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Abstract

We study the long-time behaviour of the unique weak solution of a nonlocal
regularisation of the (inviscid) Burgers equation where the velocity is approx-
imated by a one-sided convolution with an exponential kernel. The initial
datum is assumed to be positive, bounded, and integrable. The asymptotic
profile is given by the ‘N-wave’ entropy solution of the Burgers equation. The
key ingredients of the proof are a suitable scaling argument and a nonlocal
Oleinik-type estimate.
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1. Introduction

Let us consider the following nonlocal regularisation of the Burgers equation:

dup(t,x) + 0 (Wlp](t,x)p(t,x)) =0, (t,x) € (0,400) x R,
(1.1)
p(oax):/)O(x)a XERa
supplemented by the nonlocal term
X
Wip)(1,x) := / exp(y —x)p(t;y)dy,  (£x) € (0,400) x R, (1.2)
which also satisfies the identity
O:W[p](t,x) = p(t,x) — W[p](t,x), (t,x) € (0,400) xR. (1.3)
In what follows, we assume that the initial datum satisfies
po € L'(R;R>0) N L= (R; Rx) (1.4)

and introduce the notation M := [, po(x) dx for its L'-mass.
Under these assumptions, the nonlocal conservation law (1.1) has a unique global non-
negative weak solution p. In particular, in contrast to the case of the local Burgers equation,
no entropy condition is required to select a unique weak solution; moreover, the regularity
and integrability of the initial datum is essentially preserved along the evolution (see [29]
and section 2 below). The aim of this paper is to study its asymptotic behaviour when ¢ —
+00. The main result asserts that, as # — o0, the solution p(z,-) of (1.1) converges to the
(unique) N-wave solution (or source-type solution) w of the local Burgers equation (see [37,
equation (2.1)]), i.e. the solution of the Burgers equation with a Dirac delta as initial data,
ow(t,x) +0,(W*(t,x)) =0, (t,x) € (0,+00) x R, (15)
w(0,-) = My, inR, '

which is given explicitly by

X .
witx) = {Zt if x € (0,v4Mz), (L6)

0  otherwise;

see figure 1. We refer to [37] (and to section 2 below) for the proof that (1.5) does indeed have
a unique entropy solution (which is given by (1.6)) under suitable assumptions.

More precisely, our main theorem on the long-time behaviour of the solution of (1.1) can
be stated as follows.
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Figure 1. Plot of an N-wave solution (1.6) (with M = 1) for t=0.5 (blue), t=1 (red),
andr=2( ).

Theorem 1.1 (long-time asymptotics). Given po satisfying assumption (1.4), let p be the
unique weak solution of the nonlocal Burgers equation (1.1) and W be the corresponding
nonlocal term. Then, for p € [1,+00), we have

t%(]_zl)

10() = w(t, vy = 0 and 12 TR [W(t,) = w(t, vy = 0 as 1 — +o0, (1.7)

where w denotes the unique entropy solution (N-wave solution) of the Burgers equation (1.5)
defined in (1.6).

For local conservation laws, the long-time convergence of the entropy solution to the cor-
responding N-wave profile, as well as existence and uniqueness of entropy solutions in case
of measure initial data, was first established rigorously in [37]. In [17-20, 32, 33], the analysis
was extended to classes of viscous conservation laws with flux f(£) = £ (for £ € R). In case
1 < g <2,ast— +o00, the solutions converge to the N-wave profile of the inviscid conserva-
tion law; on the other hand, if ¢ =2, the limit profile is given by the fundamental solution of
the viscous conservation law and, if ¢ > 2, it is of Gaussian type (i.e. the fundamental solution
of the heat equation with mass fR updx). Similar results have been also obtained for scalar con-
servation laws with fractional diffusion (see [3, 16, 28]). For the multi-dimensional setting, we
also refer to the recent work [38], where is was proved that a multidimensional Burgers-type
equation with a Dirac delta distribution as initial data is not well-posed (despite the L'-L>
smoothing effect established in [39]).

For nonlocal conservation laws, this problem has not been considered in the literature.
However, interestingly, it can be reduced to a type of nonlocal-to-local singular limit prob-
lem that has attracted much attention in recent years. Indeed, following [37], given A > 0, we
consider the rescaled function

pa(t,x) == Ap(N°1, Ax), (1.8)
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which solves’

O (1,x) + O (Walpa] (1,x)pa(1,x)) =0,  (1,x) € (0,400) x R, (19)
pA(0,x) = po A (x) :== Apo(Ax), x€R, '
with
Wilpal(t,x) == A/_ exp(A(y —x))pa(t,y)dy,  (2,x) € (0,+00) xR, (1.10)

which satisfies
Ailaxwk[pk](tvx) = pk(tax) - WA[pA](tvx)a (t,x) € [07+OO) x R. (1.11)

We shall prove that, for a fixed t > 0, px(t,-) — w(t,-) in L' (R) as A — oo, which, in turn, will
be shown to yield

||p(la ) - W(t7 ')HL' (R) —0 ast— +oo

with w defined in (1.6) (and, by interpolation, the claim in theorem 1.1).

This type of singular limit problem has been intensively studied in the case of initial data that
are uniformly bounded with respect to the scaling parameter. First, in [2], it has been observed
that, at least numerically, there is some hope that the solution of a nonlocal conservation law
converges to the entropy solution of the corresponding local problem when the nonlocal term
approaches a Dirac delta. Positive results in this direction were obtained in [30] for a large class
of nonlocal conservation laws under the assumption of having monotone initial data; in [13]
under the assumption that the initial datum has bounded total variation, is bounded away from
zero, and satisfies a one-sided Lipschitz condition. For the case of an exponential weight, in [7,
8], Bressan and Shen proved a convergence result under the assumption that the initial datum
is bounded away from zero and has bounded total variation. The core of their argument is the
observation that, under suitable changes of variables, the nonlocal problem can be rewritten as
a hyperbolic system with relaxation terms. The assumption on the initial data being bounded
away from zero played a key role in showing a uniform total variation bound for the solution
of the nonlocal problem. Indeed, in [13], a counterexample shows that the total variation of
the solution may blow up if the data is not bounded away from zero.

On the other hand, in [11], by arguing on the nonlocal term W rather than on the solution of
the conservation law, it was possible to remove the additional assumption on the initial data—
the key observation being that the nonlocal term W enjoys further regularity and, in particular,
its total variation remains uniformly bounded. From the compactness of the sequence of non-
local terms, it is then possible to deduce the convergence for the sequence of solutions as well.
This approach was later adapted in [14] to classes of weights more general than the exponential
one.

7 Note that

Wiol (¥, 00 = [

Ax X
exp(y = M)p(r)dr = [ exp(Az —0) A1 )z = 1 WA [pa] (1),
Then
Aup(t,x) + 0 (Wp) (1,)p(1,x)) =0 <= ip(Nt, Ax) + A8 (W[p] (A1, Ax) p(X*1, Ax)) = 0
<= IAp( N1, %) + A0 (Wa[pa] (1,x) p(A*2, Ax)) = 0
<> pa(t,x) + 8:(Walpal(t,x)pa(1,x)) =0.
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The difference and substantial added difficulty of the present contribution compared to the
above-mentioned works is that, under the scaling transformation, we are considering initial
data that concentrate to a Dirac delta: i.e.

p)\(o,-) — M6y and W)\[p,\](o,-) — Moy (1.12)

in the sense of distributions as A — +oo. That is, with respect to A, the only uniform bound
for the initial data py is given in terms the L'-mass.

To overcome this difficulty, we take advantage of an Oleinik-type inequality satisfied by the
nonlocal term W) [p,]. Indeed, from [11], it is known that we can rewrite (1.9) as a conservation
law with nonlocal source formulated purely in W [p,] (see (2.2) below). This motivates using
the notation W, instead of W) [p,] in what follows. From (2.2), arguing as in [10], we can
deduce the Oleinik-type estimate (see theorem 3.2):

Wa(t,x) = Wa(t,y)
x—y

<%, t>0, x,yeR x#y.
Combining it with the uniform L'-bound
/W)\(t,x)dx:M, >0,
R
this inequality yields an L°°-bound for ¢ > 0 (see lemma 3.3):

0 Wy(t,x) S VM1, (t,x) € (0,400) x R.

With these ingredients, the approach of [17] leads to the claimed convergence of {W} x>0
towards the N-wave solution of the (local) Burgers equation and, thanks to (1.3), to the con-
vergence of {py }a>o as well.

The paper is organised as follows. In section 2, we recall the necessary preliminaries on the
well-posedness of (1.9) (for fixed A > 0). In section 3, we prove the key and a priori estimates
on W) sketched above. Then, in section 4, we combine them and establish the convergence of
{pa}r>0 and {Wy} >0 to the N-wave solution of the local Burgers equation as A — +o0; or,
equivalently, of {p(,)};>0 and {W(z,-) };~0 as t — +oo. This convergence result is illustrated
by several numerical simulations in section 5 (together with some further conjectures). Finally,
in section 6, we conclude the paper by presenting some open problems.

2. Preliminaries

For the nonlocal conservation law in (1.9), we recall the following well-posedness result and
some fundamental properties of the solution. We refer to [11, theorem 2.1 and lemma 3.1]
(which, in turn, relies in part on [29, theorems 2.20, 3.2 and corollary 4.3] or [12, theorem 2.1
and corollary 2.1]), [23, theorem 2.1], [14, proposition 2.1 and corollary 2.2], or [10] for the
proof of a similar statement.

Theorem 2.1 (existence and uniqueness of weak solutions and maximum principle).
Let us suppose that the initial datum pg satisfies (1.4). Then, for every \ >0, there exists
a unique weak solution py € C([0,+00);L'(R)) NL>®((0,+00);L>(R)) of the nonlocal
Burgers equation (1.9) and the following maximum principle holds:

es)s(eiﬁpr’A(x) <poa(tx) < lpoalleem), ae (t,x)€(0,+00) xR, (2.1
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Moreover, for the nonlocal term W, the following properties hold:

(1) Wx € W= ((0,-+00) x IR) and ess infpo.x (1) < Wa < [lo0.x 1= a):

(2) Wy € C°((0,400);L'(R));  in  particular, i leat)low =M, then
WA, )l r) = M;
(3) if po.x € CK(R), then Wy € C*1((0,400) x R) for k > 0.

Furthermore, W), satisfies the following conservation law with nonlocal source in the strong
sense:

6,W,\(t,x) +3x(Wi(f:X))
- /\/7 exp(A(y —x)) (W/\(t,x)aXWA (£,x) — Wa(2,7) 0, W (t,y)) dy,  (t,x) € (0,+00) X R, (3 2y
Wi (0,x) = A/j exp(A(y —x))po,x (v) dy, ¥ER.

For the limit problem (1.5), we rely on a more general well-posedness result from [37,
theorem 1.1 and remark 1.1].

Theorem 2.2 (non-negative entropy solutions with measure initial data). Ler us consider
the local conservation law

Ou(t,x) + Ouflu(t,x)) =0, (t,x) € (0,+00) X R, 23)

u(0,-) = u, inR. '
Let us assume that f: R — R is locally Lipschitz continuous with f{0) =0 and f([0,00)) C
[0,00) and that 1 is a non-negative finite measure on R. Then there exists at most one non-
negative solution u € C ((0,+00);L'(R)) NL>®((7,+00) x R), for all T € (0,+00), which
satisfies the Kruzkov entropy condition, i.e.

VkeR, Vo € C2°((0,400) xR), ¢ >0:

+oo
/0 /R|u—k\8[g0+sign(u—k)(f(u) —f(k))Oyp dxdr > 0,

and achieves the initial datum in the narrow (or weak) sense of measures®,

limu(t,-) = p  narrowly in R.
—0

In particular, in our setting, theorem 2.2 yields the uniqueness of the N-wave entropy solu-
tion (1.6) of (1.5).

Remark 2.3 (non-negativity condition and uniqueness). As noted in [37, remark 1.2], the
uniqueness result in theorem 2.2 fails without the non-negativity assumption. This hypothesis
can, however, be replaced by taking f(§) = sign(€)|£|? (with ¢ > 1) or by f(§) = |€|? (with
g > 1) and assuming that the initial datum is achieved in a stronger sense (as shown in [37,
theorem 1.2] and [37, theorem 1.3] respectively).

8 A sequence of signed Radon measures {1, },en on R converges narrowly (or in the weak sense) to y if, for all
bounded and continuous test functions ¢ € Cp(R), we have

lim edp, = / @ du.
R R

n—-+4oo

See [4, chapter 8].
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3. A priori estimates

Before presenting our key a priori estimates, let us recall the following stability result of the
nonlocal conservation law (1.1) with respect to the initial datum (see [10]).

Lemma 3.1 (stability of the nonlocal term with respect to the initial datum). Given
po.15 po2 € L'(R), let us denote by Wy, W € L>((0,T); W'>°(R)) the nonlocal terms associ-
ated to the corresponding solutions of (1.9). Then, the following stability result holds: for all
t€10,7],

”Wl (t’ ) Wz(t, ) HLOO(]R)

< C\ 1poillzee mys lpo,2llzoe ®)» lpo,1 L ) 11202l ey Nl 0,1 — P02

L'(R)>
where C is a suitable constant that depends only on the quantities mentioned above.

Proof. From the results in [12, 29], we know that the solution of (1.9) can be written as

P1 (t?x) = Po,1 (fwl (I,X;O)) aZng (tvx; O) and p2(t,x) = Po,2 (€W2 (I,X;O)) 82§W2 (tvx; O)?

where w, and &y, solve the characteristic ODEs

e (t,xi7) = x4+ / Wals.éw (is)ds, 7€ (0.7,
! 3.1

E(x57) = x+ / Wals, 6wt xis))ds, 7€ [0,T;

(here written as Volterra-type integral equations). In particular, we recall that the nonlocal
terms corresponding to the initial data pp,; and py > satisfy the following fixed-point equations
for (t,x) € (0,T) x R:

Wit =2 [ ep0—m(en)d

9l " exp(A — )01 (Ews (1,7:0)) s (1,3:0) dy

— 00

§W1 (T,X;O)
/\/ exp ()\(fwl (0,z;1) —x))po,l (z)dz;

— 00
Ew, (1,%;0)

Wa(1,x) :A/

— 00

exp ()\(fm (0,z;1) — X))/)o,z(z) dz.

Taking the absolute value of the difference, we have

AW (t,x) — Wa(1,5)]

Ew, (1,;0) Ew, (£,x;0)
= / exp (A(€w, (0,2;1) —x)) po,1 (z) dz — / exp (A(&w, (0,237) —x)) po.2(2) dz

max{&w, (1,5;0),&w, (£,%;0) }
</ (1901 )]+ p020)]) o)
min{&w, (1,x;0),&w, (£,%;0)} .

min{&w, (1,x;0),&w, (1,;0) }
+ / (exp (A(Ew, (0,737) — %)) po,1 () — exp (A(€w, (0,73) — X)) po2(2)) dz

—o0

< [éw, (1,5,0) — &w, (£,550)| (1] po,1 l|oe (&) + || p0.2]lLoo ()
+ AlEw, (0,52) = Ews (0,+50) oo ) (10,1 [l ) + 0,21l ) + P01 = P02l (R)-
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To conclude, we need to study the stability of the characteristics with respect to W and W,.
For (t,x,7) € (0,T) x R x (0,T), we compute

|£W1 (t,)C;T) - é-W?_ (I,X;T)| =

/ Wi (s, Ew, (1,3:5)) — Wa(s, €y (1,2:5)) ds

/ Wi (s,&w, (t,x;8)) — Wa(s,&w, (t,x;5))ds

Jr

/ Wa(s, €w, (1,35)) — Wa(s,Ew, (6,3:5)) s

max{z,7}
<[ W) = Wals ey 8
min{z,7}
max{¢,7}
+||3xW2\|Loo((o,T);Loo(R))/ 1&w, (2,755) — &w, (1,735) || Lo () ds.

min{7,7}

Gronwall’s inequality yields
H£W1 (ta ';T) - §Wz ([, ';7_) HLOC(R)

max{t,7}
<[ W) = Wals ey s ex (e 7l 10Wallm o1
min{zs,7}
Plugging this into (3.2), we get
||W1 (ta ) - Wz(t, ) HL"O(]R)

max{z,7}

< A(llpo,1llz r) + ||Po,2|\Lw(R))/ [Wi(s,-) — Wals, ) || (m) ds

min{7,7}
x exp ([t — 7| 0Wall o< (0,172 () )
v + looalo) / W5, — Wa(s, )| e e ds
t

xcexp (|t = 7|10 Wall L= (0,17 (®))) + P01 — po2lli w)-

+ X (|lpo,1

Applying again Gronwall’s inequality on W; — W, and recalling that
W2 = AMp2 = Wa) = [[0:Wal| 1= (0,11 (r)) < 2Allp0,2]]10 m) 3.3)
(thanks to the maximum principle in theorem 2.1), we conclude the proof. O

As a first step, we prove an Oleinik-type inequality on the nonlocal term W . The result is
essentially contained in [10] (in a more general form). We present the proof below for the sake
of completeness.

Theorem 3.2 (Oleinik-type inequality for W,). Given py such that (1.4) holds, the solution
Wy of (2.2) satisfies

W)\(tux) - W)\<t7y>
X=y

1
g;a t>0a xvyeva#yv (34)
forall A > 0.
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Proof of theorem 3.2. We consider a smoothed initial datum pf , (for € > 0) and call the cor-
responding smooth nonlocal term W5 . We then compute, differentiating the PDE in (2.2) with
respect to x,

WS = — WSORWS — (0:W3)" — AWROWS + X / exp(A(y —x)) W5 (1,9) 0, W5 (1,y) dy.  (3.5)

— 00

For t>0 fixed, considering m(t) =supd,W5(t,y) and assuming—without loss of
YER
generality—that m(f) > 0, we estimate the right-hand side of (3.5) as follows:

ORI, = —WAOLWA — (W52 — AWROWS + A2 / exp(A(y — 2) W (1,)0 WA (1,3) dy

— 00

= —WiaixWi - (axWi)z — AW Wy
X [ exp(hy =) (p(19) AR (19) ) A WA ()

— 00

= —WR05W5 — (0:W3)” — AWSA: W5,

a2 / exp(A(y — )05 (1,3) 3 WA (1,3) dy— A / exp(A(y — )) By W5, (1,9 dy

—00 — 00

<0
X
< —WRORWS — (O:W3)7 — AWS O WS, + m(H)\* / exp(A(y — X)) (1,y) dy.

—00

=AIWE (1,%)

We have that, for every ¢ >0, there exists a maximum point of 9,W5(z,y) (by choosing,
e.g., a compactly supported pj , and relying on the regularity results of [29]). Using [15, the-
orem 2.1], we consider X(f) € R such that m(¢) = 9, W5(¢,%(¢)), evaluate the previous expres-
sion at x = x(#), and compute

%m(t) < —m(1).

Since m(t) = 1/t is a solution of the above Riccati-type differential inequality and m(0) = oo,
we use the comparison principle for ODEs to conclude that m(¢) < 1/t and thus

WE (t,x) — WE (¢ 1 x 1
36D = WA(Ly) /axWi(t,f)dféa >0, x,y R x#y.
xX—y x—=yJy t
Taking the limit € — 07, thanks to lemma 3.1, we conclude the proof. O

As a by-product of (3.4), we prove (arguing as in [17, lemma 1.3]) that a L°°-bound holds
for all £ > 0 (which blows up as t — 0™).

Lemma 3.3 (L>°-bounds on W and p,). The following L>°-bounds on Wy and py hold:

2M

0 < Wa(t,x) <4/ 5 (t,x) € (0,400) X R, (3.6)
2M 1

0< p)\(tvx) < T + xa (t7x) € (Oa +OO) xR. 3.7
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Proof. The fact that, for all # >0, W(#,-), px(2,-) = 0 holds is contained in point (1) of the-
orem 2.1. To prove the upper bound in (3.6), let us fix a time # > 0 and a point x € R. By lemma
3.2, we have

1
Wi (t,x) = Wx(2,X) — ;(X—X), for all x < ¥,

ie.

—_

Wi (t,x) = —(x — (x+ Wi (1,%)1)), forall 0 <x— (X+ Wy(t,X)r) < Wy (t,X)t.

?

Integrating over R, we deduce

(= - Wy (1,%)t
MI/W)\(Z,X)CIX>/ de>/ ({)dlew/\(tJ—C)Zt’
R RO{xSF+Wa (1,5)1} f 0 t 2

which implies

2M
Wi(t,x) <4/ -~ forallz >0, x € R.

The bound (3.7) follows from (3.6) and theorem 3.2. Indeed, by (1.11), we have

1

0 < palt,x) = Wa(t,x) + XaxWA(t,x)
N
SV

As a second corollary, from (3.4), we deduce the following BV, regularisation result (see
[5, equation (4.3)] and [6, lemma 2.2(ii) and remark 2.3]).

O

Corollary 3.4 (BV-regularisation effect). The function W (t,-) belongs to BV . (R) for every
t > 0 and uniformly with respect to A > 0: namely, for every compact interval K € R,
K]

(Wa(t,)lrvixy <2 <t + |WA(E')|L°°(K)> , 1>0. (3.8)

Proof. Let K := [a,b] € R be a compact interval of R and fix # > 0. Since W, (1,-) € L*°(K) C
L (K), we only need to prove, thanks to the characterisation of BV functions in [41, lemma
37.4] (see also [1, remark 2.5 and exercise 3.3] or [36, corollary 2.17]), that there exists C >0
such that

[Wa(x+h) — Wa(x)]|
Ky h

dx < C, Vh >0, where K, ;== {x € K:x+h€K}.

Taking lemma 3.2 into account, we note that
W,\(t,x+h)—W)\(t,x) . 1 1 WA(t,x—ﬁ-h)—W)\(t,x)
h ot t h ’
>0

(3.9)

which implies

Wia(t,x+ h) — Wy (t,x) < %jL <1 W)\(I,X—Fh)—W)\(l,x)).

h = o h
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Integrating over K, and taking the absolute values on both sides yields

|W/\(t,x+h})l—W>\(t7x)|dx</Kh (%+ (%7 WA(t,x-&-h})l—W)\(t,X))) dx

[ Li(x+h) — L(x)
_Z/K'?dx—i-/RW)\(t,x) <%> dx

d

<2/Kh%dx-i—||W,\(t,~)||LOC(K)/]R <|1K(x+h})lfll1{(x)|> &

=TV(1g)=2

K

K
=2 (B 0 M)

4. Long-time behaviour

As a first step towards finishing the proof of theorem 1.1, we shall show next that {Wy} >0
is compact in the canonical C ([to, ;L1 (R)) topology. Note that the time-interval does not
include ¢t = 0 because the L>°-estimate from lemma 3.3 blows up as t — 0.

Lemma 4.1 (compactness of {Wx},_, in C([to,T];Li,c(R))). Let to, T>0 be fixed.
The set {Wx}x>o0 C C([t0,T};Lio(R)) of solutions to (1.1) is compactly embedded into
C([t0,T); Ll (R)), i.e.

{Wa € C(lto, )i Lo (R)) : Wasatisfies (1.10), X >0} <5 C([to, T} Li ().

Proof. Arguing as in [11, theorem 4.1], we shall apply the compactness result in [40, lemma
1]: given a Banach space B, a set F C C([ty, T]; B) is relatively compact in C([to, T]; B) iff

e F(f):= {f(t) € B: f € F} is relatively compact in B for all € [to,];
e F is uniformly equi-continuous, i.e.

Vo € Ry 3 € Rygs. t. Vf€E FV(I],Q) € [[(),T]z with |l1 — [2| <4: ||f(t1) 7f(l2)HB <o.

In our case, let us fix a compact interval K € R and define B = L!(K) and F(t) := {W,(t,-) €
LY (K): X >0}

Thanks to lemma 3.2, we know that W) (¢, ) has a uniform total variation bound; thus, by
[35, theorem 13.35], the set F(¢) is compact in L' (K), i.e.

F(r) e L'(K),  forallz& [ty,T].

It remains to show the second point, the uniform equi-continuity. To this end, we again
replace the initial datum py » by a smooth pg ,, with € > 0, and call the corresponding smooth
nonlocal term W5. Then, we can estimate
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151
W30~ W30 ey = | | 0305008
n L (®)
t
<[ wsowe
n L(®)

A

/ | A/Oo exp(A(* =)0 W5 (s,y) W5 (s,y) dyds

L(®)
S AWl 0,y () [Waloe (0, mys1v () |01 — 12
+ WA llzo= (0.1):25 &) W3 |22 ((0,7)Tv (R)) |11 — 125

where we used Fubini-Tonelli’s theorem to exchange the order of integration and estim-
ate the last term. Thanks to lemmas 3.2 and 3.3, we have that this is a uniform bound in
A >0 and € > 0. This yields the uniform equi-continuity so that we obtain indeed the claimed
compactness. O

We can now complete the proof of theorem 1.1 arguing as in [17, section 2].

Proof of theorem 1.1. The core of the proof consists in showing that the family {p } x>0 con-
verges to the N-wave defined in (1.6). We shall divide the argument of this theorem in several
steps.

Step 1. Compactness of the family {Wx} o in C([to,T}; Li,.(R)). For any 0 < fo < T, by
lemma 4.1, we have that W converges (up to extracting a subsequence) to a limit point w*
strongly in C([to, T}; Li,.(R)); hence, we also have Wx(z,-) — w*(z,-) in Li (R) for all 1 €
[0, T] and Wy — w* pointwise (again up to subsequences) for all 7 € [tp, 7] and a.e. x € R.

Thanks to (1.11), we can deduce that py also converges to w* along the same subsequence.

Indeed, first we observe that

[Wa(t,) = px(t, )l ) = AW, rv(w)

and thus we also obtain

/\Lilfm lox = wlleqo, et ®y) =0-
Step 2a. Tail control and convergence of the family {px}x>o in C([to, T],L' (R)). In order
to pass from the convergence py — w* strongly in C([to, T];L}OC(R)) to the convergence in
C([to, T];L'(R)), we need a uniform bound on the ‘tail’ of the functions {px}x>1. We shall

prove that there exists a constant C = C(M) such that

cM
/ pA(t,x)dxg/ po(x)dx + Qtlﬂ, > 0. 4.1)
{kl>2R} (>R} R

Since pg € L' (R), the right-hand side of (4.1) can be made arbitrarily small choosing R large
enough. Then, from (4.1), the convergence

pr—w strongly in C([to, T],L'(R)) as A\ — +o0

follows by considering the splitting

‘/mmm—wmmw= mwm—wmmw+/ [P (1,) — w* (£, .
R

{x<2R} {x>2R}
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In order to prove (4.1), let us consider a test function ¢ € C°(R) such that 0 < ¢ <1,
¢ =1 for |x| > 2, and ¢ =0 for |x| < 1; we consider the rescaling g := ¢(-/R) which sat-
isfies ||Oxpr|| Lo (r) < C/R for some C > 0. Let us multiply the PDE in (1.9) by ¢k, integrate
in (0,7) x R (for some ¢ > 0), and perform an integration by parts (to rigorously justify this
computation, we can use a smoothing argument based on lemma 3.1):

t
/ pa(t,x) pr(x) dx = / (0,3 R (x) dx + / / P (5,0) W (5,) By (x) dxds.
R R 0 JR
We remark that

[ or03)on)ax = (0, ) dx = pO< [ p0xan
R {Ix|>=R} {Ix|=AR} {Ix|>R}

t t
/ /R P (5,0) Wa (5,2)Despr (x) drds < [[ecpll e g / 10 (5, )l gy W (5, cy dis
0 0

C ! 2M C 1 3/2.1/2
<SS Pas< S
\R/O s °SRVA :

where we used lemma 3.3 in the last line.
Step 2b. Tail control and convergence of the family {W} ¢ in C([to,T],L'(R)). Since

/ W (1,x) dx = A / / exp(A(y —x))plt,y) dydx,
{|x[>2R} {|x|>2R} J/ —o0

we use Fubini-Tonelli’s theorem to deduce

/ W)\(I,X)dxg/ p)\(tax)dxv 1>0,
{Ix[>2R} {Ix[>2R}

which yields, thanks to (4.1),

(M
/ WA(Lx)dxg/ po(x) dx + Lt‘/z, t>0. 4.2)
{Ix|>2R} {IxI>R} R

As a byproduct of Steps 1 and 2, we note that the limit point w* satisfies
w* € C((0,400);L! (R;R>0)) NL>((7,+00); L™ (R;R>g)) for all 7 > 0, / w*(t,x)dx = M.
R

Step 3. Identification of the initial condition. We now identify the initial datum taken by
the limit point w*, i.e. we verify that the initial condition M{ is achieved in the weak sense of
non-negative measures on R. We need to prove that, for all ¢ € C,(R),

lim [ w*(#,x)¢(x)dx = My(0).

=0t Jr

To this end, arguing as in [17, pp 52-54], we shall split the argument into two steps. First, we
consider a smaller class of test functions ¢ € C°(RR; [0, 1]) and secondly ¢ € Cp(R).
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We start by estimating, for a test function p € C°(RR; [0, 1]),
/Rm(mM(X)dx - /RPA(O»X)w(X)dX‘
t
| [ osetomss.ap (s aas
o Jr

<

t
< 10ellimm / 1035, ) 1 ) I W (5, =iy ds
t
< 119xpll e ) M) / V2 ds < C(M) Dol e i) V7.
0

Then, letting A — 400, we obtain

/R W (1.x) — Mip(0)| < C(M) |||y V.

which, in turn, goes to zero ast — 0. ) ]
As a second step, let us consider the case of a bounded continuous function ¢ € C,(R). We

shall rely on an approximation argument and on the tail control of py in (4.1). Let us consider
aregularised test function (. obtained as . := ¢ * 1. (Where 1. denotes a standard mollifier;
see [21, appendix C.4]), such that || ||z (r) < [|]|Lo (r)» @ — ¢ uniformly on compact sets
of Ras e — 0T, and |[¢c | w1 r) < C(¢). We then write

/ pmr,x)so(x)dx—m(m‘ < ] / pmr,xm(x)dx—m(m\

X Xx) — e (x)) dx
+/{x>2R}pA(f ) (9(x) — 2 (1)) ‘

+ /{ g DO ) dx‘ .

The control of the first term follows by the same argument developed above. For the second
and third term, we estimate
cM
< 2||¢lLee m) (/ po(x)dx+ (R)tl/2> 7
{IxI>R}

QW—¢ﬂwmmﬂn4m@@w:MW—@JMMWﬂh

/ Pr(63) (9(3) — 2 (x)) e
{Ix|>2R}

/ pa(6,%) (9(x) — 2 (1)) dx
{Ix|<2R}

which r(lzan both be made arbitrarily small provided that € > 0 is small enough and R > 0 is large
enough.
A similar argument can be used for { Wy} 0. Indeed, for ¢ € C°(R;[0,1]), we estimate

/RW,\(t,x)go(x)dx—/RWA(O,x)go(x)dx' = /OI/RB,WA(Lx)go(x)dxdt

t
< / / Do (x) [ Wi (5,)* deds
0 JR

+A /0 /R@(x)/_:oexp()\(y7X))(WA(S’X)8XWA(S’X)7WA(S’y)ayWA(s’y)) dydxds|.

=:I
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For the term /;, we compute
t
1 < |0ollim) / W5, oy W (5, ) e gy ds

t
< [18veplli () C(M) /0 §712ds < C(M) |0 o ) V7,

where, in the last line, we used lemma 3.3.
For I,, using Fubini-Tonelli’s theorem, we compute

X)W (5,x)0: Wi (s,x) dxds

_)\/Ot/Rgp(x)/_Xooexp()\(y—x))WA(s,y)ByW)\(s,y)dydxds

X)W (5,x)0c W (s,x)dxds

(oo}
—)\//W)\syé?WAsy/ o(x)exp(A(y — x)) dxdyds|;
y

integrating by parts on the term x — exp(A(y — x)) yields

I =

[ s namey [ " () exp(A(y —x)) drdyds|;
0 JR y

integrating by parts on the term y— Wx(s,y)0,Wx(s,y) and using the fact that
lim,—, 4 oo Wa(2,+) = 0 (which is a consequence of the fact that W (t,-) € L'(R) N BV (R)
for t >0 and A > 0), we then get

//\WHH/ Brp(x)exp(A(y — x)) drdyds + > //\W/\U’” Byp(y) dyds

)\
5 Xg0||Loo<R)//|W>\ (s,¥)] / exp(A fx))dxdyds+f||axg0\|Loo R)//|WA s,y | dyds
= 0pllioe @y / / Wi (s,9) [ dyds < [|Bvepllzos g / W5 (5, g [1W (5, gy s
t
<0l M) [ 572 < COM) sl e Vo
0

where, in the last line, we used lemma 3.3. Thus, for any € > 0, we can choose 7 >0 and \y > 0
such that

/WAtx x)dx — M@(O)‘Ss forall 0 <t <7, A> Ao.

The rest of the argument for ¢ € C,(R) goes through as above.

Step 4. Entropy admissibility of the limit point. The limit point w* is actually the unique
entropy admissible N-wave solution w of the Burgers equation (1.5) defined in (1.6). This fol-
lows immediately from passing to the limit pointwise in the Oleinik inequality (3.4). Thanks to
Urysohn’s subsequence principle, from the uniqueness of the entropy solution of (1.5), we also
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deduce that the whole families {py } x>0 and { Wy }a~0 converge to w (not just up to extracting
a subsequence).
Step 5. Conclusion of the proof. From the steps above, we have that

”W)\(ta')_w(tv')”L'(R) —0 as)\—>—|—oo,

where w denotes the N-wave solution entropy of (1.5). For p =1, (1.7) is a consequence of the
fact that

pa(1,x) —w(1,x) = Ap(X3, Ax) —w(l,x),
W (1,x) —w(1,x) = AW(X3, Ax) — w(l,x),

(and that the same would hold true replacing ¢t = 1 by any fixed 7 > 0), i.e. letting A\ — 4-oc0 for
a fixed time 7 > 0 is equivalent to fixing A =1 and letting r — +o0.

To prove the result also for p € (1,400), we argue by interpolation. Indeed, we have that, for
t>0, {pr}a>0 and {Wy} x>0 are also uniformly bounded in L¢(RR) (being in L' (R) N L>=(R)
for every t > 0) and w € L(R), with ¢ € (1,+00). Then, Holder’s inequality yields

1 2(p—1)
-1 2p—1

oA () =w(t, ) Loy < Mloa(t: ) = wl(t, )l gy (Ilpx(t, ez @) + Wit ) ) :

1 2(p—=1)
2p—1

ﬂ)(”wk(tv')“Lzﬂ(R) + ”W(t")HLZ”(R) )

”W)\(ta ) - W(tv )|

@) < [[Walt,-) —w(t,-)

from which the result follows. O

5. Numerical experiments

In this section, we showcase the result in theorem 1.1 numerically. For the nonlocal problem,
we rely on a non-dissipative solver based on characteristics (see [31] for further details). More
precisely, the simulations illustrate the convergence

p(t,-) —w in L'(R) as t — +oo,
for the rescaled variables

pi=+tp, w:=+/tw, y:=x/V1,

in which the N-wave is stationary (i.e. time-independent) and given by

y .
W(y):{z if y € (0,v/4M),

0 otherwise.

First, in figure 2, we present the evolution of the solution of (1.1) on long time horizons for
the following initial data:

(1) po(x) = 1,1y (x), (2) po(x) = 2xT g ) (x),
(3) po(x) = 6x(1 —x)L g 1 (x), (4) po(x) =2xTp 0.5 (x) + 15,1 (x),

for x € R. In all cases, we observe the convergence towards the N-wave profile of the (local)
Burgers equation (1.5).

For (left) continuous initial data (as is the case in (2), (3), and (4)), the N-wave is also
approximated by left-continuous functions. This is a well-known fact, as nonlocal conservation
laws preserve regularity [29, corollary 5.3] (see also theorem 2.1). In particular, for the (4) case,
there are two jumps downwards in the initial datum and the first one is damped out over time
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Figure 2. Convergence to the N-wave profile for the nonlocal regularisation of
the Burgers equation. ToP LEFT: po(x) = Lo 1j(x). TOP RIGHT: po(x) = 2xTg 1j(x).
BoTTOM LEFT: po(x) = 6x(1 —x)Lg 1j(x). BOTTOM RIGHT: po(x) = 2xT 0.5/ (x) +
Tpo.s5,1(x)-

(still observable for =10 at x ~ 1). This can be understood when recalling that around x ~ 1
the velocity of the dynamics is smaller than for x < 1 so that the density increases between
both points and the jump decreases (which is visible in particular for t =1 and ¢t = 10).

Secondly, in figure 3, we consider y(x) := 19 1y(x), x € R, instead of an exponential weight
in (1.2), i.e. we study

WAl i= [ plen), (1) € 0.1) xR

The numerical simulation shows that, even in this case (which is not covered by the results
of the present paper or by the ones on the singular limit problem contained in [11, 14]), a
convergence result can be observed. However, the convergence seems to occur ‘less regularly’
as the constant kernel generates more and more points where the solution is not differentiable.
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Figure 3. Convergence to the N-wave profile for the nonlocal regularization of Burgers
equation with the constant kernel  := 1 (g 1). LEFT: po(x) = Tg,17(x). RIGHT: po(x) =
6x(1 —x)Lo,1(x).

Indeed, in contrast to the exponential kernel case, the regularity of the solution for piece-wise
constant kernels depends points-wise and locally (on the trace of backward characteristics) on
initial data, kernel, and their interplay.

Finally, we present some simulations illustrating the case of a more general power-type
velocity: namely,

0up(t,x) + (Wi (£,x)p(1,x)) = 0, (£,%) € (0,+00) xR,
P(Oax):PO(x)a xeR,

for some for g > 2. In this case, the explicit N-wave solution of the corresponding local con-
servation law

(5.1

Oip(t,x) + 0x(p1(2,x)) =0, (t,x) € (0,400) xR, 52)
p<o7x):p0(x)7 XERa .
is given by
i [ M % %
wy(1,x) = (qt) if xe <O7q<q—]) t )7

0 otherwise.
that is, in the rescaled variables
Wy = tl/qwq, yi= xt 1/,
= 4=l
so= (2) e (oa() 7).
0 otherwise

(see [37, equation (2.1)]). In particular, in figure 4 (for g = 3), the convergence result seems to
hold.
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Figure 4. Convergence to the N-wave profile for the nonlocal regularization of 0;p +
dep® =0 with exponential kernel. LEFT: po(x) = 1Ljo,1j(x). RIGHT: po(x) = 6x(1 —
X)IL[O’]] (x)

In this case, none of the previously established results hold. However, the numerical exper-
iments point to the fact that we may still observe the L!-convergence to the N-wave profile.
The behaviour of the rescaled solution, which explodes at x =0, is particularly noteworthy. It
can be explained as follows. For the conservation law

Oyp(t,x) —l—ax(W[p}z(t,x)p(t,x)) =0, (t,x)€(0,7T) xR,

we can compute, along characteristics (see [12, 29]),

%p(ta §(O,X; t)) = 3zﬂ(ta §(O7~x; t)) + aZp(tv S(O,X; t))83£(03x; t)

= —0ap(1,£(0,:0))W[p]*(1,£(0,x;1))
= 2p(1,£(0,x;2))W[p(£,£(0,x;1)) 02 W[p] (1,£(0,x31))
+ 2 (1,£(0,x;2)) Wlp] (1,£(0,x:1))
= —2p(1,£(0,x;1))W[p](£,£(0,x;1)) 02 W[p(1,£(0,x;1)).
As W ‘looks’ to the left and the solution vanishes on the left half-space for all time ¢ > 0, we
have that W[p](¢,0) = 0 for all # > 0; thus, the value of the solution at x = 0 never changes, i.e.

lim,~ o p(,x) = po(0) for all # >0, which yields the long-time behaviour at x =0 observed in
figure 4 upon rescaling.

6. Conclusions

In this contribution, we have proved the convergence of the solution of the nonlocal conserva-
tion law (1.1) with bounded, integrable, and non-negative initial datum to the N-wave solution
of the Burgers equation as t — +o0.

Several open problems and possible generalizations of this result could be of interest for
future work. We mention a few below.
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(1) Sign-changing initial data. The classical references that deal with the case of local conser-
vation laws (starting from, e.g. [37]) study the case of sign-changing initial data as well;
in the nonlocal setting, however, a non-negativity assumption seems to be needed in order
to obtain a global existence result (see [29]).

(2) Non-integrable initial data. Considering initial data merely in L> instead of L' N L poses
a significant issue: since solutions might then have infinite mass, the compactness argu-
ments would need to be revised and the limit profile would no longer be governed by
the initial mass. We refer to [24] for the study of this problem for the heat equation. In
the periodic setting, further information is available for the long-time behaviour of (local)
conservation laws (see, e.g. [9, 34]).

(3) More general velocities. While in the local case the available body of literature deals with
general power nonlinearities (as mentioned in the introduction), in the nonlocal case a
power-type velocity, as in 9;p + 9, (W4~ p) = 0 (with ¢ > 2), does not seem to generally
allow for an Oleinik-type condition (see [10] for further discussion), which was pivotal in
the approach used in the present paper.

(4) General convolution kernels. For more general convolution kernels, nonlocal-to-local con-
vergence results have been obtained (see [14]); however, no Oleinik inequalities are cur-
rently available (whose regularization effect is needed to treat the case of initial data that
are not uniformly bounded in L>° with respect to the scaling parameter). The numerical
simulations from section 5 still show that the convergence to the local N-wave should hold.

(5) Nonlocality in the velocity. A different type of nonlocal conservation laws presents non-
local effect of the form 9,p + 9, (p(p?~" ¥ 7)) = 0, i.e. where the averaging is not done over
the solution, but over the velocity. A recent contribution on the nonlocal-to-local singular
limit problem for this kind of models is contained in [22].

(6) Numerical schemes. The development of numerical schemes that reproduce qualitatively
the long-time behaviour of the solution has been addressed in works dealing with diffusion
operators and local velocities (see, e.g. [25-27]), but it appears to be fully unexplored in
the nonlocal setting.
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