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the diffusivity vanishes. In the critical density threshold the dynamics of the average is similar to
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more (resp. less) in the null diffusivity regime than in this critical regime.
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1. Introduction

We analyse the problem of controlling the averaged value
of the heat equation with random diffusion. This problem is
relevant in applications in which the control has to be chosen
independently of the random value, in a robust way. This problem
has been studied in the literature in bounded domains and with
diffusivities independent of the space and time variables and with
a strictly positive minimum common to almost every realization.
Notably, in [1,2] the authors consider diffusivities which follow
the uniform and exponential probability distributions respec-
tively, whereas a more general study is done in [3]. In those
papers it is shown that, under those assumptions, the averaged
dynamics inherits many properties from the dynamics of the
heat equation (regularity, controllability, observability, etc.), with
the only notable exception of the semi-group property. This is
done by considering the Fourier representation of the averaged
solutions.

In this paper we pursue the study to diffusivities which are
allowed to take any positive value. In this scenario the averaged
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dynamics is still analytic (see Proposition 4.1), and we prove
that the averaged dynamics is approximately controllable pro-
vided that we have a hierarchic decay in the time variable of
the different frequencies. However, the averaged dynamics may
acquire a fractional nature, or an even less diffusive one, so it
may not be null controllable. What determines if we can control
it is how fast the density of averaging decays when the diffusivity
a vanishes. In the critical threshold, which is given by all the
random variables whose density functions p(«) decay like e=Cra™!
for some C, > 0 when « — 0, the dynamics of the average
is similar to the %—fractional Laplacian, which is well-known to
be critical in the context of controllability of fractional diffusion
processes.

The mathematical model and main results

In this paper we treat the random heat equation described by
the following system:

Ve —adAy=g, in(0,T)xG,
y =h, n (0, T) x dG, (1.1)
¥(0, ) =y°, on G,

for G a domain, g a source term, h the Dirichlet boundary condi-
tions, y° the initial configuration and « the diffusivity coefficient,
which is a positive random variable with density function p (the
regime in which « is allowed to take negative values is studied
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in Section 8). The averaged solution of (1.1) is given by:

+00
Heox:y® g h) = f Wt % @.y°, g, Bp(a)da.
0

Moreover, we can model a control f located in Gy C G or on
I’ C 0G by posing g = f1g, or h = f 1 respectively.

In order to study (1.1) we rely on being the eigenfunctions of
—a A independent of «, as this allows us to work with the Fourier
representation of the averaged solution. Thus, we may not use the
same techniques in more general heat equations, like:

ye — div(o(x, @)Vy) + Ax, o) - Vy + a(x, a)y = 0. (1.2)

Indeed, even if we assume that w — —div(o(x, @)Vw)+A(X, o)-
Vw + a(x, a)w can be diagonalized, its eigenfunctions depend on
« and, in particular, the averages of the eigenfunctions with re-
spect to @ may not form an orthogonal set. However, by studying
the dynamics and controllability of (1.1) we highlight some of
the most fundamental phenomena involving (1.2). The techniques
presented in this paper also work for heat equations of the type:

Ve —aLy =0,

for £ any self-adjoint elliptic operator of order 2 with compact
resolvent.

Since studying controllability with internal or boundary con-
trols is almost equivalent, this paper is mainly devoted to con-
trollability with an internal control and the few differences are
explained in Section 8. In addition, to study the controllability
properties of (1.1) we follow the classical duality approach (see
Section 7.1 for further details) and focus on the observability
properties of its adjoint system, which is given by:

—pr —aAp =0, in(0,T)x G,
¢ =0, n (0,T) x 3G, (1.3)
o(T,-)=¢, on G.

To lighten the notation we work, as usual, in its time-reversed
system, which is given by:

u —aAu=0, in(0,T)x G,
u=20, on (0, T) x aG, (1.4)
u(0, -) = ¢, on G.

We define the average of (1.4) as:

+o0
u(t, x; ¢) = / u(t, x; o, ¢)p(a)de.
0

The first property of i that we prove is its analyticity in the time
variable from (0, +o00) to L?(G). Next, using this together with a
hierarchic decay in the time variable of the different frequencies,
we obtain some unique continuation results for (1.4). Finally we
determine when the averaged dynamics of (1.4) is null observable
by combining the Fourier representation of the solutions of (1.4)
and the monotonicity of the solutions of (1.1) with respect to the
boundary conditions.

In order to illustrate the effect of averaging in the dynamics, let
us study the dynamics of (1.4) when G = R?. As averaging and the
Fourier transform commute, we work on the Fourier transform of
the fundamental solution of the heat equation, which is given by:

exp(—al£[*t).

Consequently, the Fourier transform of the average of the funda-
mental solutions is given by:

+00
/ exp(—al& t)p(a)da:
0
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i.e. the Laplace transform of p evaluated in |£|?t. In particular, for

C

r € (0, 1)if p(a) ~o+ €~ « T we have that:

+00
/ exp(—alt Pt)p(a)da ~ exp(—ClE L), (15)
0

when |£]?t — 400 as shown in (2.8). Thus, for those density
functions the averaged dynamics in R? has a fractional nature. As
we are going to prove, for G bounded this is also true and we have
the usual controllability and observability results of fractional
dynamics (see, for example, [4-8]); that is, (1.5) implies that the
averaged unique continuation is preserved, but (1.5) preserves
the null averaged observability if and only if r > 1/2, being the
threshold density functions those which satisfy:

pla) ~pr e~ (1.6)
2. Quantification of the main results

In this section we introduce the precise definition of the previ-
ously introduced observability notions, quantify the main results
and give some specific examples.

To start with, we recall the definitions of the introduced ob-
servability notions:

Definition 2.1. Let G C R? be a domain and Gy C G be
a subdomain. System (1.4) is null averaged observable or null
observable in average in Gq if for all T > 0 there is a constant
C > 0 such that for any ¢ € L*(G):

JET, 5 @) 26y = CIAC: Dlli2o0,ry0)- (2.1)

If (1.4) is null averaged observable, we define the cost of the null
averaged observability as:

Hf‘(T’ g d))HLZ(G)
K(G, Gg, p,T)= sup ————", (2.2)
perzonio) 1103 Dllz(o.mxco)
Definition 2.2. Let G C R? be a domain and Gy C G be a sub-
domain. System (1.4) satisfies the averaged unique continuation
property in Gy if for all T > 0 the equality & = 0 in (0, T) x Gg
implies that ¢ = 0.

To continue with, we state the precise hypotheses on p. For
that, we focus on the Laplace transform of p, which also appears
naturally when G is a bounded domain (see (3.1)). We use the
asymptotic notation f(s) > g(s), which means that there is C > 0
such that f(s) > Cg(s) for s large enough.

e To have the unique continuation we need for some r > 0
that:

400 +0 _sa d
— g In (f e’s"‘p(oz)da) — O_H)oe—(){p@l)(){ > e
ds 0 e~ p(a)da

0
(2.3)

e To have the null observability we need (2.3) for some r > %

e To prove the lack of null observability we need for some
C>0andr € [0, ) that:

+o0
/ e p(a)da > e . (2.4)
0

Let us now state the main results of this paper:

e The first main result of this paper is that in many cases we
have the unique continuation property:
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Theorem 2.3. Let G C RY be a Lipschitz domain, Gy C G be a
subdomain, and p = 1(g,1) or p be a density function which satisfies
(2.3) for somer > 0. Then, system (1.4) satisfies the averaged unique
continuation property in Go.

The proof of Theorem 2.3 is given in Section 4. For the
uniform distribution it relies on explicit computations of
the averaged solutions, whereas for the more diffusive case
it relies on the analyticity of the averaged dynamics from
t € (0, +o0) to L*(G) (see Proposition 4.1) and on the fact
that there is some hierarchy in how the frequencies decay,
a technique dating back to [9].

e The second main result of this paper concerns some cases in
which we do not have averaged observability:

Theorem 24. Let G C RY be a Lipschitz domain, Gy C G be a
subdomain such that Gy # G and p be a density function which
satisfies (2.4) for some C > 0 and r € [0, 3). Then, system (1.4) is
not null observable in average in Go.

We know from Theorem 2.3 that the lack of observability
is not caused by a lack of unique continuation. In fact, we
prove Theorem 2.4 in Section 5 by giving a sequence ¢y €
[%(G) such that:

. (T, -; ¢N)”L2(G)
jm :
(fo Joo (e, %5 ) dxdt)

This sequence is constructed with functions supported in
G\ Gy, orthogonal to some low frequencies and, at the same
time, not too concentrated on high frequencies. Estimate
(2.4) ensures us that the mid frequencies do not decay too
fast. The fact that the proof works for all d € N and r €
[0, 1/2) is a step forwards with respect to the literature, as
in analogous situations with fractional dynamics the lack of
controllability for d > 2 and r € [0, 1/2) is still unproved.

1/2

Remark 2.5. If G = Gy system (1.4) has the averaged unique
continuation property and is null observable in average. This is
an immediate consequence of the fact that t — [|u(t, -; @)l 2y is
a decreasing function (see Remark 3.8).

e The last main result of the paper concerns some cases in
which we have averaged observability:

Theorem 2.6. Let G C R? be a Lipschitz locally star-shaped domain,
Go C G be a subdomain, T > 0 and p be a density function which
satisfies (2.3) for some r > % Then, system (1.4) is null observable in
average. In addition, there are T, C > 0 such that for all T € (0, To]
we have that:

—@r-1"1

K(G, Gy, p, T) < Ce‘T ) (2.6)

We recall that the locally star-shaped domains are defined
in [10, Section 3] and include all the C? domains. We prove
Theorem 2.6 in Section 6 by adapting the ideas of [11];
that is, we use the Fourier representation and the decay
properties of the averaged dynamics.

Remark 2.7. The estimate (2.6) is an upper estimate for short-
time horizons. Ideally, it would also be good to have a lower
bound and to precise the constant of the exponential by some
geometric terms as in the heat equation (see, for instance, [12-
16]), though this problem goes beyond the objective of this work.

Example 2.8. The density functions which satisfy the hypotheses
of Theorems 2.3 and 2.6 include those which decay sufficiently
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fast when the diffusivity vanishes. Similarly, the density functions
which satisfy the hypothesis of Theorem 2.4 are those which do
not decay fast enough (including those which do not decay at all)
when the diffusivity vanishes. Meaningful examples include:

1. Any density function p such that p(a) = 0 for all ¢ €
(0,6,) for some §, > O satisfies (2.3) for r = 1. Hence,
all these functions satisfy the hypotheses of Theorems 2.3
and 2.6.

2. If k € (0, +00), and p and q are two polynomials such that
p(a)+q(a~1!) # 0 for some « € (0, 1), the density function:

(p(@) + gla™) e 10,1)(@)
fol (p(s) + q(s~1)) e=“ds

satisfies (2.3) for r = k’f] Thus, (2.7) satisfies the hy-
potheses of Theorem 2.3 if k > 0 and of Theorem 2.6 if
k> 1.

3. The density functions given by (2.7) satisfy (2.4) for r =
k’T{l' Thus, if k € (0, 1) they satisfy the hypothesis of
Theorem 2.4.

4. The density functions p(a) = 1(0,1)(er) (that is, when « is
a random variable with uniform distribution in (0, 1)) and
pla) = e7%1(0,+o0)(c) (that is, when « is a random variable
with exponential distribution in (0, +00)) satisfy (2.4) for
all r > 0. Indeed, any continuous density function p such
that p(0) > 0 does so. Thus, all these functions satisfy the
hypotheses of Theorem 2.4,

() = (2.7)

The proofs of items 1 and 4 are straightforward. As for items 2
and 3, we can prove them by considering the asymptotic result:

1 k
ey —y—k _ 2424k BT
[ a'e Y Tda ~ s 242k T KT (2.8)
0

for all r € R for some ¢, > 0 (independent of r) when s — +o0.
These asymptotic similarities can be proved with the Laplace
method. In fact, we have that:

1 " 400 "
/ (xre—sot—ot dCl ~ / are—sa—a dO{
0 0

+00 k
1+ T —k
=5_WZ/ t'e s (H—t )dt,
0

where we have used the change of variables o« = ts_ﬁ. Next, we
can show the equivalence by using the classical Laplace method.
In fact, if ¢ is any convex function in (0, +o¢) with minimum at
t, and if f is a continuous function in a neighbourhood of t with
subexponential growth it is well-known the limit:

oo —0¢(t) n(F
lim IN fft)e 7dt [6¢" (£) 1
0—00  f (t) e—9¢(t) 2

which is proved by considering that the mass of the integral is
concentrated on a neighbourhood of t, by using a Taylor expan-
sion of order 2 in the exponent and the continuity of f, then
extending again the integral to (0, +o0) and finally explicitly
computing the Gaussian function. For a more detailed proof of
(2.8) one can consult, for instance, [17, (6.4.35) and Example
6.4.9].

The rest of the paper is organized as follows: in Section 3
we present some basic results, in Section 4 we prove Theo-
rem 2.3, in Section 5 we prove Theorem 2.4, in Section 6 we
prove Theorem 2.6, in Section 7 we resume the controllability
problem, in Section 8 we comment some possible extensions, and
in Appendix we prove a technical result.




J.A. Bdrcena-Petisco and E. Zuazua
3. Preliminaries

In this section we introduce some basic facts and notation that
we use later on. In particular, we study the spectral properties
of the Dirichlet Laplacian, the size of the solutions of the heat
equation and the decay implied by (2.3).

3.1. Some results on the spectral decomposition of the Dirichlet
Laplacian

As usual, e; denotes (starting at i = 0) the eigenfunctions of
the Dirichlet Laplacian, A; their respective eigenvalues and A; =
{i : A; < A}. In addition, for any A > 0, P, denotes the orthogonal
projection of L?(G) into (€i)ica, and le the orthogonal projection
of L*(G) into (e} . -

To begin with, we recall that, as shown in [1], the Fourier
representation of the averaged solution is:

+o0
u(t, x; ¢) = / u(t, x; o, ¢)p(a)da
0

+00
= (/ e""“p(a)d(x) (. e rz(ceilx).
0

ieN

(3.1)

Next, we recall that the eigenvalues have a growth limited by
Weyl's law:

Lemma 3.1 (Weyl’s Law). Let G C R? be a Lipschitz domain. We
have:

Ayl Vol(B(0, 1)) Vol(G)
m ——
r—o00 AG/2 (27[)‘1
In particular, there is C > 0 such that for all A > \o:

|A;] < CAY2, (3.2)

Weyl's law is proved for instance in [18].
Finally, we recall the following elliptic result proved in [10,
Theorem 3]:

Lemma 3.2 ([10]). Let G be a locally star-shaped domain and Gy C G
a subdomain. There exists a constant C > 0 such that for all . > 0
and {¢;} C R:

1/2
>l

< V> Z cie;

ieA;, ic Ay

(3.3)
12(Go)

This result is a refinement of [19, Theorem 1.2], which was a
refinement of the results proved in [20].

3.2, Some results on the heat equation

In this subsection we state some properties of the solutions
of the heat equation. We first recall that their time derivative
can be estimated by using the analyticity and contraction of the
semigroup of the heat equation (see [21, Sections 2.5 and 5.6])
and Cauchy’s integration formula:

Lemma 3.3. Let G be a bounded domain. Then, there is C > 0 such
that for all k € N, s € Rt and ¢ € L*(G) we have that:

‘ Ckk!
195 v(s, -5 @)lli2) < ST||¢||L2(G)» (34)
for v the solution of:
vp—Av=0, in(0,T)xG,
v=0, n(0,T) x aG, (3.5)
v(0,-) = ¢, on G.
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It is interesting to consider the solutions of (3.5) because of
the identity:

u(t, x; o, ¢) = v(ta, x; ¢),

for u the solution of (1.4).

Another result that we need is that the propagation of the
mass, when the initial value in some subdomain is null, is ex-
ponentially slow:

(3.6)

Lemma 34. Let G be a bounded domain and let f;, Go C G be
Lipschitz domains satisfying G CC G \ Go. Then, there are c,C > 0
such that for all ¢ satisfying supp(¢) C Gand all T, « > 0 we have
that:

_c
lu(-; o, @)llcoqo, 1260y =< Ce™ T 9l 12() (3.7)

for u the solution of (1.4).

We recall that A CC B means that A is contained in a compact
set contained in B. Lemma 3.4, whose originality we do not claim,
is a consequence of the comparison principle. Indeed, following
for example the ideas of [22, Lemma 4], we obtain Lemma 3.4
by comparing the solutions of (1.4) with initial value +¢ to the
solution of the heat equation in RY with initial value |¢|1¢, a
solution which can be estimated by using its representation with
the kernel of the heat equation.

3.3. Decay properties implied by (2.3)

In this subsection we show that if the density function p sat-
isfies (2.3), the averaged solutions of (1.4) have a decay similar to
that of the solutions of the fractional heat equation. In particular,
we prove the following result:

Lemma 3.5. Let p be a density function which satisfies (2.3) for

some r € (1/2, 1]. Then, there is ¢ > 0 such that for all > > Aq and
t1, t; € [0, 1) satisfying t; < t, we have that:

+00 . too
/ e~2% p(a)da < e~ (27 / e p(a)da.
0 0

We recall that A is the first eigenvalue of the Laplacian.

(3.8)

Proof. In order to prove Lemma 3.5 we first remark that for all
s > 0 we have that:

d Foe e “ap(a)da

+o00
— —1In / e pla dOl) =0 __ -
ds ( 0 Pl f;oo e~ p(a)do

> cmin{s" ', 1}. (3.9)

In+deed, (3.9) follows from (2.3) and from the continuity of s —
Jo e aple)der g [0, +00). Thus, from (3.9) we obtain for all
S1,S2 > 0 with 57 < s, the estimate:

O+°O e 5% p(a)da
+o00 )
f e™52% p(a)dor < exp (—c/ min{s""!, 1}ds)
0 $1

+00
X / e 1% p(a)da.
0

Next, we fix t; and t; satisfying t1, t, € [0, 1) and t; < t;, and use
different approaches depending on the value of X:

(3.10)

o If A € [Ao, tz’l], from (3.10) taking s; = At; and s, = Aty
since [s1, S2] C (0, 1], we obtain that:

+00 +oo
/ e M p(g)da < e~Hl2mth) f e M p(a)da. (3.11)
0 0
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In addition, since A > Ao we have that:
— A< =aTA (3.12)

Thus, from (3.11) and (3.12) we obtain (3.8) for some ¢ > 0
and all & € [Ao, t; '],

o If L € [t;!, +00), from (3.10) taking s; = At; and s, = Ay,
since [s1, 2] C [1, +00), we obtain that:

+00 Pl 4T too
/ e p(a)dor < e (271 / e p(a)dar.
0 0

(3.13)
Moreover, we consider that:
@y CEHDET )
—\hL=H)= - -
tz r+t1 T
B - I _ t-b
tzl—r +t]l—r — t21—r +t11—r
tp —t
< —%. (3.14)

We have used in the first inequality of (3.14) that t; < t;
and r € (1/2, 1], and in the second one that t; — t; < 0 and
t1, t € (0, 1]. Thus, from (3.13) and (3.14) we obtain (3.8)
for some ¢ > 0 and all » € [t;', +00).

e Ifxe(t;', t;"), we have that:

(t, ) = (e, ATUT, ).

For the time interval (A~', ;) we may use the result of the
second case for t; replaced by A and obtain that:

+o0 r —1 o0
/ e~ 2% p(a)da < e~ (27 )f e “pla)da. (3.15)
0 0

In addition, for the time interval (t;, A~!] we may use the
result of the second case for t;, replaced by A and obtain that:

+oo — +oo
/ e % p(a)da < e~ 1) / e~ p(a)da. (3.16)
0 0

Thus, from (3.15) and (3.16), by taking smaller constants ¢
if necessary, we get (3.8) for all A € (tz’], tf]). O

Remark 3.6. The first and third cases in the proof of Lemma 3.5
might be empty depending on the values of A, t; and t,. How-
ever, since we use this result for t; and t, arbitrarily small, we
need to prove those cases.

In a similar way, we can also prove the following result:
Lemma 3.7. Let p be a density function which satisfies (2.3) for

some r > 0. Then, there is ¢ > 0 such that for all A, A such that
A>A>Agandt € [1, +o0] we have that:

+00 - e ot +00
/ e—tkap((x)da < e—ct (A=A )/ e—t)\ap(a)da‘
0 0

Indeed, integrating both sides of (2.3) in (tA, tA) we find (3.17).
Finally, we underline the following result:

(3.17)

Remark 3.8. A consequence of (3.1) is that ¢ — [[u(t, -; ¢)ll;2(q)
is a decreasing function. Indeed, we have that:

+o0 2
It 5 Gy = ) (f e_“)"'tp(a)dot) (g, e,
ieN 0

which is a series of decreasing functions.
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4. Unique continuation property for averaged solutions
In this section we prove the unique continuation property for

averaged solutions (Theorem 2.3). We first study the uniform
distribution and then the density functions which satisfy (2.3).

4.1. Proof of Theorem 2.3 for the uniform distribution
Let us compute the averaged solutions of (1.4) when « has the
uniform distribution in (0, 1). For that, as in [1, Section 3] and [2,

Section 3], we present i as the difference of two terms of known
nature:

1
it )= 3 [0, eedo

ieN
—Ajt
= z (Z %(4’, ei)ei(x) — Z eTi(qb, e,-)e,-(x))
ieN ieN
= % (—A—1¢ + %e‘“m—%, e,-)ei(x)) . @

Consequently, from fOT fGO |i(t, x)|* = 0 and (4.1) we find that:

—A7'g+ Y e M(ATp, e)ei(x) = 01in (0, T) x Go,
ieN
which differentiating in time implies that:
> e (g, eei(x) = 0in (0, T) x Go. (4.2)
ieN
Hence, using the analyticity of the solutions of the heat equation

we have that (4.2) implies that ¢ = 0, and thus we have the
averaged unique continuation property.

4.2. Proof of Theorem 2.3 for density functions which satisfy (2.3)

The proof consists on several steps. First, we show that assum-
ing (2.3) the averaged dynamic are real-analytic and then use this
to prove the unique continuation. To begin with, we prove the
analyticity:

Proposition 4.1. Let G be a Lipschitz domain, « any random
variable and ¢ € L*(G). Then, the function:

U:te(0,+00) = illt, 1 ¢) € LX(G),

is analytic.

Proof. In order to prove Proposition 4.1, we prove that U € C*°
and that:

Vay, a; € (0,400)3C>0: sup [[UD(t)]l 2 < C'il VieN,

telay,az]
(4.3)

which is a characterization of analyticity in R* (see, for in-
stance, [23, Proposition 1.2.12]). Since:

+00
uO) = [ vat. s glotarda,
0
for v the solution of (3.5), we can easily see that:
ue) = f o (9v) (at, -; p)p()da, (44)
0

and thus U € C*. Moreover, (4.3) follows from (4.4), the trian-
gular inequality and (3.4). O
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To continue with, we present the following auxiliary result:

Lemma 4.2. Let G be a domain, Gy C G be a subdomain and v be
an analytic function from (0, +-00) to L*(G). Then, if there is T* > 0
such that v =01in (0, T*) x Go, v = 0 in (0, 400) x Gy.

Proof. Lemma 4.2 follows from the fact that if v is analytic
from (0, +00) to L?(G) and ¥ € L°(G), then v is analytic from
(0, +00) to L*(G). Indeed, since v is analytic, by definition, for all
t € (0, +0o0) there are v;; € L*(G) such that v = Y20 v #(t — )
in a neighbourhood of ¢, so yv = Y 2 (¥v;7)(t — ) in that
neighbourhood, and thus v v is analytic. This implies that v1g,
is analytic from (0, +00) to L*(G). Consequently, since vlg, =0
in (0, T*), by analyticity vlg, = 0 in (0, 4+00) x G,so v = 0 in
(0, 400) x Go. O

Now we are ready to prove Theorem 2.3:

End of the Proof of Theorem 2.3. Let ¢ € [2(G) such that
u(t,x; ¢) = 01in (0, T) x Go. By Proposition 4.1 and Lemma 4.2
we have that @(t, x; ¢) = 0 in (0, +00) x Gy. Let us show that the
first frequency of ¢ is null by contradiction. If the first frequency
is not null, we obtain from (3.1) and (3.17) that:

400
(e, -5 ¢) = / &0t p(a)der (. €o) 2,0y 0
0

+ Z </ efa'\"tp(a)da) (b, ei) (g

ieNy

+o0
= (/ e"““%(a)da)
0

x |6, eogeo +0 (M gl | (45)

Thus, by considering (4.5) for large values of t we obtain that
(¢.e0)i2e0 = 0 in Go, which by Lemma 3.2 implies that
(¢, eo0)2(e0 = 0, arriving at a contradiction.

To continue with, we can prove in a similar way that if ¢ is
null up to the Nth frequency, then u(t, x; ¢) = 01in (0, T) x Gg
implies that the (N + 1)-th frequency is also null. Consequently,
we obtain by induction that u(t, x; ¢) = 0 in (0, T) x Go implies
¢=0 0O

5. Lack of null averaged observability

In this section we prove Theorem 2.4. As for the notation used
in this section, C (resp. c) denotes a sufficiently large (resp. small)
positive constant that may be different each time it appears and
which just depends on G, Gy, T and p. In particular, it does not
depend on the index N that we are going to introduce.

In order to prove Theorem 2.4 we construct a sequence ¢y
satisfying (2.5). For that purpose, we first state and justify the
properties which allow to have (2.5):

e The first property is that:
|J supp(¢n) cC G\ Go. (5.1)

NeN

This requirement is very natural as G \ Gy is the part of the
domain that cannot be observed when o = 0. We use it in
addition to Lemma 3.4 to obtain that u(t, x; «, ¢) decays
exponentially in {(x, t, a) : x € Gy, at < N~1/2},

e The second property is that:

P € (@i)icay- (5.2)

The benefit of (5.2) is that u(t, x; «, ¢y ) decays exponentially
in {(x,t, @) : x € G, at > N~'/2}, which follows from (3.1).
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e The third property is that for C > 0 large enough we have
that:

IPovdn o) = V3w ll2)/2- (5.3)

This estimate is needed to make sure that ||in(T, -; ¢n)ll12(6)/
lén Il 12y does not decay too fast.

Let us construct the sequence ¢y. For that, we inspire in [24,
Section 6] and consider more or less a linear combination of Dirac
masses; that is,

it,.iy=1

In fact, the Dirac masses are replaced by C,’V\’dg(CN(x — Xiy,in,N))s
for ¢ a regularizing function and Cy to be defined. The property
(5.1) is trivial. As for (5.2), we can obtain it by taking the right
linear combination. Indeed, we just have to solve a homogeneous
linear system which, for C > 0 large enough, by Weyl's law (see
Lemma 3.1) has more unknowns than equations. Finally, we can
obtain (5.3) by choosing the right approximation with functions
whose support has a diameter proportional to N~/2. In particular,
we can prove that:

Proposition 5.1. Let G C RY be a Lipschitz domain and Gy C G.
Then, there is a sequence (¢n)n=n, satisfying (5.1), (5.2) and (5.3).

The rigorous proof of Proposition 5.1 is a bit technical, so it is
postponed to Appendix.

Remark 5.2. Since (5.1), (5.2) and (5.3) just depend on G and Gy,
so does the sequence ¢y.

Example 5.3. In Fig. 1 we illustrate the solutions of the heat
equation given by the proof of Proposition 5.1 to get an insight
on how they look like. For doing these graphs we have taken

G= (O, Tl’), GO = (O, 7'[/2), p = 1(041) and:
-1
s(x) = exp (m) 11, 1(%). (5.5)

We recall that in (0, 7) we have that e;(x) = sin(ix) and A; = i2.

Let us now prove rigorously Theorem 2.4:

Proof of Theorem 2.4. We consider ¢y given by Proposition 5.1
(for N large enough). We easily find that:

+o0
f/f u(t, x; o, dy)pla)de dxdt
Go
—+o0
< / / / (. x; o, )P pler)derdxct
o Jey Jo
T “+o00
:/// |u(t,x;a,¢N)|2lat<,\,f1/z(t,cx)p(a)dadxdt
0 Jg Jo
T +o00
+ / / / U(t. X: @, n )PP 1y y-172 (. 0 ple)derdxdt
Go

= C (e V) llgul} (556)

Indeed, for the first inequality of (5.6) we have used that the L!
norm in a probabilistic space can be estimated by the L? norm. As
for the second inequality of (5.6), we have used (3.7) and (5.1) for
bounding the first integral, whereas we have used (5.2), (3.6) and
the Fourier decomposition of the solutions of the heat equation
for bounding the second one.

12(G)’
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Fig. 1. The averaged solutions of the heat equation when G = (0, 7), Gy = (0, w/2), p = 1(o,1) with initial values of the sequence given in the proof of Proposition

(see (A.1)) and with ¢ given by (5.5).

To continue with, using (3.1), (2.4) and (5.3) we obtain that:

00 2
la(T, - ¢N)||§2(G) = Z (/ e*“"%(a)da) l{¢n, ei) |2
0

ieN
—C(,T) 2
>cy e U (g, @)l
ieN
—CN" 2 —CN" 2
> ce™™ " g, e = cem ™ [ Pevgwiny g,

icAcy
—CN" 2
ce ”¢N”L2(G)'

Hence, recalling that r € [0, 1/2) we easily obtain (2.5) from (5.6)
and (5.7). O

v

(5.7)

6. Proof of null averaged observability

In this section we prove Theorem 2.6. As for the notation, C
(resp. c) denotes a sufficiently large (resp. small) positive constant
that may be different each time it appears and which just depends
on G, Go, p and r, but which is independent of T € (0, Ty), for
To(G, Go, p) small enough.

In order to prove Theorem 2.6 we use the approach introduced
in [11, Section 2]. It is not a direct consequence of the results
presented in that section because the dynamics of the averaged
solution only satisfies a decay property and not a semigroup
property.

First, we reformulate [11, Lemma 2.1]:

Lemma 6.1. Let G C RY be a domain, Gy be a subdomain, Ty > 0,
q € (0, 1) and f be a positive function such that f(t) — O ast —
0*. Suppose that we have for all ¢ € 1*(G) and all t,t, € (0, Ty]
satisfying t; < t, that:

e = )lli(t2, 5 @)lIa ) — flalts — elitr, 5 @)l g,

5]
< / li(z, x; ¢)|*dxdr. (6.1)
tq Go

Then, we have for all ¢ € L>(G) and T € (0, Ty] that:
[T, 5 )] 26y < VAU = DI @)ll20.7)x60)-

The proof of Lemma 6.1 is very similar to that of [11, Lemma
2.1]: a telescopic sum considering t,; = Tq' and t;; = Tq'*! for
ieN

As in [11], we do not prove (6.1) directly, but we prove a
similar version, which is the analogue of [11, Lemma 2.3]:

Lemma 6.2. Let G C R? be a domain, Gy be a subdomain,
To, B, v1, ¥2. fo, 80 > 0 satisfying v, < y,. Suppose that we have for
all ¢ € I*(G)and all t1, t, € (0, To] satisfying t; < t, the inequality:

5]
< / li(z, x; ¢)|*dxdr, (6.2)
|51 Go

for f(s) = foexp(—2/(y2s)’) and g(s) < goexp(—2/(y15)’). Then,
for any y € (0,y, — y1) there is T" € (0, Tg] such that for all
T €(0,T'] and ¢ € L*(G):

[T, < )] e, < VFo XD/ TINEC: B)li2g0 170

Moreover, if go < fo, we can take y =y, — y, and T' = T,.

The proof of Lemma 6.2 is the same as [11, Lemma 2.3]:
bounding superiorly £ and using Lemma 6.1.

Now we are ready to prove Theorem 2.6. We do it by following
the strategy of [11, Section 2]:

Proof of Theorem 2.6. Let t;,t, € [0, 1) such that t; < t; and
¢ € [%(G). We are going to prove:

— _t)" /4 ~ —eaT(ty— ~
ce= DNty 9)y ) — Ce™ VNt 9)y g

5]
< / li(z, x; ¢)|*dxdr, (6.3)
51 Go
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for all L > Ag and then use Lemma 6.2 with the appropriate value
of A (depending on t; and t;). First, considering Remark 3.8 and
that ;¢ L P;-¢ we have that:

i 2 [ 3

fitts 5Oy = o [ [ po)?
b =t Jiy+1)2 Jo
+ Ji(t, x; P )dxdr.

From Lemma 3.2 and that P,¢ = ¢ — P;-¢ we obtain that:

2
/ /|u T,X; qub)l dxdt
=t (t1+t2)/2

eCf /‘fz
<C
b =t Jiy+6)72 Jeo

Cecﬁ - 2
< / IU(r,x;¢>)| dxdz
=t Ji+t)2

CeSVr
+ / /Iu T,X; 7?A ¢)| .
t2 =t Jity+1)2

Moreover, from the decay property of Remark 3.8 and (3.8) we
have that:

ceV*
/ /|u T,X; 73A ¢)| dxdt
L=t Juy )2

< e it (62 + t1)/2. 5 P )”LZ(G)

< CeC«/X—c}J(tz—n)”ﬁ(t]’ . le‘ﬁ)”zzmy

(6.4)

li(z, x; P.d)2dxdt

(6.5)

(6.6)

-7t

Thus, from (6.4)-(6.6), 2 < CeSV* and (t,—t;)~! < CeCl2—t
(recall that C > 0 is a sufficiently large constant) we obtain:

- 2 Cecf
li(tz. < 9P gy < / | e x o) ande
(t1+t2)/2 JGo

+ Ceff H ity 5 PEG)|1%

< CeCllt—n)y 7 VD)

x/ /lﬂ(r,x;¢)|2dxdr
(t1+t2)/2 JGo

+ CeV A iy, 3 P -

This inequality implies that, for a sufficiently small ¢ > 0, since

B o y—@r-n~1 ~
ce-Cle-1) DN(t, 5 @)k,

/ (e, x5 @)Pdrde + Ce it 5 PG e,
ty Go

(6.7)
which implies (6.3).
We now define:
Mtz ty) = €ty — ty) 0V (6.8)

for € > ¢ a positive constant sufficiently large. If we take in (6.3)
A given by (6.8), we obtain (6.2) for the functions:

f(s) = cexp (—C (s_(zr_”_1 + 61/25_(2r_”_1)) ,
g(s) = Cexp (—c@rs_(zr_”fl) )
Indeed, we have for all s € (0, 1) that:

f(s)2cexp( cel/2g— =17 1).
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Since r > % the functions f and g satisfy the hypothesis of
Lemma 62 for B = (2r — 1), 4 = (c¢)"V# and y, =
(Ce'/2)~V/8 by taking ¢ large enough, so we end the proof by
using Lemma 6.2. O

7. The controllability problem

In this section we first resume the theoretical study of the
controllability problem and then perform some simulations.

7.1. A theoretical study

As stated in the introduction, the observability results that
we have obtained in this paper have some implications on the
controllability of (1.1). Let us consider the controllability problem
given by:

i —ady =flg, in(0,T)xG,
y=0, on (0, T) x 3G, (7.1)
¥(0,)=y°, on G.

In particular, we focus on the following notions of controllability,
which are introduced in [25]:

Definition 7.1. System (7.1) is null averaged controllable or null
controllable in average if for all T > 0 there is C > 0 such that for
any initial value y° € I%(G) there is f € L*((0, T) x Gy) satisfying:

IF 20 1yx o) < CIY°llizccy»

and y(T, -; ¥°, f) = 0.1f (7.1) is null averaged controllable, the cost
of the null averaged controllability is defined by:

Wl o.ryx6)

K(G.Go,p.T)= sup e
12(G)

(7.2)

Yel2(G)\o) fHT,¥0.,)=0
Definition 7.2. System (7.1) is approximately averaged control-
lable or approximately controllable in average if forallT > 0,¢ > 0
and y°, y! € L*(G), there exists a control f¢ such that:

13T, 5 ¥, £%)

We now recall the duality result between observability and
controllability:

-y ”LZ(G) <¢

Theorem 7.3 ([2]). Let G C R be a domain and Gy C G be a
subdomain. System (7.1) is null controllable in average if and only if
system (1.4) is null observable in average in Gy. In that case, K = K
(see (2.2) and (7.2)); that is, the cost of the control of null averaged
observability equals the cost of null averaged controllability. Simi-
larly, system (7.1) is approximately averaged controllable if and only
if system (1.4) satisfies the unique continuation property in Go.

The proof of Theorem 7.3 can be found in [2, Appendix A]. As
an immediate consequence we obtain that Theorems 2.3, 2.4 and
2.6 and Remark 2.5 imply the following controllability results for
system (7.1):

Corollary 7.4. Let G C RY be a domain, Gy C G be a subdomain
and T > 0. Then:

e Under the hypotheses of Theorem 2.3, system (7.1) is approxi-
mately controllable in average.

e Under the hypotheses of Theorem 2.4, system (7.1) is not null
controllable in average.

e If Gy = G, system (7.1) is null and approximately controllable
in average for any probability distribution p.
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e Under the hypotheses of Theorem 2.6, system (7.1) is null
controllable in average and there are C, Ty > 0 such that for
all T € (0, Ty] we have the bound:

2r—1)~1

K(G, Go, p. T) < CeT'

As shown in [2, Appendix A.2], the controls can be obtained
(when the system is controllable) by minimizing a quadratic
functional, so they can be obtained by running simulations.

7.2. Simulations

In this section we illustrate experimentally the controllability
results obtained in Corollary 7.4. Our objective is not to develop
rigorous numerical methods for obtaining the controls, which
goes beyond the objective of this work, but to get an insight on
the differences between density functions inside and outside the
null-controllability regime. For that, we recall that the optimal
control for null controllability in average (when (7.1) is null
controllable) is given by ¢(t, x; ¢)1¢,, for ¢ the solution of (1.3)
and ¢ the minimizer of:

-l T
9= /O fc
+o00
+ <y°,/ §0(0;a,¢>)p(a)da>.

0

As the numerical simulations are cumbersome in higher dimen-
sions, to get better illustrations we work in d = 1, and in
particular in G = (0, 7). We also consider Go = (1,2), T = 1
and y° = % Moreover, to illustrate these differences, we consider
o = 1¢1,2), which is inside, and p = 1(¢ 1), which is outside.

In order to numerically implement this problem, we approx-
imate it by minimizing J in Vi = (e)M, for M = 20, M = 50
and M = 100. This is motivated by the results presented in [26]
for the random wave equation. In fact, we may prove as in [26,
Section 5], by using variational and duality arguments, that if the
system is null controllable in average the controls constructed
with the minimizer of J in Vj; converge to the optimal control
in L2((0, T) x Gp). We say that a control is constructed with the
minimizer of J in V), if it is the restriction to (0, T) x Gy of the
solution of (1.3) with ¢! replaced by the minimizer. Since Vy
is a finite dimensional space, computing the minimizer of J is
equivalent to solving numerically a linear system, which can be
easily done by using any numerical computing environment (in
our case MATLAB). We have obtained the following illustrations:

+o0 2
/ o(t, x; o, p)p(a)dee| dxdt
0

e We illustrate in Fig. 2 (resp. in Fig. 3) the controls con-
structed with the minimizer of J restricted to the spaces
Vi for p = 1¢2 (resp. for p = 1o 1)). For p = 113
we obtain a sequence of functions which seems to converge
with respect to M to some function, which is something that
can be seen in an even more clear way when t € [0, 1/2].
Of course, the closer the time is to 1, the more slowly the
punctual values of the control converge with M (and in
t = 1 it diverges), but this is a well-known behaviour when
controlling a parabolic dynamics (see, for instance, [27-29]).
However, for p = 19,1y the sequence of functions does not
seem to converge at all, which is something that we can
appreciate in a more detailed way when t € [0, 1/2]. What
explains the difference is the controllability properties of
each density.

e We illustrate in Fig. 4 the state at t = 1 of the respective
solutions of the averaged heat equation with the previously
obtained functions. For p = 1(; we see that the state
is taken slowly to 0, whereas for p = 1(g ) the picture
shows some oscillations. This matches the theoretical results
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obtained in Corollary 7.4 as for p = 1(1) the system is
known to be averaged null controllable, whereas for p =
1(0,1) the system is known to be not null averaged control-
lable. The computations are obtained by approximating the
density functions with Dirac masses, which explains why
the solution in the left figure does not converge exactly to
0.

8. Further comments and open problems

In this section we underline some extensions of our results to
analogous situations and comment some interesting open prob-
lems:

e Average of the controls. A naive and incorrect way of
computing a control that takes the average to rest is to
compute the average of the controls that take each of the
instances to rest. However, we do not get the same trajec-
tory if we consider some source terms f, and then average
on the solutions or if we compute the solutions with source
term fooofap(a)da and then average (when o +— f, is
measurable). In fact, the solutions of the equation:

u+oau=f,

are given by:

t
u(t) = u(0)e ™" + / fu(s)e™ =) ds;
0

thus, most often we do not get the same trajectory, as:

t “+00
/ fuls)e™ ) p(aYdacds

0 Jo
t +o0
a / ( fa(S)p(a)dOé)
0 0
+o0

x </ ef"‘(tfs)p(a)da) ds.
0

A specific counter-example can be given with scalar ODEs.
Let us consider a dynamic that behaves half of the times like:

i+u="f,
and half of the times like:
V-v=g;

that is, Pl = 1] = Ple = —1] = 1/2. If the initial value
is 1 we can take the solutions to rest at time T = 1 with
the controls f(t) = —t and g(t) = t — 2 (this is done by
considering that 1 — ¢ is a valid trajectory). The average of
the controls is —1. However, for f(t) = g(t) = =£=2 = 1,
we obtain the trajectories u(t) = —1 + 2e~! and v(t) = 1,
whose average is e~¢, which is not null at T = 1.

e Random initial data. As in some previous works involv-
ing average controllability results (see [2,3,25,30]) we fix
the initial value. However, we can prove by linearity that
averaged approximate controllability with fixed initial data
implies averaged approximate controllability with random
initial data y2 if f0+°° ||yg||f2 oP(@)de < oo. Nonetheless,
in the case of null controllability in average to argue with
linearity we would need to prove that the range of the av-
erage with random initial data is the same as the range with
fixed initial value, which is an open problem. Alternatively,
applying duality as in Theorem 7.3 could be a possibility.
Indeed, we have to prove that

+00

ol 2. 9(0, - a))2gypla)do
0
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(f) The control constructed
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t €[0.9,1].

(i) The control constructed
with the minimizer of J in
Vioo for yO = %, p=1(,2 and
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Fig. 2. Graphs of the controls for p = 1(1 ) and y° = % constructed with the minimizer of the functional J in V,g, V50 and Vigo. In the left column we illustrate the
whole graphs, in the middle column we illustrate the graphs with the time variable zoomed in [0, 1/2], and in the left column zoomed in [0.9, 1].

is continuous with respect to the norm:

+00 2
o' > \/// (/ o(t, x; a)p(a)da) dxdt.
0,1)xGo \Jo

If the initial value is independent of «, then

+00

+00
0, (0, 5 @)y p(@)der = <yo, / (0, 5 a)p(a)da> :
0 L%(G)

so the equivalent observability inequality is

~ ~ 12
120 VMo < CIEIZ 0 1y

but if the initial value depends on «, we need to prove that:

+00
/O lp(0, X o, "%y (@) < CllBIE g ey (81)

The main obstacle to prove (8.1) by replicating the proof
of Theorem 2.6 is to prove an analogous result for (6.5). In

10

recent papers where random initial values are considered
the difficulty of a random initial value is bypassed by using
exact averaged controllability (see, for instance, [31]), which
is satisfied by finite dimensional or hyperbolic systems but
not by parabolic ones, or by assuming that there is no
randomness in the dynamics, just on the initial value (see,
for instance, [32]). We highlight that understanding the
controllability properties of (7.1) when yg is a random initial
value is an open problem whose resolution would help to
have a more complete picture.

e Acting on the boundary. We may prove analogous control-
lability results to Theorems 2.3, 2.4 and 2.6 when the control
acts on the boundary. This can be done by repeating the
proofs almost step by step, with the only difference of using
[10, Theorem 9] instead of Lemma 3.2. We also remark that
we cannot use an extension reduction technique as in [33,
Section 3.3] since the trace on the boundary would depend
on the parameter, and by the same argument of the first
remark in Section 8, averaging the traces does not suffice.
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(h) The control constructed
with the minimizer of J in
Vioo for yO = %, p =10, and
t €10,0.5].
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Fig. 3. Graphs of the controls for p = 1(,1) and Yy = % constructed with the minimizer of the functional J in V,g, V50 and Vigo. In the left column we illustrate the
whole graphs, whereas in the right column we illustrate the graphs with the time variable zoomed in [0, 1/2], and in the left column zoomed in [0.9, 1].

e Neumann boundary conditions. We have analogous results
of Theorems 2.3 and 2.6 for the controllability of the aver-
aged solutions of the heat equation with random diffusion
and Neumann boundary conditions. Indeed, we can repeat
the proof step by step of those theorems since (3.3) is
also true for Neumann boundary conditions (see [19, The-
orem 2]). However, whether the analogous of Theorem 2.4
is true remains an open question since we do not have
an analogous result of Lemma 3.4 for Neumann boundary
conditions.

e More general random variables. Even if all the results
in this paper have been stated for random variables with
a density function, they are true for any random variable
whose law satisfies the analogous inequalities of (2.3) and
(2.4). Indeed, the proofs can be replicated step by step.

e More regular norms. Even if we have obtained all the
results in this paper for the final state in L*(G) and we
have made the observation in L*((0,T) x Gg), analogous
results are valid for final states in H°1(G) and the observation

11

in H2((0,T) x Gp) (for any s;,s; € R*) for a domain
G sufficiently regular. Indeed, the proofs are very similar
with the only difference of some polynomial factors of N
or A. We recall that Lemma 3.2 can be adapted to observe
a higher norm with the L?-norm. In fact, for any function
¢ = Ziem a;e; we have:

1/2

Bll1c) = Z a?hi < Vacet* Z ae;

ieA;, ieA, Lz(Go)

IA

CEHIE 1 2oy -

Analyticity of the space variable. If («, G) satisfies the
hypotheses of Theorem 2.6, we can easily prove as in [34,
Theorem 1] that the free averaged solutions of the heat
equation preserve the analyticity with respect to the spatial
variable in the interior of the domain.
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(a) The controlled solution in t =1 with p = 11 9) (b) The controlled solution in ¢ = 1 with p = 1(o,1)

Fig. 4. The state at time t = 1 of the averaged solutions of the heat equation after applying the controls constructed with the minimizer of J in Vag, V5o and Vigo
with y0 = % In the left figure we have considered p = 11,2y and we observe that those functions are controls that take the solutions almost to equilibrium. The
computations are obtained by approximating the density functions with Dirac masses, which explains why the solution does not converge exactly to 0. In the right
one, p = 1(p,1) and we see that the minimizer of J do not take the solutions to equilibrium, so the functions that we have obtained cannot be considered controls.

o Diffusion with negative values. Regarding the cases where
the diffusion takes strictly negative values we do not have
null averaged controllability. Indeed, under that hypothesis

elliptic self-adjoint operator of compact resolvent. Thus, a
theoretical or an in-depth numerical study would be of high
interest for those operators.

we can easily prove that: e Numerics and simulations. It is an interesting question

IG(T, - el 2 to develop rigorously the nume_ri‘cs for (7‘.1), including the

= e speed of convergence. Determining precise methods that

=00 |[G(-; en)ll i2(0.1)x ) reproduce accurately the optimal control and the equation

. . . . . is also an open problem. Moreover, it would be interesting

o Some density functions n which _the pro_blem remains to illustrate with high accuracy that when p = 1) the

open. There are some density functions which satisfy nei- norms of the optimal controls for taking the average to a

ther (2.3) fpr somer > 1/2, nor (2.4) for Some 1 < 1/2. Eor distance of at most ¢ of the origin explodes. In addition, it

those density functions their (non-)observability properties would be interesting to perform similar simulations with

are still unproved, for instance, those satisfying (1.6). It is p = e “ljg4o0) and p = \/51(0 1) with the objective of

an iqfinite dimensional class since it contains all functions determiningynumerically if with those density functions the
pro.v1ded by (.2'7) f9r k=1 . . approximate controllability in average holds.

e Unique continuation. It would be interesting to have a ¢ Other random equations. There are many other interest-

proof of the unique continuation property for the averaged
dynamics of any random variable «, even when it takes
negative values. Indeed, there are some random variables
whose density functions do not satisfy (2.3) for any r >
0 (for instance, p(a) = 2al(g,1)(r)), so their unique con-
tinuation is still unproved. In particular, we wonder if the
unique continuation is preserved when p is too irregular, as
a counter-example would probably be of such type.
Measurable control domains. The observability properties
proved in Theorem 2.6 can be extended to sets of the type
E x Gy, for E a measurable set. Indeed, we can use the
approach of [2,3,10,35], which complement the ideas of [11]
with some results from Measure Theory.

More general heat equation. An interesting problem that
remains open is the study of the averaged observability
properties of the random heat equation when the lower
terms are also random terms, as:

ye —div(o(x, a)Vy) + A(x, @) - Vy +a(x, a)y = 0.

In particular, this is interesting when the averaged convec-
tion operator and the averaged diffusion operator do not
commute. Unfortunately, the techniques presented in this
paper do not help in that direction since they rely on being
the eigenfunctions associated to the elliptic operator inde-
pendent of o to ensure that the averages of the respective
eigenfunctions remain orthogonal. Consequently, they can
only be applied to equations of the type y; — a Ly, for £ an

12

ing questions involving random PDEs such as Schrédinger,
wave, beam or Stokes equations:

- The Schrédinger equations with random diffusions sat-
isfying the uniform, exponential, Laplace, normal, Chi-
squared and Cauchy distributions were studied in [2].
There, the authors show that the averaged dynamics
may be conservative or diffusive depending on the
probability density, which leads to averaged control-
lability properties of very different kind. They consider
the uniform distribution in any segment of R and the
exponential distribution in [1, +00), though their proof
is valid in any segment of the type [K, +o0) for any
K € R. However, the problem of determining the
dynamics and controllability properties of the averaged
Schrédinger equations with arbitrary distributions is
still open.

- The wave equation with random discrete diffusion was
studied in [36] and more abstractly in [37], whereas
understanding the general case is still an open chal-
lenge.

- Another interesting equation for which we can con-
sider randomness in the higher order term is the Beam
equation. In fact, in [38] an optimization problem in-
volving the cost of the control and the average of the
square of the mass at a final time T is studied, but
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it is an open question to determine its exact (or null)
controllability.

- The Stokes equation with random diffusion has not
been studied in the literature. However, we can get
analogous versions of Theorems 2.3 and 2.6 for the
Stokes equation with random diffusion as of the heat
equation by considering [39, Theorem 3.1]. Nonethe-
less, determining if the analogous of Theorem 2.4 is
true remains an open problem because a lack of a
comparison theorem prevent from using analogous ar-
guments.
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Appendix. Proof of Proposition 5.1

As in Section 5, C denotes a sufficiently large positive constant
that may be different each time it appears and which just depends
on G, Gg and p. In particular, it does not depend on the index N.
Similarly, C is a constant sufficiently large that just depends on
G, Gy and p and C is a sufficiently large constant depending on
those parameters and C. Finally, |-| denotes the floor function of
a real number.

Let us fix g = (q1, ..., qq) and £ > 0 such that:

K:=[q1,q1 + €] x -+ x[q4,qq + €] CC G\ Go.

We also fix a positive non-trivial function ¢ € D(Bga(0, 1)). We
define for (1, ..., ya) € [0, 1]%:

P(Y1s s va) = q+ €y, -, V),

which is a parametrization of K. With this in mind, we define the
functions:
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jev7)
on(X) = Z CinGiN(X),
i1,...,ig=0
()
- CVN
for ¢in(X) = ¢ 3CW+J , (A1)
fori:= (ij,...,ig) and ¢;y and Ca large constant to be defined

later on (see Fig. 5 for an illustration of how K and the support
of ¢; may look like). Let us check that for some C and c;y the
sequence ¢y given by (A.1) satisfies (5.1)-(5.3):

e We have that:

supp(¢n) C {x 1d(x,K) < } (A2)

3ch} '
Since the right-hand side of (A.2) is a decreasing sequence
of sets and since K CC G\ Go we can easily prove (5.1) for
C large enough.

e In order to have (5.2) we just need to find a non-trivial
solution of the system:

(#N, ei)2q) =0, Vie Ap. (A.3)

We remark that the system (A.3) is a linear homogeneous

d
system with {6 /N | unknowns (the constants (cin)i) and
| An| equations, so from Weyl's law (see Lemma 3.1) and by
taking C large enough we obtain that there are more un-
knowns than equations, which implies that (A.3) has a non-
trivial solution. In particular, we can fix (¢;y); a non-null
tuple such that ¢y is a solution of (A.3).

e In order to prove (5.3) it suffices to prove that for C > 0
large enough and all N € N we have that:

CN
AN N2y < 7||¢N||L2(c)' (A4)
Indeed, from (A.4) we obtain that:

2||A¢N ||L2(G) > 2||'PELNA¢N ”LZ(G)

1
lon 2y = N > =N = 2|Pzydn 26y,
so we find that:
3
”PfN(pN ”52(6) = ”¢N”52(G) - ”,P%Nd)N”iz(G) > Z”(z)N”iZ(G)a

which is (5.3) squared. So, let us pdrove (A.4). We clearly
have for all i,i € }0,...,|C+/N|} satisfying i # i that
supp(sin) N supp(s; y) = @. Thus, we have that:

[evr] = o\
3CVN
IAgnlZe = D CZN< J )

CN - 3
Sl ) 3CVN 5
= Z Ci,N E ”AgIILZ(B(Ol))
i,.0ig=0
VN - 3
oA 5 3CV/N 5
scl 2 dv| (=) Nshimon
i1,..ig=0
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Fig. 5. An illustration of the support of ¢; in a domain belonging to R.

1,

:c“’£ Ay (362/N>4/G|g|2 3éx/ﬁx_p<fiﬂ> dx

|ev]
<N Y CN/|§|2 3cf

i1,00,ig=0

= CN?(Igw Iz g, (A5)

Consequently, the sequence ¢y satisfies (A.4) for C large
enough depending on C, and hence it also satisfies (5.3).
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