quadratic penalty term as the client’s
local loss function. This modification strikes a balance between up-
dating the client’s local model and staying consistent with the global
model.

1.3. Research motivations

Despite the above-mentioned nice features, current FedADMM
methods still suffer from performance deterioration and the straggler
effect (Kairouz et al., 2021; Tan et al., 2023) if the hyperparameters are
not carefully tuned, especially the amount of local training workload
and the choice of the penalty parameter. In particular, FedADMM
methods require clients to perform a certain amount of local training
workload, which corresponds to solving the ADMM subproblem inex-
actly. This is implemented empirically by either commanding clients
to solve the subproblem to a constant given accuracy (Gong et al.,
2022; Zhang et al., 2021; Zhou & Li, 2023) or performing a fixed
number of local epochs (Acar et al., 2021; Wang et al., 2023). However,
the accuracy of this solution significantly impacts the effectiveness
of the algorithm (Glowinski et al., 2022). Meanwhile, empirically
assigning the same amount of local training workload overlooks the
heterogeneity in clients’ data and systems (e.g., non-IID datasets and
varying computational resources). This oversight may also cause a
severe straggler effect, as waiting for the resource-constrained clients
to finish the overload work will slow down the training process, and
simply dropping them will lead to a biased global model (Bonawitz
et al., 2019; Zhou & Li, 2023).

Another critical issue involves the selection of the penalty parameter
of the quadratic term in the augmented Lagrangian functions. It has
been shown in ADMM applications (He et al., 2000; Song et al., 2016;
Xu et al., 2017) that the efficiency of ADMM heavily depends on the
penalty parameter. If the penalty parameter is chosen too small or too
large, the solution time can increase significantly. The problem is more
complicated in FedADMM as each client can use a different penalty
parameter, and an inappropriate choice of the penalty parameter can
potentially deteriorate the performance of FedADMM methods.
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1.4. Main contributions

To address the aforementioned issues, we propose an inexact and
self-adaptive FedADMM algorithm, referred to as FedADMM-InSa.
Firstly, we introduce an easy-to-implement and adaptive inexactness
criterion to guide the client’s local training. Our approach eliminates
the need to manually set local epochs or predefine a constant accuracy.
This provides each client with the flexibility to solve its subproblem in-
exactly based on its unique situation, thereby eliminating the potential
straggler effect. Furthermore, we design a scheme to dynamically adjust
each client’s penalty parameter based on the discrepancy between its
local model parameters and the global model parameters, avoiding
unexpected performance deterioration due to improperly chosen fixed
penalty parameters.

Overall, our main contributions are as follows:

1. We propose an inexactness criterion that enables each client
to dynamically adjust the precision of local training in each
communication round. There is no need to empirically set the
number of local training epochs or perceived constant accuracy
a priori. This flexibility allows our algorithm to better adapt to
the heterogeneous clients and datasets, save local computational
resources, and mitigate the straggler effect.

2. We develop a self-adaptive scheme for adjusting each client’s
penalty parameter. The scheme dynamically balances the pri-
mal and dual residuals defined by the dissimilarity between
the client’s local parameters and the server’s global parame-
ters between two communication rounds. This adaptive scheme
significantly enhances the robustness of our algorithm and elim-
inates the risk associated with selecting inappropriate penalty
parameters for individual clients.

3. The convergence of our proposed algorithm using the inex-
actness criterion is analyzed. Extensive numerical experiments
demonstrate the improved performance of our proposed inex-
actness criterion and self-adaptive penalty adjusting scheme.
As validated by some numerical tests, our proposed algorithm
reduces the clients’ local computational load by 55.7% while
accelerating the learning process when compared to the vanilla
FedADMM.

1.5. Organization

The rest of the paper is organized as follows. In Section 2, we
first provide a brief background on FL and ADMM, then the vanilla
application of ADMM in FL and the resulting FedADMM algorithm.
Section 3 presents our proposed FedADMM-InSa method, including the
inexactness criterion and the self-adaptive penalty parameter scheme.
The experimental setup and simulation results are presented in Sec-
tion 4. Finally, we conclude the paper in Section 5 and provide more
technical details in Appendix.

2. Preliminaries

In this section, we briefly introduce the mathematical formulation
of FL. and ADMM, which are central subjects of the study in this paper.

2.1. Federated learning

Mathematically, the training process of horizontal FL can be formu-
lated as the following minimization problem:

min ; @, f(2), (2.1)

where m is the number of clients, z € R” is the trainable parameters,
fi + R" > Ris the local loss function of each client i € [m] := {1,...,m},
a; > 0 is the weight coefficient assigned to client i by the server, and
Y, = 1. A common choice is «; = N;/N, where N; is client i’s data
volume and N = }7" | N, i.e., weighting clients proportionally to their
data volumes.
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2.2. ADMM

Given the following constrained optimization problem:
min _ 6;(x)+ 0,(y), s.t. Ax+ By =b, (2.2)
x€R" ,yeR"
where 6, : R" - R,0, : R - R, A € R®*", B e R, and b € R™,
its augmented Lagrangian function L; : Rt x R™ XR" — R is defined
as

Ly, = 0,0+ 0,00) = AT (Ax + By = b) + Dl x + By b, (23)

where 1 € R™ is the Lagrangian multiplier associated with the equality
constraint in (2.2), and § > 0 is a penalty parameter. Here and
henceforth, we denote by || - || the Euclidean (or #,-) norm.

Then, starting with an initial point {y°, A°}, for k > 0, the ADMM
(Glowinski & Marroco, 1975) iteratively updates the variables {x, y, 1}
in the following way:

xk*1 = arg min L, (x, y, 4¥), a
gxeR"l B ( y ) (@
Y1 = arg min Ly (xk'“ A /1’“) s (b) (2.4)
yeR"2
ﬂ,k+l = pk_ ﬂ (Axk-H + Byk+l — b) . (©

The ADMM is a variant of the classic augmented Lagrangian method
(ALM) (Hestenes, 1969; Powell, 1969), where the subproblem of each
ALM iteration is decomposed into two parts and then solved in a
Gauss—Seidel manner. The ADMM possesses a distinct advantage as
the decomposed subproblems are typically much easier than those
encountered in the ALM, allowing for the exploitation of inherent
properties and structures within the model under investigation. More-
over, the ADMM usually exhibits satisfactory numerical performance
without the need for specific initial iterates. These characteristics make
the ADMM a benchmark algorithm across various domains, including
image processing (He & Yuan, 2018), statistical learning (Goldstein
et al., 2015; Yue et al., 2018), and optimal control problems (Glowinski
et al., 2020, 2022; Song et al., 2023; Zhang et al., 2017), etc. For a more
comprehensive understanding of the ADMM, one can refer to Boyd
et al. (2011), Glowinski (2014).

2.3. Vanilla FedADMM

In this subsection, we present the application of ADMM in the con-
text of FL, leading to the derivation of the vanilla FedADMM (Zhou &
Li, 2023). Subsequently, we systematically analyze the challenges and
limitations associated with each iterative step of the vanilla FedADMM.

To apply the ADMM to address the FL problem (2.1), we first
introduce auxiliary variables u; = z, i € [m], and rewrite problem (2.1)
into the following consensus setting:

m
min, ; a f:w), s.t.w; = z,Yi € [m]. (2.5)
It is clear that problem (2.5) is equivalent to (2.1) in the sense that their
optimal solutions coincide. The formulation of problem (2.5) naturally
fits into the FL setting, where u; € R" can be interpreted as the local
model parameters held by client i € [m], and z € R" as the global model
parameters held by the server. Therefore, in the following discussions,
we concentrate on solving the optimization problem (2.5) instead of
(2.1), as they are equivalent.

For problem (2.5), we define its augmented Lagrangian function as

m
Loy 2)= Y &Ly ;4 2), with
i=1 (2.6)

Ly G402 = 1) = 37 (= 2) + 2 2]
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Here, 4; € R" and p; > 0 are the Lagrangian multiplier and the penalty
parameter for client i € [m], respectively. For simplicity, we also denote

u= (ul,...,um)T eR™, )= (/11,...,/1,,,)T e R™,
a=(ay,....ay) €R™ p=(B,....p,) ER"

Then, given an initial point {z°, A%}, for k > 0, we can have the

(2.7)

vanilla FedADMM that iteratively updates the variables {u, 4, z} in the
following steps:

k+1_ . k k ;
u = argull‘[élﬂgnLﬁi (u,-,ﬂi ,Z ),Vl e[m], (a)
M= 0k — g (uft! = 2F) Vi € [m], (b) (2.8)
k+1_ , ; k+1 k+1
z+—drg;r61]11é}lLavﬂ(u+,A+,z). (©)

As seen above, these iterative updates naturally suit the FL setting. The
updates of u**! in (2.8a) and A**! in (2.8b) represent client i’s local
update process, and can be performed in parallel by each client i €
[m]. Meanwhile, the update of z¥*! in (2.8¢) is the server aggregation
process after receiving u**!, 1**!, and g from the clients. We then take
a closer look at the solutions of the subproblems (2.8a)-(2.8c) and
analyze the associated difficulties and limitations.

2.3.1. Client’s local update: Subproblems (2.8) and (2.8)

The u-subproblem (2.8a) and the A-subproblem (2.8b) correspond to
the client’s local update process and can be performed in parallel. The
A-subproblem (2.8b) is simple and has an analytical form. However, the
u-subproblem (2.8a) is challenging due to the use of high-dimensional
and nonlinear neural networks (such as the ResNets (He et al., 2016)) in
FL. It generally lacks a closed-form solution. As a result, the subproblem
(2.8a) should be solved iteratively and inexactly, and the implementa-
tion of the FedADMM (2.8) must be embedded by an internal iterative
process for the subproblem (2.8a)

In the vanilla FedADMM method, the clients normally use gradient-
based methods for solving (2.8a) to a certain precision. For example,
client i first sets ﬁf‘ := z¥, then implements a prescribed number of local
epochs consisting of multiple gradient descent steps:
af = af -V, Ly @5, 25, 25, (2.9)

i

where 1, > 0 is the learning rate (also known as the step size).
Then, client i sets u**! := 2 and uses it to update A**' by (2.8b).
While other optimization schemes like stochastic gradient descent and
quasi-Newton methods such as L-BFGS (Liu & Nocedal, 1989) are
plausible, the accuracy of this inexact solution significantly influences
the algorithm’s effectiveness (Glowinski et al., 2022). A notable mathe-
matical problem arises concerning the determination of an appropriate
inexactness criterion for solving the subproblem (2.8a) inexactly.

Current FedADMM methods often require an empirically perceived
precision in advance. For instance, clients may be instructed to perform
a fixed number of training epochs (Acar et al., 2021; Wang et al., 2023)
or solve the subproblem up to a constant predefined accuracy (Gong
et al., 2022; Zhang et al., 2021; Zhou & Li, 2023). However, empirically
assigning the same amount of local training workload is not a good
strategy for heterogeneous clients with non-IID data and varying com-
putational resources. For instance, assigning too much workload may
inefficiently utilize local computational resources and cause a severe
straggler effect, especially among clients with limited computational
resources. Moreover, there is no necessity to pursue excessively accu-
rate solutions for (2.8a), particularly when the iterates are still far from
the solution point. Additionally, current FedADMM methods employ
a fixed penalty parameter g throughout the training process, without
considering the heterogeneity of clients in FL. If the penalty parameter
is inappropriately chosen at the beginning, the method’s efficiency and
performance would deteriorate without remedy.

To tackle the above-mentioned issues, we design a readily imple-
mentable and appropriately accurate inexactness criterion for solving
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subproblem (2.8a) and a self-adaptive scheme to adjust each client’s
penalty parameter f; in Section 3. As a result, an inexact and self-
adaptive FedADMM is proposed, enabling clients to dynamically adjust
local training precision each round, eliminating the need to preset
accuracy. This flexibility enhances the adaptability of our algorithm
to diverse clients and datasets, saves local computational resources,
and mitigates the straggler effect. In addition, the self-adaptive penalty
parameter scheme improves the robustness of our algorithm by elim-
inating the risk associated with inappropriate pre-selection of clients’
penalty parameters.

2.3.2. Server’s aggregation: Subproblem (2.8c)

The z-subproblem (2.8c) is addressed by the server to update the
global parameter zK*!. It follows from (2.6) that

m
La,ﬁ (uk+1,/1k+l Z Z

i=1

(f (uk+l) Ak+l)T(ufc+l )+ = ﬂ ” k+1 Z”z) ’

(2.10)
which implies that
< B
ZM! = arg min Z <(/1'<+‘)Tz+ = [l z||2>. (2.11)
zeR" =
Hence, zF*! has an analytical form given by
l m
k1 k1 _ gkl
2 = —/——— ) ; (f, — A . (2.12)
Z;r;laiﬂii:I l(!! i )

The server can also incorporate the partial client participation strategy
by selecting a subset of clients M* C [m] to calculate updated parame-
ters u**! and 2¥*! using (2.8) and (2.8) at the (k + 1)th communication
round. Note from (2.12) that the clients can provide the server with
calculated (ﬂ,-ul’.“rl - Af“) instead of uf.‘“ and Af.‘“, thereby reducing
the communication cost. Meanwhile, for the unselected clients i ¢ MX,
the server can simply use their previously communicated local model
parameters by setting u**! := u* and A**' := A¥. Finally, after receiving
updated parameters (§; uk+] A1) and g; from the clients, the server
can get the updated global model parameters z¢*! by (2.12).

With the above analysis of the client update and the server aggre-
gation processes, we summarize the vanilla FedADMM algorithm based
on (2.8) in Algorithm 1.

Algorithm 1 Vanilla Fed ADMM.

1: Inputs: Initialize z°, %,4°, §,, ;. ;. i € [m].

2: for each communication round k =0,1,...,K — 1 do

3:  Server side: Select a subset M* C [m] of clients and send them
zk,

4:  Client side:

5:  for each client i € M in parallel do

6: Set o :=zk.

7: for each epoche=1,..., E do

8.

9

Update ﬁf.‘ = ﬁf.‘ -V, L, (ﬁf.‘, Af.‘, z¥) for one epoch.
: end for
10: Set uf.”'l = ﬁ,/.‘.
11 Update AF*! = 2% — g™t - 2F).
12: Send (Bu*' — A**!) and §; to the server.
13: end for
14:  for each client i ¢ M¥ in parallel do
15: Set uk+1 = u /1’”'1 = /lf.‘.
16: end for

17:  Server side:
18: Update zK! =
19: end for

1 m k+1 _ gk+1
X, @b Zi:l ai(ﬁiui /1" )-
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3. An inexact and self-adaptive FedADMM

In this section, we present the design of our inexact and self-
adaptive FedADMM algorithm. We first present a refined server update
approach with improved stability. Then, we design an inexactness cri-
terion for solving (2.8a) and a self-adaptive penalty parameter scheme
to update f. We further show that the inexactness criterion and the
self-adaptive scheme can be combined with each other.

3.1. Server’s aggregation with memory

From (2.12), it is evident that in the vanilla FedADMM, the update
of the server’s global model parameters z5*! depends solely on the
local parameters updated by clients in the (k + 1)th communication
round. Due to the uncertainty arising from heterogeneous local updates,
the global model parameters may undergo significant fluctuations. To
address this challenge, we draw inspiration from exponential moving
average methods used in several fields (see e.g., Awheda and Schwartz
(2016), Cai et al. (2021), Dinh et al. (2020)) and propose an improved
method for updating global model parameters z“*! as follows:

skl zm: a ( uk+l /l:_c+1) .
Zl 1 %P =1
K+l L k1 ok
V4 = mz + mz
where § > 0 controls the trade-off between stability and responsiveness
in the server update.

The proposed server update strategy (3.1) improves the stability
of aggregation by balancing the current and previous global model
parameters. This ensures the robustness of the global model in the face
of variable clients’ local updates. On the one hand, it allows for the
memorization of z¥, thereby minimizing the sensitivity to outliers and
leading to a more stable global model. On the other hand, the strategy
maintains adaptability to the changing 2¢*!, ensuring that the global
model responds appropriately to evolving local updates.

Meanwhile, the proposed server update strategy (3.1) can be inter-
preted by augmenting the vanilla z-subproblem (2.8c) with an addi-
tional proximal term, given by

(3.1a)

(3.1b)

m
1 . 1 6 2
2K+ = arg min Log (W, 29 2) + 5 Z aBlz - 22 (3.2)

i=1
3.2. An inexact version of FedADMM
In this subsection, we propose an inexactness criterion for solving

(2.8a) to address the challenges of presetting the client’s local update
precision.

Inexactness criterion of (2.8a). We first start with analyzing the op-
timality condition of the u-subproblem (2.8a). From (2.6), we have

Ly, (w45, 2%) = fiw) = GO T — 2 + %llu, —ZF|1?, (3.3)
and accordingly
V,, Ly, (5, A, 2%) = V fiw) = Af + B (u; = 25) . (3.9
Let u**! be a solution of the subproblem (2.8a), then, it satisfies
Vi@t -

g (uft =24 =0. (3.5)

Based on the optimality condition (3.5), for each client i € [m], we
define ef.‘ (u;) as
efu) = Vi) - A+, (u- -zh). (3.6)

It is clear that a solution u ! of the u- -subproblem (2.8a) at the (k+1)th
iteration satisfies ef‘(uf“) = 0. Hence, we can use ef(u,) as the residual
for the u-subproblem. With the help of ef.‘ (u;), we propose the following
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inexactness criterion. For each client i € [m], at the (k + 1)th iteration,
it computes u**! such that

et @i+t < o [|ef @b 3.7)
where ¢; is a given constant satisfying

2¢;
0<o; < <1, (3.8)

2c,-+\/F,-

and ¢; > 0 is a parameter associated with the strong convexity constant
of client i’s loss function f;, i.e., (Vfi(x) — VAN (x — ») = ¢llx —
y|I%,Vx, y € R". Equivalently, the condition (3.8) can be written as
V2
0<o; < —— <1, (3.9)
V2+4/B,

where §; = p;/c;. It is evident that a smaller f; leads to a higher
permissible value of ¢;, indicating that the subproblem can be solved
with less precision. In practical scenarios, each client can (locally)
convexify its local loss function by incorporating a regularization term.
Our inexactness criterion can also be applied to the non-convex prob-
lems by using a §; > 0 in (3.9). Subsequent numerical experiments
in Section 4, covering both strongly convex and non-convex problems,
also underscore the feasibility of our inexactness criterion (3.7).

It is noteworthy that our inexactness criterion can be assessed by
each client autonomously based on its present model and penalty pa-
rameter, and it can be seamlessly executed during iterations. There is no
requirement to predefine any empirically perceived constant accuracy.
This gives each client the flexibility to solve its subproblem inexactly,
aligning with its distinct non-IID data and computational resources.
Consequently, this approach effectively mitigates the potential risk of
the straggler effect that may arise with resource-constrained clients.
Overall, these attributes make the inexactness criterion (3.7) straight-
forward to implement and more likely to result in local computational
savings.

FedADMM-In: An inexact fedadmm algorithm. Based on the discussions
above, the iterative three steps of FedADMM with the inexactness
criterion (3.7) are given by

k+1 : k kY i
u argurlrélﬂ%Lﬁ’ (u,.,ii 4 ),Vl € [m], @

M=k — g, (uf*! = 2F) Vi € [m], (b) (3.10)

m

kel — : Kl k] s k2

Zk+ = arg min Loy (uk*1, AR+ ,z)+52aiﬂi||z—z 1. (©
=

We denote by FedADMM-In the FedADMM algorithm with the inexact-
ness criterion (3.7) and summarize it in Algorithm 2.

Convergence analysis. Let us analyze the convergence of our proposed
FedADMM-In algorithm under the following assumptions:

Assumption 3.1. For all i € [m], the gradient of f; is s;-Lipschitz, that
is,

V£, = VA0 < sillx =l s, > 0.¥x, y €R". 311

Assumption 3.2. For all i € [m], f; is ¢;-strongly convex, that is,

(VA = VL) (x =y 2 cillx = ylI%,¢; > 0,¥x,y € R". (3.12)

From the strong convexity assumption, it is easy to deduce that
problem (2.1) has a unique solution, denoted by z*. As a consequence,
problem (2.5), which is equivalent to (2.1), also has a unique solution
(u*,z*), where u} = z*,¥i € [m]. On the other hand, from the above
assumptions, the dual problem of problem (2.5) has a unique solution
A* and the strong duality holds. In the following Theorem 3.3, we show
that the sequence generated by iterative scheme (3.10) (i.e., Algorithm
2 with full client participation) converges to (u*, A*, z*).

Neural Networks 181 (2025) 106772

Algorithm 2 FedADMM-In: FedADMM with the inexactness criterion
3.7).

1: Inputs: Initialize z°, 42,40, ;. 6;, 0;, 1,1 € [m].

2: for each communication round k =0,1,...,K —1 do

3:  Server side: Select a subset M¥ C [m] of clients and send them

z*,

4:  Client side:

5:  for each client i € M in parallel do

6: Set a* 1=z~

7: while [le¥@5)]| > o;llef@b)]| do

8 Update af :=af —n;V, Ly @, A%, zF) for one epoch.
9: end while
10: Set uf+! 1= gk,
11 Update 44! = 2% — g,k — 2%).
12: Send (uf' — 2%*!) and §; to the server.

13: end for

14:  for each client i ¢ M in parallel do
15: Set uf.‘“ = uf, Af.‘“ = /1{.‘.

16: end for

17:  Server side:

18:  Obtain 2K*! = Zmﬂ;"ﬂ Z:r;l a,‘(ﬁ;uf-ﬁ'l - )»:H—l).
19:  Update z¢*! = ﬁﬁ"“ + %z".
20: end for

Theorem 3.3. Let {wk) = {(*, i¥,zK)T} be the sequence generated
by iterative scheme (3.10) (i.e., Algorithm 2 with full client participation).
Then, we have the following assertions:

k—o0

k—o0
ek @ — 0, uf — ur,

k—oo k—o0
M— oy, F— 2, Vie(m].

(3.13)

The detailed proof is presented in Appendix A.1, which is inspired
by Glowinski et al. (2022, Sec. 3.3). Although the convergence proof
is conducted under the strong convexity assumption, our algorithm
with the proposed inexactness criterion can also be applied to the non-
convex cases by using a ﬁ,- > 0 in (3.9). Moreover, the effectiveness of
the algorithm with partial client participation in both strongly convex
and non-convex cases is validated by the numerical experiments in
Section 4.

Remark 3.4. In practical applications, one can also use z¥ instead of uf.‘
on the right-hand side of the inexactness criterion (3.7). We empirically
demonstrate in Section 4 that such a substitution improves the FL
training performance in terms of improved model accuracy and reduced
computational load. This substitution alleviates the unnecessary pursuit
of the client’s local minima, which is normally inconsistent with the
global minima due to the non-IID datasets. The convergence analysis of
the algorithm employing this modified inexactness criterion and partial
client participation serves as an interesting future study.

3.3. Self-adaptive penalty parameter ﬂ,."

In this subsection, we present a self-adaptive scheme for adjusting
the penalty parameter ﬂi" for client i at communication round k to
further improve the performance of our FedADMM-In algorithm. This
also makes the algorithm more robust to different initial choices of the
penalty parameter.

Self-adaptive scheme. As shown in (3.10), the FedADMM-In algorithm
is an iterative algorithm, and an intuitive stopping criterion of the
iterative updates can be uf*! — u¥ = 0 and A¥*! - 2 = 0. It follows
from (3.10b) that A¥*' — 4* = 0 implies that u/*' — z¥ = 0. Inspired by
the stopping criterion, we define the primal residual pf.‘ and the dual
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residual d* as follows:

p’f = Bl — k), i € [m], (3.14a)
£ =Nt = 2K i e [ml. (3.14b)
To adaptively update ﬁi", we use the following scheme:
pre, if d* > pph,
B =3 pk /e, if pE > uak, (3.15)
ﬂi", otherwise ,

where u,r > 1 are parameters to choose.

The essence of the self-adaptive penalty parameter scheme (3.15)
lies in dynamically balancing the primal residual p* and the dual
residual d;‘. For instance, according to the definition of d,.k in (3.14b),
d,.k > ypf.‘ suggests that client i’s updated local model parameters
uff“ deviate significantly from the current global model parameters z*.
Consequently, client i is prompted to increase its penalty parameter
ﬂi" to impose a more substantial penalty on the constraint. Conversely,
a reduction in ﬂi" is recommended for client i to mitigate the primal
residual.

Finally, the iterative steps of FedADMM with an adaptive ﬁi" are
given by

k

+1 .
u;" ~arg min L
i & T o

(u, A%, 2%) Vi € [m], (a)

A= A= B (it = 24) Vi e [, (®) (3.16)

e+l _ ; K+l gkl
24! =arg min Ly g (1,284 2)

m
+3 Y apfllz= P ©

i=1
Compatibility with the inexactness criterion. We can easily extend our
inexactness criterion (3.7) to make it compatible with the self-adaptive

penalty parameter scheme (3.15). To accomplish this, we simply re-
place the fixed g, with the adaptive ﬂk in (3.8). Then, for each client

i € [m], at the (k + 1)th communication round, it computes u‘"rl such
that
”ef.‘(uf.‘“)“ < af | ef.‘(ul. 3.17)
where af is a given constant satisfying

(. _ V2
O<of < —¥2 <1, (3.18)

\/§+\/ﬂ”_,-"

and f* B¥/c; can be independently evaluated by each client i
based on its unique situation. Hence, the inexactness criterion (3.17)
with the self-adaptive penalty parameter scheme can also be executed
autonomously by each client during iterations. Moreover, this allows
clients to perform personalized local update steps based on their dis-
tinct data and computational resources, effectively mitigating the risk
of the straggler effect.

FedADMM-InSa: An inexact and self-adaptive fedadmm. Based on the
discussions above, we propose the FedADMM-InSa algorithm using an
adaptive penalty parameter ﬁi" and present it in Algorithm 3. It brings
more difficulty to prove the convergence of Algorithm 3 with a varying
ﬂik in each iteration, however, the numerical experiments in Section 4
empirically validate its robustness and improved performance.

4. Experimental results

In this section, we conduct extensive numerical tests to demonstrate
the improved performance of our proposed FedADMM-In (Algorithm
2) and FedADMM-InSa (Algorithm 3) in comparison to the vanilla
FedADMM (Zhou & Li, 2023) and FedAvg (McMahan et al., 2017). We
first introduce the experimental settings and the implementation details
used in our experiments. Then, we present the simulation results and
analysis.
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Algorithm 3 Fed ADMM-InSa: FedADMM with the inexactness criterion
(3.17) and the self-adaptive penalty parameter scheme (3.15).

1: Inputs: Initialize z°, A?,u?,ﬁ?,a?,ci,ai,ni,i €ml, u>1,t>1.

2: for each communication round k =0,1,...,K — 1 do
3:  Server side: Select a subset M* C [m] of clients and send them
z*,

4:  Client side:

5. for each client i € M* in parallel do

6: Set 125‘ 1= zk,

7: while [le¥(@5)|| > ¥ [leFwh)]| do

8: Update a¥ := ¥ - mV,, Ly, (@, 4*, z*) for one epoch.
9: end while

10: Set uf+! 1= gk,

11: Update Al = gk — gl - 2Ky,

12: Send (Bu! e+ /1"“) and g to the server.

13: Calculate p = ﬁk||uk+1 uf||l and d¥ = |uk*! - 2K
14: if dik > yp, then

15: Update g+ = gtz

16: else if p¥ > ud* then

17: Update ! = p¥/z.

18: else

19: Update g = gk,
20: end if
21: Update a 2

R 2+/8 e
22: end for

23:  for each client i ¢ M¥ in parallel do

24: Set uf.‘“ =uf, AkH = Ak, ﬂikH = pk, al.k'*'l =k,
25: end for
26: Server side:
27:  Obtain 2¢+! = 5 aﬂk T (BRult = k),
i=1
28: Update zK+! = lié skl 4 %(;z".
29: end for
4.1. Setups

We conducted experiments on three combinations of datasets and
models, covering both cross-device (many clients with few data points
per client) and cross-silo (few clients with many data points per client)
scenarios (Kairouz et al., 2021). The details of the experiments are
elaborated below and also summarized in Table 1.

Example 1: Linear regression with a synthetic dataset. In this example, we
set each client’s local loss function to be

1 N2 7
filw) = TZ<“ =)+ D,

Here, a{ € R" and hl’ € R are the jth data of client i € [m], N; is
the volume of data of client i, and we denote N = ' | N;. Let [-] be
the ceiling function, i.e., [x] is the smallest integer not smaller than x,
e.g., [1.5] = 2. Then, following the setup in Zhou and Li (2023), we
generate [N /3] samples from the standard normal distribution, [N /3]
samples from the Student’s ¢ distribution with degree 5, and N-2[N /3]
samples from the uniform distribution in [—5, 5]. In the tests of Example
1, we set n, = 5,000, N = 50,000, and y; = 0.01 for all i € [m].

i €[m]. 4.1

Example 2: Image classification with the MNIST dataset. In the second
example, we address the image classification problem using convolu-
tional neural networks (CNN) with the MNIST dataset (LeCun et al.,
1998). The MNIST dataset contains images of handwritten digits. It has
60,000 training data and 10,000 test data. The samples in this dataset
are 28 x 28 grayscale images with handwritten digits from O to 9 in the
center. In this example, each client uses a CNN with two convolutional
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Table 1
Datasets, models, and parameters of three examples.
Example 1 Example 2 Example 3
Linear regression Image classification Image classification
Dataset Synthetic MNIST CIFAR-10
Model Linear CNN ResNet
Training set size 50000 60000 50000
Test set size - 10000 10000
Data dimension 5000 28 x28 x 1 32x32x3
Number of clients 200 200 10
Data per client 250 300 5000
Active clients per round 20% 20% 20%
Client learning rate 0.001 0.01 0.001
Batch size 50 50 500
Epochs per round 20 20 10
Communication rounds 300 300 300

layers, comprising 32 and 64 channels respectively, as the same to that
in McMahan et al. (2017).

Example 3: Image classification with the CIFAR-10 dataset. In the third
example, we test the image classification of the CIFAR-10 dataset
(Krizhevsky & Hinton, 2009). This dataset contains color images of size
32 x 32 with 10 categories. There are 50,000 training data and 10,000
test data. For the neural networks, each client uses a ResNet-20 (He
et al., 2016), which consists of 20 stacked weighted layers.

Non-IID data separation. To test the performance of the algorithms on
non-IID data, we separate datasets in the following way. In Example 1,
we first shuffle the training samples and then distribute them evenly
among all clients. In Example 2 and 3, we first sorted the data by
labels and then divided them into several shards, each shard containing
images with the same label. Then, we assign the data to make sure that
each client has at most two kinds of labels in Example 2 and five kinds
of labels in Example 3, corresponding to pathological non-IID scenarios.

FL training parameters. In each round, the server uniformly samples
20% of the clients to perform the local training. For the vanilla
FedADMM and FedAvg algorithms, the clients perform fixed epochs of
training using stochastic gradient descent. For the FedADMM-In and
FedADMM-InSa algorithms, the number of epochs is controlled by the
inexactness criterion, which is evaluated after each epoch. We constrain
the maximum number of epochs per round to be the same as the
fixed epochs in the vanilla FedADMM. For the inexactness criterion,
we set ¢; = 0.01 in Example 1 and 2, and ¢; = 0.001 in Example 3. In
all examples, we replace uf.‘ with zF and set § = 0.01 for the server
aggregation. For FedADMM-InSa, the adaptive penalty scheme uses
u =5 and r = 2 in all examples. Finally, important parameters used
in the tests are summarized in Table 1.

4.2. Results analysis

In this subsection, we present the comparison results of our
FedADMM-In and FedADMM-InSa algorithms with benchmark
FedADMM and FedAvg algorithms. For ADMM-based algorithms, we
show results with different values of g, € {0.1,1,2,5,10}. The detailed
results are summarized in Table 2 and elaborated below.

4.2.1. Evaluation of FedADMM-In

In this subsection, we compare our FedADMM-In algorithm with
the vanilla FedADMM and FedAvg algorithms. The results with the
penalty parameter §; = 1 are plotted in Fig. 1, while other results are
summarized in Table 2.

As shown in Figs. 1(a)-1(c), FedADMM-In achieves superior results
compared to FedAvg and comparable results to FedADMM across all
three examples. Furthermore, Figs. 1(d)-1(f) demonstrate that
FedADMM-In allows clients to execute fewer local epochs compared
to the other two algorithms while maintaining training performance.
As detailed in Table 2, FedADMM-In achieves an average local epoch

reduction of 35.4%, 49.0%, and 16.6% in Examples 1-3, respectively,
leading to a substantial improvement in computational savings. These
results indicate that our proposed FedADMM-In algorithm can achieve
comparable or superior training outcomes while reducing the compu-
tational load on clients, significantly mitigating the potential waste of
valuable computational resources in FL.

4.2.2. Evaluation of FedADMM-InSa

In this subsection, we present comparison results of our FedADMM-
InSa algorithm with the vanilla Fed ADMM and FedAvg algorithms. The
results for the three examples are presented in Figs. 2—4 and are also
summarized in Table 2.

Results of Example 1 (Linear regression). Fig. 2 shows the comparison
results of our FedADMM-InSa with the vanilla FedADMM and FedAvg
algorithms. We plot scenarios with g; € {0.1,1}, and other results can
be seen in Table 2. It can be seen from Fig. 2(a) that our FedADMM-
InSa consistently achieves the lowest training loss. For FedADMM, it
performs better than FedAvg when g, = 1. However, for g, = 0.1,
FedADMM only decreases to a loss value similar to that of FedAvg,
while our FedADMM-InSa reaches the lowest loss value. The average
p; of clients are plotted in Fig. 2(b). For FedADMM-InSa, despite
different initial g; values, they converge to a similar value around three.
Additionally, Fig. 2(c) presents the number of average local epochs of
active clients in each round. It is evident that FedADMM-InSa requires
fewer local epochs than FedADMM and FedAvg. In the later training
rounds, the local epochs saturate probably because the algorithm has
approached the local minimum.

Results of Example 2 (MNIST with CNN). Fig. 3 shows the comparison
results on the MNIST dataset using a CNN model. Similar to Example
1, the performance of FedADMM varies significantly with different g
values. In the two cases plotted with g; € {5,10}, FedADMM performs
even worse compared to FedAvg, highlighting its sensitivity to the
choice of ;. Conversely, our proposed FedADMM-InSa consistently
achieves superior performance, demonstrating lower training loss and
higher test accuracy across all algorithms.

Fig. 3(c) illustrates the change in average penalty parameters of
all clients. It can be seen that FedADMM-InSa maintains an effec-
tive penalty parameter adaptation process, contributing to its robust
performance. Meanwhile, Fig. 3(d) shows the average local epochs.
FedADMM-InSa requires much fewer local epochs on average com-
pared to FedADMM, indicating a more efficient training process. This
efficiency is critical in FL scenarios, as the client can complete local
training faster without compromising the global model accuracy.

Results of Example 3 (CIFAR-10 with ResNet-20). In Fig. 4, the per-
formance of different algorithms on the CIFAR-10 dataset using a
ResNet-20 model is presented. Similar to the previous two exam-
ples, FedADMM-InSa achieves the best performance, as evidenced by
the lowest training loss in Fig. 4(a) and the highest test accuracy in
Fig. 4(b). The average local epochs required by FedADMM-InSa, as
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Table 2
Comparison results of different examples. The columns showing epoch reduction use the vanilla FedADMM and FedAvg as the baseline.
B Algorithm Example 1 Example 2 Example 3
linear regression MNIST, CNN CIFAR-10, ResNet-20
Loss Epoch Accuracy Epoch Accuracy Epoch
reduction reduction reduction
- Fedavg 1.64 - 96.0% - 36.3% -
FedADMM 1.64 - 98.6% - 51.1% -
0.1 FedADMM-In 1.63 94.3% 98.5% 92.4% 41.0% 71.5%
FedADMM-InSa 1.51 20.3% 97.8% 66.9% 53.1% 14.4%
FedADMM 1.53 - 97.7% - 52.9% -
1 FedADMM-In 1.55 58.5% 97.6% 58.7% 51.6% 9.4%
FedADMM-InSa 1.51 18.8% 97.9% 61.0% 52.1% 9.4%
FedADMM 1.51 - 96.2% - 46.7% -
2 FedADMM-In 1.51 19.3% 96.7% 41.7% 45.7% 2.1%
FedADMM-InSa 1.51 16.2% 97.7% 57.9% 50.4% 6.9%
Fed ADMM 1.51 - 92.5% - 39.5% -
5 FedADMM-In 1.51 3.9% 93.4% 31.1% 39.3% 0.0%
FedADMM-InSa 1.51 12.5% 97.9% 55.9% 51.5% 4.0%
Fed ADMM 1.51 - 89.7% - 34.0% -
10 FedADMM-In 1.51 0.9% 90.2% 21.1% 37.3% 0.0%
FedADMM-InSa 1.51 6.8% 97.5% 55.7% 49.8% 4.8%
2.4 —o— FedA 1.000
. edAvg
~£+ FedADMM, B =1 0.975 0.5
2.2 —A— FedADMM-In, B; =1 0.950
50.925 g04
w [ =
22.0 5 0.900 § 0.3
1%
18 £ 0.875 —o— FedAvg < —©— FedAvg
0.850 5 FedADMM, B;=1 0.2 ~ FedADMM, B;=1
1.6 0.825 —A— FedADMM-In, B;=1 01 —A— FedADMM-In, B;=1
0 50 100 150 200 250 300 0-800 0 50 100 150 200 250 300 0 50 100 150 200 250 300
Communication rounds Communication rounds Communication rounds
(a) Linear regression. (b) MNIST with CNN. (c) CIFAR-10 with ResNet.
2 20{ & =] =] & & & , 200G & & =] =] =] 8 2 10{ G '.‘:‘;;”,,,l,’ -‘ y”q T 6T
S 18 § 17.5 S 9
=3 16 215.0 = 8
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> 6 > > 3
e 4 T 55 e >
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(d) Linear regression. (e) MNIST with CNN. (f) CIFAR-10 with ResNet.
Fig. 1. Comparison results of FedADMM-In in three examples.
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(a) Training loss.

Communication rounds

(b) Average penalty parameters.

Communication rounds

(c) Average local epochs.

Fig. 2. Comparison results of FedADMM-InSa in Example 1 (Linear regression).

shown in Fig. 4(d), are still slightly lower than those conducted by
FedADMM and FedAvg. The penalty parameter updates in Fig. 4(c)
illustrate the adaptive capability of FedADMM-InSa, contributing to
its overall effectiveness. In summary, the comparison results across
all three examples consistently demonstrate that our FedADMM-InSa

outperforms both FedAvg and FedADMM in terms of test accuracy,
workload reduction, and robustness across various penalty parameters.

4.2.3. Evaluation of the self-adaptive penalty parameter scheme (3.15)
As observed in the three examples above, the pre-selected penalty
parameter f; plays a crucial role in the performance of the FedADMM
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Fig. 3. Comparison results of FedADMM-InSa in Example 2 (MNIST with CNN).
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Fig. 4. Comparison results of FedADMM-InSa in Example 3 (CIFAR-10 with ResNet).
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Fig. 5. Comparison of FedADMM and FedADMM-InSa with different values of f, in Example 2. FedADMM (top row) uses fixed penalty parameters. Our FedADMM-InSa (bottom

row) utilizes adaptive penalty parameter scheme (3.15).

algorithm. For example, it performs better with a larger g; in Example
1, but with a smaller g; in Examples 2 and 3. In this subsection, we
compare the results of FedADMM and FedADMM-InSa under different
values of g; € {0.1,1,2,5,10} using Example 2. The results of the other
two examples are similar and omitted to save space.

It is clear from Fig. 5 that our proposed FedADMM-InSa (bot-
tom row) demonstrates robustness across different values of f;, while
FedADMM (top row) only performs well under certain values. As shown
in Fig. 5(f), our proposed adaptive scheme dynamically adjusts the
penalty parameter and ensures it converges to stable values, allowing
our algorithm to maintain robust performance across different initial
penalty parameter values. This adaptive mechanism prevents over-
penalization, which can hinder convergence, and under-penalization,
which can lead to insufficient coordination among clients. As a result,
as shown in Figs. 5(d) and 5(e), FedADMM-InSa achieves lower training
loss and higher test accuracy. Moreover, FedADMM-InSa also requires
fewer local epochs compared to FedADMM, as detailed in Table 2.
Overall, our adaptive penalty parameter scheme (3.15) enhances the
flexibility and robustness of our FedADMM-InSa algorithm, making it
a superior choice for FL applications where training efficiency and
computational resources are critical considerations.

5. Conclusions

In this paper, we introduce the FedADMM-InSa algorithm, a novel
approach that leverages the alternating direction method of multipli-
ers (ADMM) to address the challenges of federated learning (FL) in
the presence of data and system heterogeneity. Distinguished from
current FedADMM methods, our inexact and self-adaptive algorithm
mitigates the need for intricate empirical hyperparameter settings.
The introduced inexactness criterion improves computational efficiency
by removing the requirement to determine local training accuracy
in advance. Additionally, the self-adaptive scheme dynamically ad-
justs each client’s penalty parameter, enhancing the robustness of
our algorithm. Numerical tests demonstrate the reduction in clients’
local computational load and accelerated learning performance on both

10

synthetic and real-world datasets, highlighting the practical advance-
ments our approach brings to FL systems. In addition to the demon-
strated benefits of our proposed algorithm, the integration of privacy-
preserving techniques and the investigation of the algorithm’s perfor-
mance in large-scale FL applications are interesting and challenging
future directions.

CRediT authorship contribution statement

Yongcun Song: Writing — review & editing, Validation, Methodol-
ogy, Formal analysis, Conceptualization. Ziqi Wang: Writing — orig-
inal draft, Visualization, Software, Methodology, Formal analysis, In-
vestigation, Data curation, Conceptualization. Enrique Zuazua: Writ-
ing — review & editing, Supervision, Resources, Funding acquisition,
Conceptualization.

Declaration of competing interest

The authors declare the following financial interests/personal rela-
tionships which may be considered as potential competing interests:
The co-author Enrique Zuazua is an Acton Editor for Neural Networks
and was not involved in the editorial review or the decision to pub-
lish this article. The other authors declare that they have no known
competing financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Data availability

Codes used in this paper can be found at: https://github.com/DCN-
FAU-AvH/FedADMM-InSa.

Acknowledgments

Authors’ names are listed in alphabetical order by family name
to signify equal contributions. The authors are grateful to anony-
mous referees for their valuable comments which have helped improve
the paper substantially. This work has been funded by the Alexan-
der von Humboldt-Professorship program, the Humboldt Research Fel-
lowship for postdoctoral researchers, the European Union’s Horizon


https://github.com/DCN-FAU-AvH/FedADMM-InSa
https://github.com/DCN-FAU-AvH/FedADMM-InSa
https://github.com/DCN-FAU-AvH/FedADMM-InSa

Y. Song et al.

Europe MSCA project ModConFlex (grant number 101073558), the
COST Action MAT-DYN-NET, the Transregio 154 Project of the DFG,
grants PID2020-112617GB-C22 and TED2021-131390B-100 of MINECO
(Spain). Madrid Government - UAM Agreement for the Excellence of
the University Research Staff in the context of the V PRICIT (Regional
Programme of Research and Technological Innovation).

Appendix

A.1. Convergence analysis of the sequence generated by (3.10)
A.1.1. Notations
To present our convergence analysis in a compact form, we first
rewrite the augmented Lagrangian function (2.6) as
Lopw,d,2)=

o (= 47 o= 2) + 2 =)
i=1

1
=o' f) - A"I,(u— Bz) + 3 [l — Bz||,a,ﬁ

m

(A1)

Here, 4; € R” is the Lagrange multiplier associated with the equality
constraint u; = z, f; > 0 is a penalty parameter,

w=(up,osty) €R™, A= (Af,.,Ay) €R™,
a= (al,...,am)T € Rm, p= (ﬁl,...,ﬂm)T ERM,
@) = (i (1) oo S ()T € BT,
VI@) = (Vfi (1) sy Vi ()| € R™, (a.2)
) 1= (ef(wy), ..., e ()" € R™,
B= (In’ ,I,,)T c Rmnxn’

——

m

and diagonal matrices I,,, I, € R™™"" are

al, B,
I, = s g = (A.3)

a1, bl

We define the H-norm with a symmetric and positive-definite matrix
H e R™" as

Ixlly = T Hx)'2, vxeR" (A4)

We also denote w € W := R™ x = R™ x R"” and the

function F(w) as follows:

u ) I,(Vfw -2
w=| A ,v:< ),F(w): 1,(u— Bz)
z z BTI,A

R™ xR veV

(A.5)

Recall that (u*,z*) is the unique solution of problem (2.5) and A* is
the solution of its dual problem. Let w* = (u*, 1*,z*)7, then the first-
order optimality conditions of problem (2.5) and its dual problem can
be expressed as:

Fw*)=0 (A.6)

From Assumption 3.2 and the formula of F, it is easy to deduce that
the solution w* is unique.

A.1.2. Optimality conditions
Using the notations in Appendix A.1.1, we can rewrite scheme
(3.10) as

W arg min Ly (u, 2%, 2F) (@)

el — gk _ I, (uk*! - BzK), b) (A7)
. s 2

ZM1 = arg min Loy (uFF1, A8 2) 4+ 2 ||1BGz - zk)||,a,ﬁ . (©
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For the point w**! = (uk+1, Zk+1, /1"+')T generated by (A.7), utilizing
the definitions of e¥(1;) in (3.6) and ¢*(u) in (A.2), and combining the
first-order optimality condition of (A.7c), we have:

VLo (W25, 25) = 1, (@), @
M= gk — 1 (uk* = BZK), (b)
(2= 20T (BTI A% = BTI, I, — Bz¥*') 4 6BTI,I,B(z"1 = 25) > 0. ()
(A.8)
Moreover, note that the inexactness condition (3.8) implies that
62 p; o: c. b
) 2ci<1li,»>2 ~(zee) () <1 e o)

Then, there exists a constant y; > 0 such that

(-4 % )50 and - L ab
21—6,- Mil—gi

The above inequalities will be used later in the proof.

> >0, Vie[m]. (A.10)

A.1.3. Convergence proof

With the above preparations, we start to prove the convergence of
sequence {w"} generated by (3.10). We first prove two lemmas which
will be useful in the following discussion. First of all, we analyze how
different the point w* generated by our algorithm is away from the
solution w* of (A.6).

Lemma A.1. Let {w*} = {(*, A*,z5)T} be the sequence generated by
scheme (3.10). Then, for all w € W, one has

(wk+1 _ w)T F (wk+l) < (uk+l _ u)T VoLoy (uk+l,ﬂk,zk)
1
+ 5 (108 = ol = 104 =0l =0 = o1, ).
(A11)
where
I,I;'1,B
v= <’1 > Hy=( %p " > 0. (A.12)
z B"I,(1+6)BT1,1,B
Proof. For all w € W, we have
A
(wk+1 _ w)T F (w1 ( 5)( K+l _ ) I, (V@k+) - P
+ (AR /I)T I, (W = Bzk*) (A.13)
( k+1 z)TB I k!
a
It follows from (A.1) that
Vo Lyg (W05 25) = 1, (V@) = 25 + L ! - BZY)
(A14)

(A8b) o I, (V£ @) = 2941 |

For the first term on the right-hand side of (A.13), it follows from (A.14)
that

(uk+! = u)T I, (V@) = a) (al9 (uk+! = u)T VLo (4, 25, 24)

(A.15)

For the second term on the right-hand side of (A.13), we have

(#4412 2) T 1, (k! = BZRH)
= (' = 2)" 1, (!~ Bt + B2t - B
= (= 2) 1, (= B2R) 4+ (R = 2) T, B (2 - )
(A8b) (A4 = )T 110 (k= 20 4 (A4 Z )T 1B (k= 2k

(A.16)
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For the third term on the right-hand side of (A.13), we have
k1 _ z)T BT pk+

— B 46 (2 —z2)  BTII,B (5 - 24)

(
< (Zk+1 _ z)T BTI[,Iﬂ (uk+l
( - BZ)

Zk z)T B'II; (u**' - BZ* + BZF

+ (4 = 2) 6BTL,1,B (3¢ - 2)
= (2" = 2)" BTL I, (u*' = Bz*) + (25 = z)" BTI1,B (z* - 2*)
+ 6 (- z)T BI1;B (Z" - ")
CEV (2 )T BT, (45— A (14 8) (4 = 2) T BTI LB (2 — 2.

(A.17)

Substituting (A.15)—(A.17) back into (A.13) yields

(! = )" F (wht)

( ) La,ﬂ (uk“,ﬂ.k,zk)

+ (Ak+l A)T [;1 (Ak _ llk+l) + (ik+l _ /I)T 1,B (Zk _ zk+l)

+ (2 = 2) BT (= ) 4 (148) (! —2) BTLI,B (2 - ).

(A.18)

Using v and H, defined by (A.12), we can rewrite (A.18) in a more
compact form:

(wk+1 _ w)T F (wk+l) < (Mk+1 _ M)T I (uk+1’Ak’zk) Al
k1 _ \T k kel (A-19)
+ (U U) H, (U v )
Applying the identity
1
(c=a)Mp-c) =3 (lIb=ally, = lle = all}, — lIb=cl,) (A.20)
to the second term on the right-hand side of (A.19), we have
k+1 T k k+1 1 k 2 k+1 2 k k+1112
(0 = 0) " H, (o8 = 01) = 3 (116 = 0l = 10 = olly = * = 11, ).
(A.21)

Substituting (A.21) back into (A.19) yields

(wkﬂ _ w)TF (wkH) <(u =

.
( u) VuLaﬁ

L1k — o2
+ 5 (1ok =~ o,

(Ilk+l, ﬁ,k, Zk)

_ k+1 2 _
o+ = ol = llv

k k+112
SO ).

(A.22)

We thus complete the proof. []

On the right-hand side of (A.11), the three quadratic terms are
easily amenable to manipulation across various indicators through
algebraic operations. However, it is less apparent how the cross-term
can be controlled to demonstrate the convergence of the sequence {w*}.
Therefore, we study this term and demonstrate that the sum of these
cross-terms over K > 1 iterations can be bounded by certain quadratic
terms. This result is shown in the following Lemma A.2.

Lemma A.2. Let {w*} = {(*, A*,z5)T} be the sequence generated by
scheme (3.10). For any integer K > 1 and y; satisfying (A.10), one has

i (uk+1 _ u)T VuLa,ﬁ (uk+l’/1k,zk)

Stk r3 skl -,
2

B2 (el vl -, ) wem

(A.23)

12

Neural Networks 181 (2025) 106772

where
A <1, 1,
v, = ., Hy = B > 0. (A.24)
z 1, (1+0)p;1,
Proof. For the residual ef.‘(u,»),i € [m], it follows from (3.6) that
e (uf) = Vi (uf) = 2 + p; (uf = 2), (A.252)
o () = V1 (uf) = A7+ By (uf = 257 (A.25b)
Combining (A.25a) and (A.25b) we have
Wby = by + B = 2y + AT -k (A.26)
For the residual e¥(uf*"),i € [m], it follows from (3.7) that
3.7)
i) Lot
(Aﬁ6)6i He:(_l(u;c)_’_ﬂi(zk—l — 4 Ajc—l _ ﬂ{c” (A.27)

S e e |

For the second term on the right-hand side of (A.27), with any 6 > 0,
we have

alpis -]
=0, (ﬂ,? | -
VB (- + 5

Sm\/ﬁ7<<1 +op -2 + ﬂi = 22 (- )T (- Af“))% :

Using the H-norm notation in (A.4) with v; and H, s defined by (A.24),
we have

U = e 2m (2 )T (- Af‘"))i
1

||/1’° A l|| +2(F - (4 - xfﬂ)z (A.28)

=, =0 om < -]

(A.29)
+2(zF =T (A - ).
Substituting (A.28) back into (A.27) and using (A.29), we have
R B R P TR
S AR o, et | 30
=0 ' ' b, L

By using (A.8) and (A.30), for any y; > 0 satisfying (A.10) and u € R™",
we have
K K
(! = ) VL, (4, 2%, 2%) (A8a)

ulap

k+l 1 ek(uk+l)

=~
n

k:l

T K m
Kl _ k! k1 Kokl
A ED Y] il | Kl

k=1 i=1

1]
M=
v[;4§

=~
ii
i

K.

(30 K ko
235 S et -l -t + 3 St o -l ]
k=1 i=1 j=0 Hy o=
K m k-1
<33 B o N a7,
K m
+ 3 St [ - (” D+ Va2, ) (A.31)
K k-1
<333 act i -l + X3 T et a -
- 2 H,,
k=1 i=1 j=1 k=1 =1 j=1 “Hi i
K m K m 2
Hi ook |l — 1 0 (1 0_ 1
5 et n+;§m,(wwmﬂmwumg
K m k-1 ) K m k-1 ) 5
=X3 3 St i - + X o a [ =",
k=1i=1 j=0 k=1i=1 j=1 b
K m 2
1 k 0 (1 0
+;§mm@mmwﬁwum)-
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It follows from (3.8) that ¢; € (0,1),Vi € [m]. Then, by using the
property of the geometric series, we can have

(uk+] —u)T V,Los (uk+l’zk’lk)

: 1 m K-1 K=+l ‘ ‘

O -+ ) e e ||j+ﬂ,-
2

<|| D+ V-], )

i K+l : S 1 o ko kr])?

RTINS Py v

2
s Bog s (el i -], ) were

This completes the proof. []

(A.32)

Now, with the help of Lemmas A.1 and A.2, we can show the
convergence of our algorithm in the subsequent proof.

Proof of Theorem 3.3. First, from (3.12) and (A.5), we can have
(0 = w) " (Fw) - Faot) ‘= (1 =) 1, (V) -

= Z“i (™! —“i)T (Vi () = Vi)

Vf(uk“))

(A.33)

Then, using (A.11) and (A.23) established in Lemmas A.1 and A.2,
respectively, we obtain

(wh+! — w)T F(w)

M=

=~
1

K
k+1 _ F(w“]) Z k+l F(w) F(wk+l))

)T Ly 2 ) 4 L (||u' ~off, e off,)
_ i%”uk_wm—]“ sz i _uk+1||
- - 3 3 e o -t
=1 i=1
m 1 op B 2 K m o
’ Zzalzﬂrﬁ“’jl _U' ”H/i, _;giﬂv _U H/n
;
* Do (e

1}
M-
=

=~
1

(A1), (A.33)
<

Mx

Py
=
E

=~
1

(A.23)

IN
M=
™M= L
R

ISR

—_

|

Q

(A.34)

D +vale-, )
oo,

R P PR A
Fast i (J ||+fnv—v||”)2

] L P e P T R

For the solution point w*, it follows from (A.6) that F(w*) = 0. Setting
w = w* in (A.34), together with the above property, for any integer
K > 1, we have

= 2
R O | e

& < a; 1 1 o k+1
ORI TR
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m 2
1 O;

< . 0 - .
<Yag 2 (e W] V|2 -], ) (A.35)

i=1 ! !

1 1o« | S Y| LA (e oK+

w3 (Jer =l = =, - s -, )
Note that «; > 0, Vi € [m], and it follows from (A.10) that

(=M % Voo and (1-L 2P ) S0 viem. (a36)

21— o; Wi 1-— o;
Therefore, the inequality (A.35) implies that
ko ko
uett = wr| = 0. [oitt =], — 0. viem. (A.37)
B
k—o0
Using [|vf*! - Uf”H,,, — 0 and (A.24), we can infer that
k= k=
|4t -2 =0 |t -2 =0 viemm (A.38)
Since [|uft! -z = %H/lf.‘“ — A||, we can also have
k=

et = 21| =0, viem (A.39)

k-

Combining the facts that u¥ =2 uf in (A.37), uf = z*, and [t -
k=

21 Z5 0 in (A.39), one has

k—oo
kS 7%,

(A.40)

It follows from (A.37) that for any e > 0, there exists k,, such that for
all k > ko, we have [lof*! — vf.‘llHﬂ_ < e and 6F < e. Then, for all k > k,
it follows from (A.30) that '

Je]

k-1
k—j J j+1 k 0 1
sZcr, VBN, =y, + o e ()|
k“ 1

=X o VBl = v, +Za-f\/'nw—v’“llnﬁ +of et ()]

j=0 J=ko

s(ﬁ nax llo! = o*' Il kzok "°">a“°+e\/_kza"f+e|| ||

J=kq

ko1
Se<\/_ max ||U —Uj+l||H,, Zak ko j+\/_2crk Iy ” e (ull)“)

0<j<ky—
j=0 Ji=ko

which implies that

Jefad]| =S 0, vie m. (A.41)
From (3.6) and (A.6), we can have A7 = Vf;(u;) and
k=vy, (uk+l) +5 (uk+1 o - k( k+l) (A.42)

Then, we have

K2 = VL@ =V @) + B — i)+ g - 2 - F ). (A43)
Note that u¥ i uluf -z i 0, ek (ukt1) i 0, and the gradient of
f; is Lipschitz continuous (see Assumptlon 3.1), we have

Ak ity i

Vi € [m]. (A.44)

We thus complete the proof. []
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