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This paper presents a finite element formulation specifically developed for the transient dynamic analysis
of free layer damping plates, in which the viscoelastic behaviour of damping layers is modelled by means
of fractional derivatives. This formulation is based on the homogenisation of thin multi-layered plates,
adapted to consider fractional derivatives. Then, a fractional matrix equation system is reached, and
the time response is solved by means of the implicit Newmark method in conjunction with the
Grünwald-Letnikov discretisation of the fractional derivatives. The validation of the method is carried
out by comparing the results of three different numerical applications with the ones provided by a finite
element model built with hexahedral elements. As conclusion, it can be pointed out that the proposed
finite element formulation based on the homogenisation of multi-layer plates reproduces accurately
the time response of plates with surface damping treatments. In addition, this method allows conven-
tional plate mass and stiffness matrices to be used to model each individual layer, without requiring
specific formulations.
� 2023 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Passive damping techniques are widely used to reduce vibration
in mechanical engineering applications [1–3]. Viscoelastic damp-
ing materials are common because they are capable of dissipating
energy during the deformation when the system is under dynamic
loads [4]. Surface treatments are a simple passive damping tech-
nique used to reduce vibration. Here, free layer damping (FLD) con-
figurations are among the most commonly used ones due to their
facility to procure and their low economic value [5]. In these con-
figurations the damping or viscoelastic material is bonded with the
base structure, normally made of metal materials such as steel or
aluminium, and two configurations are possible: asymmetric and
symmetric (see Fig. 1).

The stress–strain relationship of viscoelastic materials in time
domain is complex and therefore it cannot be characterised by
simple models like the viscous one. Three typical ways to model
the viscoelastic behaviour are the rheological models built by a
large number of combinations of springs and dashpots, the Prony
series and the fractional derivative models [6]. One disadvantage
of rheological and Prony series models is that the number of
parameters necessary to reproduce the real viscoelastic behaviour
of most materials is very high, and do not have an immediate inter-
pretation. Besides, from the structural dynamics point of view, the
use of multiple springs and dashpots requires the use of internal
variables, and for each internal variable either the size of the matri-
ces of the system is doubled, or the order of the time derivatives of
the equation of motion increases [7]. Regarding the use of the
Prony series, the matrices of the structural system are not modi-
fied, but it is necessary to take into account the complete history
of the system, because the constitutive law of the viscoelastic
material is given by a convolution integral. This implies important
resources of storage and computation time. However, in contrast to
the two other model types, fractional derivative models allow to
reproduce the damping behaviour of viscoelastic materials with a
reduced number of parameters [8] that, in addition, have a physical
interpretation [9,10]. Summarising, it can be remarked that from
an engineering point of view, the fractional derivative models are
an effective way to model viscoelasticity, although the computa-
tional needs are high in long-time analysis.

Fractional calculus is a recurrent topic on mathematics and its
study and its practical applications are found widely in the litera-
ture [8,11–17]. Fractional derivatives have been used to build
three-dimensional viscoelastic constitutive models in time domain
[18], also to analyse the transient behaviour of a single-layer plate-
like systems. For example, Patnaik et al. [19] developed a finite
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Fig. 1. Elastic ( ) and viscoelastic ( ) material distribution for: (a) asymmetric FLD plate; (b) symmetric FLD plate.
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element model including fractional derivatives for both Mindlin-
Reissner and Love-Kirchhoff formulations. Praharaj et al. [20] anal-
ysed the transient behaviour of a plate in a viscoelastic foundation
by means of a fractionally-damped-Kelvin-Voigt model. Also, Kia-
sat et al. [21] studied the transient behaviour of a plate in a vis-
coelastic medium by using a Boltzmann superposition integral
model in which a transient analysis is conducted when properties
change with different boundary conditions.

For the particular case of viscoelastic surface treatments appli-
cations, literature shows that this is a current topic of research
[22–27]. There are many studies of multi-layer or laminated plates
including fractional derivatives, which are focused in the analysis
of the frequency response, for example Refs. [28–32]. But there
are not specific models for the analysis of the time response of
FLD plates considering fractional derivatives. There is a finite ele-
ment formulation for FLD beams [33] based on homogenised for-
mulations, derived from a general method [34], but it has not yet
been adapted to FLD plates.

In short, this paper presents a finite element formulation to
analyse the time response of FLD thin plates, in which the material
of the viscoelastic layer is characterised by a five-parameter frac-
tional derivative model. This formulation is an extension of the
previously mentioned one for homogenised FDL beams [33], and
one of the advantages is that conventional mass and stiffness
matrices of plates can be used to model each individual layer. To
solve numerically the time response of the fractional equations
system, Grünwald-Letnikov approach is used to discretise the frac-
tional derivatives and Newmark method is applied to solve the dis-
placements of the plate from an equivalent second order matrix
system. The validation of the formulation is carried out by compar-
ing the results of three numerical examples with the obtained by a
three-dimensional model with hexahedral finite elements. Specifi-
cally, the response of a plate supported on the four corners is stud-
2

ied under three different load conditions: a uniform pressure
applied suddenly, an initial static deformation of the plate, and a
uniform harmonic pressure.
2. Finite element formulation for homogenised FLD plates with
fractional derivatives

In this Section the proposed finite element formulation for thin
FLD plates with fractional derivatives is presented. First, the mate-
rial models for the elastic and the viscoelastic materials of the plate
are presented. Next, the homogenisation method of thin plates
with two or three layers is shown, deriving in a single fractional
differential equation that represents the multi-layer plate. And
finally, the implementation of the resulting equation in a finite ele-
ment formulation is developed. This finite element formulation has
the important advantage that conventional mass and stiffness
matrices can be used, as the ones presented in the Appendix.
2.1. Material models

A free layer damping or FLD plate is configured by a base layer
of elastic material and the surface treatment by means of a vis-
coelastic material. Fig. 1 represents a FLD plate with dimensions
a� b for the (a) asymmetric and (b) symmetric configurations.
The asymmetry can also be produced in (b) if each viscoelastic
layer has different thickness. The kinematics of the plate is defined
by the transverse displacement field w x; y; tð Þ, that depends on the
position of any point P of the neutral plane with coordinates x; yð Þ
and on the time t.

The deformation of the plate implies that the materials are sub-
jected to stress and strain, which are related by the behaviour law
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of the materials. For this model, the materials are supposed as iso-
tropic. Then, the behaviour law for the elastic material is given by

r x; y; z; tð Þ ¼ Dee x; y; z; tð Þ ð1Þ
where r x; y; z; tð Þ and e x; y; z; tð Þ are the stress and strain vector

fields, respectively, and De is the elasticity matrix. According to the
Love-Kirchhoff theory for thin plates [35,36], this matrix is given
by

De ¼ Ee

1� m2e

1 me 0
me 1 0
0 0 1�me

2

264
375 ð2Þ

where Ee is Young’s modulus and me is the Poisson’s ratio of the
elastic material. The corresponding behaviour law of the viscoelas-
tic material is given by the five-parameter fractional derivative
model [6]

r x; y; z; tð Þ þ sbDbr x; y; z; tð Þ ¼ Dve x; y; z; tð Þ þ Dv

� Eu

Er
saDae x; y; z; tð Þ ð3Þ

where D �ð Þ represents the fractional derivative with respect to
time, a and b are the fractional parameters being 1 P a P b P 0
[8], Er is the relaxed modulus, Eu is the unrelaxed modulus, s is
the relaxation time and Dv is the elasticity matrix of the viscoelas-
tic material defined by

Dv ¼ Er

1� m2v

1 mv 0
mv 1 0
0 0 1�mv

2

264
375 ð4Þ
2.2. Homogenised plate model

This Section presents the development of the proposed homo-
genised finite element for thin FLD plates. According to the Love-
Kirchhoff theory [35,36], the strain distribution is linear and con-
tinuous along the thickness and the curvatures of the layers are
the same, related by

e x; y; z; tð Þ ¼ z Lw x; y; tð Þ ð5Þ
where L is the curvatures operator given by

L ¼ � @2

@x2 � @2

@y2 2 @2

@x@y

n oT ð6Þ

By integrating along the thickness, in z direction, the moment
produced by each component of the stress vector r x; y; z; tð Þ with
respect to the neutral plane, Eqs. (1) and (3) derive in

Me x; y; tð Þ ¼ he
h2
e

12
þ hNe � hNð Þ2

 !
DeLw x; y; tð Þ ð7Þ

and

1þ sbDb
� �

Mv x; y; tð Þ ¼ hv
h2v
12 þ hNv � hNð Þ2
� �

� 1þ Eu
Er
saDa

� �
DvLw x; y; tð Þ;

ð8Þ

respectively, where Me x; y; tð Þ and Mv x; y; tð Þ are the moments per
unit of width field vectors for the elastic and the viscoelastic layers,
hN is the position of the neutral plane with regard to the lower sur-
face of the FLD plate, and hNe and hNv are the positions of the middle
plane of elastic and viscoelastic layers. For the symmetric case, the
neutral plane position is directly deduced as

hN ¼ hv þ he

2
ð9Þ
3

where he and hv are the thickness of the elastic and viscoelastic
layers. For the asymmetric case, the position hN is obtained so that
the moment resultant from the normal forces per unit of width of
each layer is the same as the moment of the equivalent total nor-
mal force per unit of width applied at the neutral plane, resulting
in

hN ¼ Eehe
he
2 þ Erhv he þ hv

2

� �
Eehe þ Erhv

ð10Þ

The total moment vector is given by the addition of both of the
individual components,

M x; y; tð Þ ¼ Me x; y; tð Þ þMv x; y; tð Þ ð11Þ
In order to achieve the addition of Eq. (11), the operator

1þ sbDb� �
has to be applied in Equation (7). Thus, the resulting

equation is given by

1þ sbDb
� �

M x; y; tð Þ

¼ Ie 1þ sbDb
� �

De þ Iv 1þ Eu
Er
saDa

� �
Dv

h i
Lw x; y; tð Þ;

ð12Þ

where, to simplify the writing,

Ie ¼ he
h2
e

12
þ hNe � hNð Þ2

 !
ð13Þ

and

Iv ¼ hv
h2
v

12
þ hNv � hNð Þ2

 !
ð14Þ

Equation (12) has to be combined with the local equilibrium
equation given by

�LTM x; y; tð Þ þ f x; y; tð Þ ¼ qehe þ qvhvð Þ €w x; y; tð Þ; ð15Þ
where qe and qv are the density of the elastic and viscoelastic

materials, respectively, f x; y; tð Þ is the transverse force density field
and €w x; y; tð Þ is the transverse acceleration field. By applying the
operator LT on Eq. (12) and the operator 1þ sbDb� �

on Eq. (15),
the combination of both yields in the next field equation:

LT Ie 1þ sbDb
� �

De þ Iv 1þ Eu
Er
saDa

� �
Dv

h i
Lw x; y; tð Þ

¼ 1þ sbDb
� �

f x; y; tð Þ�½ qehe þ qvhvð Þ€w x; y; tð Þ�:
ð16Þ

This equation cannot be solved analytically, and numerical
methods are needed to solve the transverse displacement field
w x; y; tð Þ, and they are discussed next.

2.3. Finite element formulation and numerical integration

Numerical methods have to be applied to solve Eq. (16) for the
transverse displacement w x; y; tð Þ. This equation has the advantage
that the same procedure as the classical elastic problem for thin
plates can be performed. Hence, a finite element formulation based
on the weighted residual method from the conventional Galerkin
point of view [37] is proposed, yielding

sbMiD
b€ui tð Þ þMi€ui tð Þ þ sbKe;iD

bui tð Þ
þ Eu

Er
saKv;iD

aui tð Þ þ K iui tð Þ ¼ F i tð Þ þ sbDbF i tð Þ; ð17Þ

where, for the i - th finite element, Mi is the mass matrix, Ke;i

and Kv;i are the elastic and viscoelastic stiffness matrices, respec-
tively, K i ¼ Ke;i þ Kv;i, €ui tð Þ is the nodal acceleration vector, ui tð Þ
is the nodal displacement vector and F i tð Þ is the nodal external
force vector. A detailed derivation of this equation by means of
the Galerkin method is presented in Section A.1 of Appendix. The



Table 1
Newmark scheme for the second order system M€u tð Þ þ Ku tð Þ ¼ F tð Þ.

Chose Newmark’s coefficients* a and b.
Given initial conditions u0 and _u0, solve M€u0 ¼ F0 � Ku0 for €u0

Compute A :¼ M þ b Dtð Þ2K
From n :¼ 0 to N � 1 do

Compute bnþ1 :¼ M un þ Dt _un þ 1
2 Dtð Þ2 1� 2bð Þ€un

� �
Solve Aunþ1 ¼ b Dtð Þ2Fnþ1 þ bnþ1 for unþ1

Compute €unþ1 :¼ unþ1�un

b Dtð Þ2 � _un
bDt � 1

2b � 1
� �

€un

Compute _unþ1 :¼ _un þ Dt 1� að Þ€un þ a€unþ1ð Þ
End

* For the constant acceleration Newmark’s scheme, a ¼ 0:5 and b ¼ 0:25.
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proposed method has the advantage that it is not necessary to
develop specific mass and stiffness matrices, but any standard
matrix can be used. After assembling the elementary matrices,
the global system yields

sbMDb€u tð Þ þM€u tð Þ þ sbKeD
bu tð Þ

þ Eu
Er
saKvD

au tð Þ þ Ku tð Þ ¼ F tð Þ þ sbDbF tð Þ ð18Þ

in which M ¼ Me þMv is the global mass matrix where Me and
Mv are the assembled mass matrices for the elastic and viscoelastic
material, respectively, K ¼ Ke þ Kv is the global stiffness matrix
where Ke and Kv are the assembled stiffness matrices for the elas-
tic and viscoelastic material, respectively, €u tð Þ is the global nodal
acceleration vector, u tð Þ is the global nodal displacement vector
and F tð Þ is the global nodal external forces vector.

In order to solve Equation (18), the M - K - F implicit formula-
tion for direct integration is carried out [34]. For that, the Eq. (18) is
evaluated at tnþ1,

sbMDb€unþ1 þM€unþ1 þ sbKeD
bunþ1

þ Eu
Er
saKvD

aunþ1 þ Kunþ1 ¼ Fnþ1 þ sbDbFnþ1
ð19Þ

where the goal is to solve the displacement unþ1. The fractional
derivatives of this equation can be approximated by the Grünwald-
Letnikov approach [10], giving

DbFnþ1 ¼ 1
Dtð Þb

Xn
j¼0

Ab;jþ1Fnþ1�j ð20Þ

Daunþ1 ¼ 1
Dtð Þa

Xn
j¼0

Aa;jþ1unþ1�j ð21Þ

Dbunþ1 ¼ 1
Dtð Þb

Xn
j¼0

Ab;jþ1unþ1�j ð22Þ

and

Db€unþ1 ¼ 1
Dtð Þb

Xn
j¼0

Ab;jþ1€unþ1�j ð23Þ

The parameters Aa;jþ1 are known as the Grünwald-Letnikov
weighing parameters of order a and present the following proper-
ties (and the equivalent ones for the order b):

Aa;1 ¼ 1 ð24Þ

Aa;jþ1 ¼ j� 1� a
j

Aa;j ð25Þ

and, as a < 1

lim
j!1

Aa;jþ1 ! 0 ð26Þ

The summations of Eqs. (20)-(23) are a consequence of the non-
local nature of the fractional derivatives, whichmeans that in order
to obtain the response at the current time, it is necessary to take
into account the full history of the system. This fact implies that
high computational needs are required regarding storage and time.
Nevertheless, the Eq. (26) represents the ‘short-memory’ property
of the fractional derivative operator, meaning that the older history
of the system losses weight over time.

In order to solve the displacement unþ1 from Eq. (19), Eqs. (21)-
(23) are developed in

Daunþ1 ¼ unþ1

Dtð Þa þ
1
Dtð Þa

Xn
j¼1

Aa;jþ1unþ1�j ð27Þ
4

Dbunþ1 ¼ unþ1

Dtð Þb þ
1
Dtð Þb

Xn
j¼1

Ab;jþ1unþ1�j ð28Þ

and in

Db€unþ1 ¼ €unþ1

Dtð Þb þ
1
Dtð Þb

Xn
j¼1

Ab;jþ1€unþ1�j ð29Þ

respectively. Then, these equations allow to transform Eq. (19)
in an equivalent second order system as follows,

M
�
€unþ1 þ K

�
unþ1 ¼ F

�
nþ1 ð30Þ

where the equivalent mass matrix M
�

is defined as

M
�

¼ s
Dt

� �b
þ 1

� �
M ð31Þ

the equivalent stiffness matrix K
�
is expressed as

K
�
¼ Eu

Er

s
Dt

� �a
þ 1

� �
Kv þ s

Dt

� �b
þ 1

� �
Ke ð32Þ

and the equivalent force vector F
�
nþ1 results in

F
�
nþ1 ¼ Fnþ1 þ s

Dt

� �bPn
j¼0

Ab;jþ1Fnþ1�j � s
Dt

� �bMPn
j¼1

Ab;jþ1€unþ1�j

� s
Dt

� �bKe
Pn
j¼1

Ab;jþ1unþ1�j � Eu
Er

s
Dt

� �aKv
Pn
j¼1

Aa;jþ1unþ1�j:

ð33Þ

Given an initial displacement u0 and initial velocity _u0, Equation
(30) can be solved by means of implicit numerical methods as the
Newmark method [38], which has good stability properties. The
scheme of the Newmark method to solve Eq. (30) is shown in
Table 1. In the numerical applications of this work, the constant
acceleration scheme has been used.
3. Validation of the formulation

Validation of the model is carried out by comparing the results
obtained with the introduced model to the ones given by a 3D
finite element model composed of hexahedral elements. A 3D finite
element model is used for comparison since there are not any
existing available simple 2D models utilising fractional derivatives
to analyse the transient behaviour of multi-layered plates. Besides,
computation time is compared too between both models. All sim-
ulations are performed in a Nitro 5 laptop i7-11800H @ 2.30 GHz
16 GB in a Windows 10x64 environment using the MATLAB
R2022a version.



Table 2
Plate geometry.

Dimension Unit Value

a mm 400
b mm 300
he mm 1.05
hv mm 1.52

Table 3
Properties of the elastic and viscoelastic materials.

Property Unit Value

Ee GPa 176.2
me – 0.3
qe kg=m3 7782

Er MPa 353
Eu MPa 3462
a – 0.5
b – 0.4
s ls 314.9
vv – 0.3
qv kg=m3 1429

Fig. 2. Meshing of the (a) 2D
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3.1. Description of the model

This Section describes the models used to validate the proposed
homogenised formulation. The study is carried out by a thin asym-
metric FLD rectangular plate simply supported on the corners. The
geometry of the plate and the thickness of each layer are shown in
Table 2 where a is the dimension of the plate along x direction and
b is the dimension of the plate along y direction (see Fig. 1).

The properties of each material are presented in Table 3, taken
from Ref. [33].

The 2D plate is modelled by means of 24� 18 quadrangular
finite elements. The precise formulation of the mass and stiffness
matrices are presented in the Section A.2 of the Appendix. Specif-
ically, first order quadrilateral finite elements of the 2D Serendipity
family are proposed, that are composed of 4 nodes with 3 degrees
of freedom per node: transverse displacement w tð Þ and rotation in
each axis, hx tð Þ and hy tð Þ, i.e. each finite element has a total of 12
degrees of freedom. Hermite shape functions are used for the inter-
polation, and the numerical integration is carried out with 2 � 2
Gauss points for the elementary stiffness matrices and 3 � 3 Gauss
points for those of mass.

For the 3D model, the plate is modelled by means of
24� 18� 1þ 1ð Þ hexahedral finite elements where 1þ 1 means
model and (b) 3D model.
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that there is one element for each layer. Details about the discre-
tised equations and the formulation of the finite element matrices
are shown in Section A.3 of the Appendix. Specifically, quadratic
order Lagrange family hexahedral finite elements with 27 nodes
are used, with 3 degrees of freedom in each node: longitudinal dis-
placement in x direction u tð Þ, longitudinal displacement in y direc-
tion v tð Þ, and transverse displacement in z direction w tð Þ. The
discretisation used for each model has been chosen to guarantee
that the results converged. In the case of the 3Dmodel, only 1 finite
element in each layer is needed because the plate is thin and con-
sequently strain is linear, and the quadratic interpolation functions
(

(

(

Fig. 3. Comparison between the results of the 2D homogenised plate and the 3

6

are able to reproduce linear strain. As a result, the 2D model has a
total of 1425 degrees of freedom, and the 3D model 27,195. Both
models are represented in Fig. 2. The thickness of the 3D model
has been represented by a scale factor of 10 to appreciate both
layers.

Simulation time is fixed to 1 s, and time step is set to Dt ¼ 1 ms.
For the purposes of the comparison, the code used to generate the
transverse displacement field follows the same procedure in both
models when generating the elementary matrices, assembling
the global system and applying the Newmark method. The code
generated for the global assembly of the system is working with
a) 

b) 

c) 

D solid plate: RMS response of the (a) Case 1, (b) Case (2) and (c) Case 3.
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sparse matrices. Additionally, the system of equations to solve with
the Newmark method is done with the Cholesky decomposition of
the global matrices [39]. These two mentioned details allow to sig-
nificantly reduce computation time in the simulation. To compute
the equivalent force when applying the Newmark method, the one
given by Eq. (33), all the terms of the summations have been taken
into account (see [34] about the effect of reducing the number of
terms in the summations due to the ‘‘short-memory property” of
the fractional operator described in Section 2.3).

3.2. Numerical applications

Three numerical applications are presented in this Section in
order to validate the proposed formulation.

� Case 1: the dynamic transient response of the plate is evaluated
for a step characterised by a unitary uniform pressure of

1 N=m2 applied perpendicularly on the top surface in t ¼ 0 s.
� Case 2: the free vibration characterised by an initial deforma-
tion with a maximum transverse displacement of 1 cm is stud-
ied. The initial deformation is generated by a uniform pressure.

� Case 3: the response to a harmonic pressure of 1 N=m2 of mag-
nitude and 12 Hz of excitation frequency is obtained.

In the three cases the plate is supported in the corners. For both
models, the rows and columns of the finite element matrices cor-
responding to the transverse displacement of the nodes of the cor-
ners have to be eliminated. Once the response is solved according
to the method presented in the Section 2.3, the root mean square
(RMS) of the transverse displacement of all the nodes wRMS tð Þ is
computed as

wRMS tð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN
j¼1

wj tð Þ2

N

vuuut
ð34Þ

where wj tð Þ is the transverse displacement of the j - th node,
and N is the total number of nodes. The results obtained are shown
in Fig. 3.

As was expected, the response of Case 1 shows an oscillation
that tends to the static response due to the uniform pressure, Case
2 represents a decreasing vibration from the initial deformation to
the rest, and Case 3 shows an increasing vibration because the
excitation frequency of 12 Hz is near to a resonance of the plate.

Besides, the computation time for each case has been regis-
tered, and the obtained data are shown in Table 4.

From Fig. 3 it can be pointed out that there are not any remark-
able differences between both models, which allows to validate the
proposed formulation. Regarding the computation time, there is a
notable difference between both models, as expected due to the
large difference in the number of degrees of freedom of the two
systems. But these results are a way to illustrate the benefits of
homogenised models, showing that in these three applications,
the time reduction order is about 98 %.
Table 4
Computation time of the proposed 2D homogenised model and the 3D solid model.

Process Time for the
2D model
(s)

Time for the
3D model
(s)

Time
reduction
(%)

Matrix creation and assembly 0.28 12.06 97.7
Response calculation
Case 1 8.57 524.3 98.4
Case 2 8.43 516.1 98.4
Case 3 8.15 535.1 98.5

7

4. Conclusions

This paper has presented a new homogenised formulation to
study the transient dynamic behaviour of thin plates that are com-
posed of a metallic layer and a surface viscoelastic treatment char-
acterised by a five-parameter fractional derivative model. The
viscoelastic material is in a free layer configuration, and the devel-
oped formulation is valid for both symmetric and asymmetric con-
figurations. Specific numerical methods have been performed in a
finite element framework to solve the transverse displacement in
time domain.

The transient response of three numerical applications with the
developed 2D formulation and its 3D equivalent model has been
analysed. The 3D model is used due to the lack of similar 2D mod-
els using fractional derivatives for studying the transient behaviour
of multi-layered plates. The results obtained have illustrated that
the homogenised formulation give good results with no remark-
able differences between 2D and 3D models. The proposed formu-
lation allows to reduce the number of variables required and
therefore computation time is significantly reduced. It is concluded
that the homogenised 2D formulation can be utilised in order to
study the transient dynamic behaviour of plates in which vis-
coelastic surface treatments in a free layer configuration are char-
acterised by fractional derivative models. In addition, this method
allows conventional plate mass and stiffness matrices to be used to
model each individual layer, without requiring specific
formulations.
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Appendix A

This Appendix has 3 sections. Section A.1 presents a brief deriva-
tion of the general formulation of the Galerkin method to obtain
Eq. (17). In Section A.2 the particular characteristics of the 2D plate
finite elements employed in this paper are shown, and in Sec-
tion A.3 those of the 3D solid finite elements.

A.1. Finite element formulation by means of the Galerkin method

Equation (16) represents the local equation for the transverse
displacement of an elastic plate with viscoelastic surface treatment
in FLD configuration. This equation can also be written as

LT Ie 1þ sbDb
� �

De

h
þIv 1þ Eu

Er
saDa

� �
Dv

i
Lw x; y; tð Þ

� 1þ sbDb
� �

f x; y; tð Þ�½ qehe þ qvhvð Þ €w x; y; tð Þ� ¼ 0:
ðA:1Þ

By solving this partial differential equation by numerical meth-
ods, an approximation of w x; y; tð Þ is obtained, namely ew x; y; tð Þ.
Thus, the right-hand side of Eq. (A.1) is no longer zero, and
becomes the residual R x; y; tð Þ,



Fig. A1. Representation of a four-node quadrilateral finite element for flexural
plates.
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LT Ie 1þ sbDb
� �

De

h
þIv 1þ Eu

Er
saDa

� �
Dv

i
Lw x; y; tð Þ

� 1þ sbDb
� �

f x; y; tð Þ�½ qehe þ qvhvð Þ €w x; y; tð Þ� ¼ R x; y; tð Þ:
ðA:2Þ

The weighted residual method (WRM) forces the residual
R x; y; tð Þ to vanish in average points of the domain (in this case
the domain is the area A of the plate) or become as small as possi-
ble depending on a weight function P x; y; tð Þ to find the approxi-
mate solution ew x; y; tð Þ by means ofZ
A
P x; y; tð ÞR x; y; tð ÞdA ¼ 0 ðA:3Þ

The Galerkin point of view of the WRM consists in choosing as
weigh function a virtual variation of the approximate function,

P x; y; tð Þ ¼ d ewi x; y; tð Þ ðA:4Þ
that is to say, Eq. (A.3) derives inZ

A
d ewi x; y; tð ÞR x; y; tð ÞdA ¼ 0 ðA:5Þ

therefore, taking into account Eq.,R
A d ewi x; y; tð Þ

� LT Ie 1þ sbDb
� �

De þ Iv 1þ Eu
Er
saDa

� �
Dv

h i
Lw x; y; tð Þ

n
� 1þ sbDb
� �

f x; y; tð Þ�½ qehe þ qvhv
� �	 €ewi x; y; tð Þ

o
dA ¼ 0:

ðA:6Þ

The finite element method consists in finding the approximate
solution ew x; y; tð Þ by interpolating the displacement in finite sub-
domains Ai of the total domain A, taking as reference the displace-
ment of some points known as nodes,ewi x; y; tð Þ ¼ N i x; yð Þui tð Þ ðA:7Þ

where ewi x; y; tð Þ represents the approximate solution in the
subdomain Ai, ui tð Þ is the time dependent generalised displace-
ment vector of the nodes of the subdomain Ai, and N i x; yð Þ is the
matrix of the interpolation functions. Thus, the virtual displace-
ment in the finite element is given by

d ewi x; y; tð Þ ¼ N i x; yð Þ dui tð Þ ðA:8Þ
or also,

d ewi x; y; tð Þ ¼ duT
i tð ÞNT

i x; yð Þ ðA:9Þ
where dui tð Þ represents any virtual displacement vector of the

nodes of the i-th finite element and �ð ÞT is the transpose operator.
The integration of Eq. (A.6) yields

duT
i tð Þ sbMiD

b€ui tð Þ þMi€ui tð Þ þ sbKe;iD
bui tð Þ

�
þ Eu

Er
saKv;iD

aui tð Þ þ Kui tð Þ � Fi tð Þ � sbDbFi tð Þ
�
¼ 0;

ðA:10Þ

wherefrom Eq. (17) is obtained. Then, the mass matrix is

Mi ¼
Z
Ai

NT
i x; yð Þ qehe þ qvhvð ÞN i x; yð ÞdA ðA:11Þ

the stiffness matrix of the elastic and the viscoelastic layers are

Ke;i ¼ Ie

Z
Ai

BT
i x; yð ÞDe Bi x; yð ÞdA ðA:12Þ

and

Kv;i ¼ Iv

Z
Ai

BT
i x; yð ÞDv Bi x; yð ÞdA ðA:13Þ

respectively, and F i tð Þ is the external force vector. In Eq., the
matrix Bi x; yð Þ is given by

Bi x; yð Þ ¼ LN i x; yð Þ ðA:14Þ
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The specific expressions of the mass and stiffness matrices are
depending of the chosen interpolation functions. The next section
of this Appendix shows the particular case of the finite elements
used in this paper.

A.2. Derivation of the mass and stiffness matrices of the 2D plate finite
elements

Fig. A.1 represents a quadrilateral finite element located in the
x� y plane with 4 nodes and 3 degrees of freedom per node: the
transverse displacement w in the z direction, and the rotations hx
and hy around the � and y axes, respectively.

Thus, the finite element has 12 degrees of freedom, and the gen-
eralised displacement vector of the i-th finite element is given by

ui tð Þ ¼ w1 hx1 hy1 w2 hx2 hy2 w3 hx3 hy3 w4 hx4 hy4

 �T

i ðA:15Þ
Then, the matrix of the interpolation functions enounced in Eq.

is given by

N i x; yð Þ ¼ N1 N2 N3 N4 N5 N6 N7 N8 N9 N10 N11 N12½ �i ðA:16Þ
In these equations, the 12 degrees of freedom are time depen-

dent, and the 12 individual interpolation functions depend
on � and y, even though it has not been implicitly indicated in
order to simplify the writing. Nevertheless, to perform the inte-
grals of Eqs. (A.11)�(A.13) numerically and systematically, a coor-
dinate transformation is performed in order to obtain a square
dominion with dimensions 2 � 2 in the natural coordinate system
n� g, known as the parent or master finite element. This coordi-
nate transformation is represented in Fig. A.2, where the point P
with coordinates x; yð Þ obtains the natural coordinates n;gð Þ, and
the nodes of the original quadrilateral finite element have the coor-
dinates �1;�1ð Þ, 1;�1ð Þ, 1;1ð Þ and �1;1ð Þ.

Thus, the 12 interpolation functions can be written in terms of
the natural coordinates n;gð Þ. Specifically, interpolation functions
of the 2D Serendipity family have been chosen, given by

N1 n;gð Þ ¼ �1
8

n� 1ð Þ g� 1ð Þ g2 þ gþ n2 þ n� 2
� � ðA:17Þ

N2 n;gð Þ ¼ �1
8

n� 1ð Þ g� 1ð Þ2 gþ 1ð Þ ðA:18Þ

N3 n;gð Þ ¼ �1
8

n� 1ð Þ2 nþ 1ð Þ g� 1ð Þ ðA:19Þ

N4 n;gð Þ ¼ 1
8

nþ 1ð Þ g� 1ð Þ g2 þ gþ n2 � n� 2
� � ðA:20Þ

N5 n;gð Þ ¼ 1
8

nþ 1ð Þ g� 1ð Þ2 gþ 1ð Þ ðA:21Þ



Fig. A2. Coordinate transformation from the original finite element to the parent finite element.
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N6 n;gð Þ ¼ �1
8

nþ 1ð Þ2 n� 1ð Þ g� 1ð Þ ðA:22Þ

N7 n;gð Þ ¼ �1
8

nþ 1ð Þ gþ 1ð Þ g2 � gþ n2 � n� 2
� � ðA:23Þ

N8 n;gð Þ ¼ 1
8

nþ 1ð Þ gþ 1ð Þ2 g� 1ð Þ ðA:24Þ

N9 n;gð Þ ¼ 1
8

nþ 1ð Þ2 n� 1ð Þ gþ 1ð Þ ðA:25Þ

N10 n;gð Þ ¼ 1
8

n� 1ð Þ gþ 1ð Þ g2 � gþ n2 þ n� 2
� � ðA:26Þ

N11 n;gð Þ ¼ �1
8

n� 1ð Þ gþ 1ð Þ2 g� 1ð Þ ðA:27Þ

and

N12 n;gð Þ ¼ 1
8

n� 1ð Þ2 nþ 1ð Þ gþ 1ð Þ ðA:28Þ

Then, the mass and stiffness matrices can be numerically calcu-
lated by means of the Gauss quadrature method from

Mi ¼ qehe þ qvhvð Þ
Z 1

�1

�
Z 1

�1
NT n;gð ÞN n;gð Þ det J i n;gð Þð Þj j dn dg ðA:29Þ

Ke;i ¼ Ie

Z 1

�1

Z 1

�1
BT
i n;gð ÞDe Bi n;gð Þ det J i n;gð Þð Þj j dn dg ðA:30Þ

and

Kv;i ¼ Iv

Z 1

�1

Z 1

�1
BT
i n;gð ÞDv Bi n;gð Þ det J i n;gð Þð Þj j dn dg ðA:31Þ

where J i n;gð Þ is the transformation Jacobian matrix for the i-th
finite element, and Bi n;gð Þ is a 3 � 12 matrix given by

Bi n;gð Þ ¼ LN n;gð Þ ðA:32Þ
The integration of Eqs. (A.29)�(A.31) can be performed by the

Gauss quadrature method. In this work 2 � 2 Gauss points have
been taken for stiffness matrices and 3 � 3 for those of mass.

A.3. Derivation of the mass and stiffness matrices of the 3D solid finite
elements

For the 3D formulation, the displacement vector field u x; y; z; tð Þ
has components in the three directions �,y and z, namely
u x; y; z; tð Þ, v x; y; z; tð Þ and w x; y; z; tð Þ, respectively, that is,
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u x; y; z; tð Þ ¼
u x; y; z; tð Þ
v x; y; z; tð Þ
w x; y; z; tð Þ

8><>:
9>=>; ðA:33Þ

The strain–displacement relationship is given by

e x; y; z; tð Þ ¼ Lu x; y; z; tð Þ ðA:34Þ
where, in this case, the derivative operator L is defined as

L ¼

@
@x 0 0
0 @

@y 0

0 0 @
@z

0 @
@z

@
@y

@
@z 0 @

@x
@
@y

@
@x 0

26666666664

37777777775
ðA:35Þ

The material behaviour equation for isotropic elastic materials
is given by

re x; y; z; tð Þ ¼ Deee x; y; z; tð Þ ðA:36Þ
and for isotropic viscoelastic materials by

rv x; y; z; tð Þ þ sbDbrv ¼ Dvev x; y; z; tð Þ þ Dv

� Eu

Er
saDaev x; y; z; tð Þ ðA:37Þ

where the elasticity matrices D are given by

De ¼ Ee

1þ með Þ 1� 2með Þ

1� me me me 0 0 0
me 1� me me 0 0 0
me me 1� me 0 0 0
0 0 0 0:5� me 0 0
0 0 0 0 0:5� me 0
0 0 0 0 0 0:5� me

2666666664

3777777775
ðA:38Þ

and

Dv ¼ Er

1þ mvð Þ 1� 2mvð Þ

1� mv mv mv 0 0 0
mv 1� mv mv 0 0 0
mv mv 1� mv 0 0 0
0 0 0 0:5� mv 0 0
0 0 0 0 0:5� mv 0
0 0 0 0 0 0:5� mv

2666666664

3777777775
ðA:39Þ

respectively. Then, the motion equation for the elastic material
results in

LTDeLue x; y; z; tð Þ þ f x; y; z; tð Þ ¼ qe
€ue x; y; z; tð Þ ðA:40Þ

and the corresponding one for the viscoelastic material in
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LTDvLuv x; y; z; tð Þ þ Eu
Er
LTDvLsaDauv x; y; z; tð Þ þ f x; y; z; tð Þ

þsbDbf x; y; z; tð Þ ¼ qv€uv x; y; z; tð Þ þ qvsbD
b€uv x; y; z; tð Þ;

ðA:41Þ

where f x; y; z; tð Þ is the volume external forces vector field. After
the application of the finite element method from the Galerkin
point of view like shown in Section A.1, the final assembled matrix
system yields

sb Me þMvð ÞDb€u tð Þ þ Me þMvð Þ€u tð Þ þ sbKeD
bu tð Þ

þ Eu
Er
saKvD

au tð Þ þ Ke þ Kvð Þu tð Þ ¼ F tð Þ þ sbDbF tð Þ: ðA:42Þ

In this work, 27 nodes are chosen for a hexahedral finite ele-
ment, that allows to consider second order interpolation functions.
Thus, the finite element has a total of 81 degrees of freedom. Thus,
the displacement fields are interpolated with 27 quadratic interpo-
lation functions of the Lagrange family as follows:

u x; y; z; tð Þ
v x; y; z; tð Þ
w x; y; z; tð Þ

8><>:
9>=>;

i

¼
N1 0 0 N2 0 � � � 0 0
0 N1 0 0 N2 � � � N27 0
0 0 N1 0 0 � � � 0 N27

264
375

i

u1 tð Þ
v1 tð Þ
w1 tð Þ

..

.

u27 tð Þ
v27 tð Þ
w27 tð Þ

8>>>>>>>>>>>><>>>>>>>>>>>>:

9>>>>>>>>>>>>=>>>>>>>>>>>>;
i

ðA:43Þ
This equation can be written in compact form such that

ui x; y; z; tð Þ ¼ N i x; y; zð Þui tð Þ ðA:44Þ
where ui x; y; z; tð Þ is the i-th finite element displacement vector

field, ui tð Þ is the generalised nodal displacement vector, and
N i x; y; zð Þ represents the matrix of the interpolation functions. In
a similar way to the 2D plate finite element, a coordinate transfor-
mation is performed to the natural coordinates n;g; fð Þ. In this way,
a generic hexahedron becomes a cube of dimensions 2 � 2 � 2.
Fig. A.3 shows a parent finite element with the coordinates of the
27 nodes.

The second order Lagrange polynomials as a function of a gen-
eric variable a are

L1 uð Þ ¼ u u� 1ð Þ
2

ðA:45Þ

L2 uð Þ ¼ � u� 1ð Þ uþ 1ð Þ ðA:46Þ
Fig. A3. Cubic parent finite element in the natural coordinates n;g; fð Þ.
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and

L3 uð Þ ¼ u uþ 1ð Þ
2

ðA:47Þ

From these Lagrange polynomials, taking into account the num-
bering of the 27 nodes shown in Fig. A.3, the 27 interpolation func-
tions are built as follows:

N1þ9 k�1ð Þ n;g; fð Þ ¼ L1 nð ÞL1 gð ÞLk fð Þ ðA:48Þ

N2þ9 k�1ð Þ n;g; fð Þ ¼ L2 nð ÞL1 gð ÞLk fð Þ ðA:49Þ

N3þ9 k�1ð Þ n;g; fð Þ ¼ L3 nð ÞL1 gð ÞLk fð Þ ðA:50Þ

N4þ9 k�1ð Þ n;g; fð Þ ¼ L3 nð ÞL2 gð ÞLk fð Þ ðA:51Þ

N5þ9 k�1ð Þ n;g; fð Þ ¼ L3 nð ÞL3 gð ÞLk fð Þ ðA:52Þ

N6þ9 k�1ð Þ n;g; fð Þ ¼ L2 nð ÞL3 gð ÞLk fð Þ ðA:53Þ

N7þ9 k�1ð Þ n;g; fð Þ ¼ L1 nð ÞL3 gð ÞLk fð Þ ðA:54Þ

N8þ9 k�1ð Þ n;g; fð Þ ¼ L1 nð ÞL2 gð ÞLk fð Þ ðA:55Þ

N9þ9 k�1ð Þ n;g; fð Þ ¼ L2 nð ÞL2 gð ÞLk fð Þ ðA:56Þ
The parameter k takes the value 1 in the lower surface of the

cube (nodes 1 to 9), 2 in the middle surface (nodes 10 to 18) y 3
in the upper surface (nodes 19 to 27). Then, the mass and stiffness
matrices yield

Mi ¼ q
Z 1

�1

Z 1

�1

Z 1

�1
NT

i n;g; fð ÞN i n;g; fð Þ det J i n;g; fð Þð Þj j dn dg df

ðA:57Þ
and

K i ¼
Z 1

�1

Z 1

�1

Z 1

�1
BT
i n;g; fð ÞD Bi n;g; fð Þ det J i n;g; fð Þð Þj j dn dg df

ðA:58Þ
The material properties of Eqs. (A.57)�(A.58) are those of the

elastic or viscoelastic materials, depending on the material that
corresponds to the i-th finite element. The matrix Bi n;g; fð Þ has 6
rows and 81 columns, and it is given by

Bi n;g; fð Þ ¼ LN n;g; fð Þ ðA:59Þ
In this work, the numerical integration has been carried out by

3 � 3 � 3 Gauss points for both mass and stiffness matrices.
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