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We present a new technique for link weight prediction, the Link Weight Prediction Weisfeiler-Lehman
(LWP-WL) method that learns from graph structure features and link relationship patterns. Inspired
by the Weisfeiler-Lehman Neural Machine, LWP-WL extracts an enclosing subgraph for the target link
and applies a graph labelling algorithm for weighted graphs to provide an ordered subgraph adjacency
matrix into a neural network. The neural network contains a Convolutional Neural Network in the first
layer that applies special filters adapted to the input graph representation. An extensive evaluation is
provided that demonstrates an improvement over the state-of-the-art methods in several weighted
graphs. Furthermore, we conduct an ablation study to show how adding different features to our
approach improves our technique’s performance. Finally, we also perform a study on the complexity
and scalability of our algorithm. Unlike other approaches, LWP-WL does not rely on a specific graph
heuristic and can perform well in different kinds of graphs.
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1. Introduction

Link prediction [1] is an important task in graph mining. Due
to the wide use of networks, it has several applications such
as friend [2] or item [3,4] recommendation, knowledge graph
completion [5], temporal networks [6] and metabolic network
reconstruction [7,8].

Novel techniques such as stochastic block models [9] or prob-
abilistic matrix factorisation [10] have recently been proposed
for link prediction. Before, simple yet powerful approaches based
on heuristic methods were the most effective for solving this
task. Heuristics are features that belong to the graph structure
- i.e. those features correspond to the observed node and edge
structures of the graph - and therefore can be obtained directly
from the graph. These methods rely on similarity metrics between
nodes for making predictions on links, and despite their sim-
plicity, they provide high performances on social networks [11].
While those heuristics have good results locally, they do not
generalise. Thus, they cannot be applied in various network
types. Furthermore, high-order heuristics that perform better
than first and second-order ones sometimes demand a consider-
able amount of resources to be computed. Ideally, we would want
a model to automatically learn those heuristics from the graph.

Recent deep learning-based approaches that tackle this prob-
lem have been proposed recently. Weisfeiler-Lehman Neural Ma-
chine (WLNM) [12] is a method for link prediction that extracts
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enclosing subgraphs from possible links between nodes. Then,
it does feed the flattened adjacency matrix for the enclosed
subgraph into a neural network that predicts the existence of
the link. SEAL (Subgraphs, Embeddings, and Attributes for Link
prediction) [13], is a link prediction framework for learning from
local enclosing subgraphs, embeddings and attributes based on
graph neural networks.

However, these approaches do not provide a solution for
weighted networks (networks that contain weights on edges).
Link weight prediction is a subtask of link prediction which
focuses on predicting weight values for linked entities in net-
works. It is applicable in weighted graphs such as collabora-
tion networks [14], transport networks [15] or protein interac-
tion networks [16]. Unfortunately, there are few deep learning
approaches for solving link weight prediction problems. Mod-
elR [17], which improves previous techniques like Stochastic
Block Model, is the current state-of-the-art method. Notably,
Node2vec [18], is an unsupervised random walk approach for de-
veloping representations of nodes that can be used for other tasks
such as link weight prediction. Graph Convolutional Networks
(GCNs) [19], is a graph specific model that applies convolutions
over graph nodes to generate a representation for every node in
the graph. We follow recent approaches using subgraph extrac-
tion for our method to propose a novel weighted link prediction
framework, which achieves state-of-the-art performance on the
task.
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3. Subgraph node ordering using
W-PALETTE-WL

4. Feed the adjacency matrix into the model where the first layer is a CNN to get the
predicted weight for target nodes (Pw)

Fig. 1. Summary of the steps for the LWP-WL link weight prediction framework.

Inspired by the WLNM, we develop a new link weight pre-
diction approach named Linked Weight Prediction Weisfeiler-
Lehman, LWP-WL. The approach first extracts an enclosing sub-
graph from the neighbourhood of the target link. Then, the en-
closing subgraph is fed into a neural network model (where the
first layer is a Convolutional Neural Network (CNN)) that predicts
the output value for the target link. The network is trained on tar-
get links to learn a link weight prediction model. The framework
is depicted in Fig. 1.

The most remarkable features of our contribution can be iden-
tified as (1) a novel weight link prediction framework that learns
from graph structure features (2) an extension of the graph la-
belling method WL (Weisfeiler-Lehman) for weighted networks
in order to encode enclosing subgraphs into adjacency matrices
so that neural networks can learn meaningful patterns (3) a novel
edge to edge and edge to node filters applied to the model’'s CNN
that learns patterns between adjacency matrices’ values and (4) a
collection of experiments on several datasets comparing LWP-WL
and different techniques as well as an ablation study. With LWP-
WL, we can achieve state-of-the-art results on various datasets,
as demonstrated in the experiments section. The source code has
been released on github.!

2. Related work

Link weight prediction [17,20-22] has been addressed in sev-
eral previous works in the literature. For years, all of the ap-
proaches for this task relied on graph heuristics and latent fea-
tures. Many works based on heuristics used node similarity [23,
24], proximity measures [25] or local rankings [26] to solve
the task, however different alternative measures could be used,
e.g. PageRank [27]. Methods relying on latent features such as
Stochastic Block Model [28,29] and matrix factorisation [30,31]
also were presented. The models based on Stochastic Block Mod-
els and their variants were developed as generative models to
find communities in the graph. Unlike the model presented in this
paper, they are limited by design to perform link weight predic-
tion since they find groups of nodes belonging to a community.

1 https://github.com/unai-zulaika/LWP-WL-Pytorch.

However, there was no approach based on deep learning for
link weight prediction until recently. ModelR [17] provided a
novel deep learning-based technique for the task. This approach
relies on a neural network that receives the target nodes’ ids
as input, maps those ids to a feature vector and passes them
through two fully-connected hidden layers to an output layer.
Althought ModelR is the most similar method to the presented in
this paper, our model applies a series of techniques that make it
more advanced. The generalisation power of ModelR is limited by
the randomness of the node ordering process, i.e. the nodes of the
graph are assigned arbitrarily, and thus there is no consistency
between different graphs when applying ModelR. Our method
applies a novel graph labelling technique to overcome this issue.
Furthermore, our method is more efficient and scalable than
ModelR.

Nevertheless, graph-related works appeared in the literature
in recent years [32]. Besides factorisation-based methods, two
main approaches are considered in the literature: random-walk
based techniques and Graph Neural Networks (GNNs). Random-
walk based techniques [18,33] rely on performing random walks
on the graph to generate node representations that are similar
between each other when nodes co-occur on those random walks.
In this work, we compare our model to node2vec [18] which is
a widely used approach when compared to random-walk based
methods in the literature. On the other hand, GNNs [34] are
networks capable of performing convolutional operations on non-
Euclidean data domains. We compare our approach to GCNs [19]
that are one of the most robust approaches in the field of GNNs.
GCNs and our method share characteristics that make them com-
parable: (a) they both apply a structural role to the nodes by
using the WL algorithm, and (b) they both use convolutions to
aggregate the nodes information. The main difference between
them relies on how they perform the convolution. GCNs do a
neighbourhood aggregation, while our method uses special fil-
ters for a CNN (Convolutional Neural Network) layer (further
explained in Section 4. In this manner, our method aggregates
information in a more meaningful process for the link weight
prediction task.

Various research studies have applied graph labelling algo-
rithms for different graph-related tasks. Graph labelling was in-
troduced as a technique in [35] which presented an approach for
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learning a convolutional neural network for graph classification.
Graph labelling has also been recently used for link prediction.
The Weisfeiler-Lehman Neural Machine [12] which inspired this
work, proposed an algorithm based on the original WL algorithm
for labelling non-weighted graphs. The SEAL framework [13] also
presented a novel node labelling method based on the radius
from each node to the target link. These works are focused on
simple link prediction, i.e. they are not suited for weights. Their
node labelling algorithm cannot handle weighted nodes and, thus,
does not apply to this work’s task. Furthermore, the method we
present uses CNNs with special filters to further enhance the
weight prediction while Weisfeiler-Lehman Neural Machine and
SEAL use other techniques.

Few approaches in the literature have used Convolutional
Neural Networks over graph data, none that we know for link
weight prediction. Due to the non-grid structure of graphs, these
kinds of networks are not suitable for graphs. However, success-
ful approaches have used CNNs for other graph-related tasks.
ConvE [36] presented an approach for link prediction on knowl-
edge graphs that applies a convolution over 2D shaped embed-
dings of nodes. ConvKB [37] also employs a CNN to capture global
relationships and transitional characteristics between entities and
relations in knowledge bases and perform link prediction. How-
ever, these models were conceived for multi-relational data and
cannot be applied for the link weight prediction task. Remarkably,
they served as an inspiration for this work.

An in-depth comparison to the most notable models for link
weight prediction is provided in Section 5.

3. Background

This section provides the background needed to understand
the LWP-WL approach.

3.1. Graphs

An undirected weighted graph G can be denoted as G = (V, E)
where V = {vq, v, ..., vy} (being N the number of vertices or
nodes) is the set of nodes and E C V x V is the set of edges
(or links). Each link contains an associated weight value w, so we
represent a given link as e,1,,2 = (v1, V2, Wy, 4, ). The graph can be
represented by an adjacency matrix A, where A;; = Wy if there
is an link from i to j and A;; = O otherwise. Additionally, the

!
distance between two connected nodes is Zf,’ 7 d(vy, vy) where
v € V' and V' is the set of nodes for the shortest path from the
origin to the target node.

3.2. Weisfeiler-Lehman algorithm

The Weisfeiler-Lehman (WL) algorithm [38] is a method to
solve the graph isomorphism problem, i.e. whether two graphs
contain the same number of nodes connected in the same way.

In the present work, we use the 1-dimensional WL algorithm
as a graph labelling method (also called graph colouring). Graph
labelling is a function that maps a set of nodes to an ordered set,

[:V—-0 (1)

where V is the set of nodes and O is the ordered set of nodes.
WL does iteratively update node labels using their neighbours’
labels and compresses the updated labels into new labels until
convergence. At first, all nodes are set to the same colour, i.e. 1.
For each node, it gets a signature string by concatenating its
colour and the sorted colours of its neighbours. Nodes are then
sorted by the ascending order of their signature strings and
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Algorithm 1: Weisfeiler-Lehman algorithm [38].

input: graph G = (V, E), initial colours c¢%(v) = 1 for all
v € V, y(v) denotes neighbours set for v
output: final colours c(v) forallv € V
let c(v) =c%(v) forallv € V
while c(v) has not converged do
for eachv € V do
collect the set of colours {c(v')|v" € y (v)} for
neighbours
sort the set in ascending order
concatenate the sorted set to c(v) to generate a
signature string s(v) = (c(v), {c(v")[v' € y(v)}sort)
end
sort all s(v) in lexicographical ascending order
map all s(v) to new colours sequentially, same strings
get the same colour

end

assigned new colours. Nodes with the same signature strings get
the same colour. The algorithm is shown in Algorithm 1.

An essential characteristic of WL algorithm is that it does
encode structural roles from vertices inside the graph. Addi-
tionally, it defines a relative ordering for those vertices taking
their structural role into account; vertices that play the same role
are similarly labelled. Finally, it is remarkable that this relative
ordering for vertices is consistent across different graphs.

4. Proposed approach

In this section, we introduce our approach for link weight
prediction, LWP-WL. It does contain the following steps:

1 Subgraph extraction.

2 Subgraph node ordering.

3 Feeding the ordered subgraph’s adjacency matrix into the
model.

A summary figure of the whole approach is shown in Fig. 1.
4.1. Subgraph extraction

The first step of the approach is to extract enclosing subgraphs
for target links. We identify the target nodes of a target link as the
pair of nodes that perform the connection for the specific link.

For the target link, e,, ,,, we extract a set of nodes of a user-
defined size K. Starting from the nodes that hold the target link
- i.e. vy and v, - we apply the Breadth-First-Search (BFS) [39]
strategy to add nodes to the subgraph. Although we opted for BFS,
other strategies can be applied. In this way, we start adding nodes
from the 1-hop neighbourhood of the target nodes and then we
iteratively continue to the next neighbourhood until we reach
the number of nodes K and finally get the set of nodes for the
subgraph, L. In order to obtain the representation for the target
link, we add the same amount of nodes for each of the target
nodes, so we apply BFS(vy) to get a set of nodes L,, of size K/2 and
BFS(vy) to get a set of nodes L,, of size K/2. Finally, we combine
both sets L,, U L,, to get the final set Ly. We ensure that nodes
from both sets are different so L, N L, = @. We provide the
algorithm for the process in Algorithm 2.

The enclosing subgraph extraction process provides two re-
markable additional features to the LWP-WL approach:

1. It can extract a similar context representation for all
links, even from different graphs. By applying the same
strategy for the subgraph extraction on every link, the
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model will, later on, be able to generalise between different
graphs, nodes and links.

2. It is scalable. The extraction of a fixed size K subgraph for
every target link avoids the need to input a representa-
tion for the whole graph such as the adjacency matrix.
In this manner, the input to the LWP-WL approach will
always be of size K x K while avoiding inputs of size V x V,
which are not scalable as they grow with the number of
nodes within the graph.

Algorithm 2: Subgraph extraction process. BFS stands for

breadth-first search. I"(n) stands for n-hop neighbourhood.
input: graph G = (V, E), target nodes (x, y), subgraph size K
output: subgraph G(Ly) for (x, y)

Ly =11
Ly = [wy]
Ly = [vy]
n=1

while |Ly| < K do
for node in L, do
neighbourhood = BFS,,(node)
for neighbour in neighbourhood do
if |L] < K/2 then

| add neighbour to Ly
end
end
end
for node in L, do
neighbourhood = BFS,(node)
for neighbour in neighbourhood do
if |L,| < K/2 then

| add neighbour to L,
end
end
end
n=n+1
Ly =LyUL,
end
return subgraph G(Ly)

4.2. Subgraph node ordering

The second step of the approach is to order the extracted
enclosing subgraph. So, we need a function that orders the set
of nodes extracted from the enclosing subgraph.

IZLK — OK (2)

The purpose of the ordering is to provide a consistent manner of
labelling nodes in a way that those nodes that have similar topo-
logical features concerning the subgraph are labelled similarly.
Then, we can train a model that receives as input a representation
of the ordered subgraph, namely, the adjacency matrix.

We adapt the WL graph labelling method to apply it for
weighted graphs using the 1-dimensional Weisfeiler-Lehman
(WL) algorithm. Authors from [12] also developed a node or-
dering algorithm based on WL. However, their approach was
not developed for weighted graphs. We now mention the re-
quirements for the graph labelling algorithm as they did in their
work:

1. The graph labelling algorithm must provide similar labels
to nodes that have similar topological features within
the enclosing subgraph.
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2. It must preserve the topological directionality towards
the target link, i.e. the order of the nodes has to be condi-
tioned by the target nodes, and the distance to them must
be reflected in the ordering.

Both requirements are needed for developing models that
use the nodes ordering for learning. We adapted the algorithm
for weighted graphs because the WL method does not fulfil the
second requirement.

We propose Weighted-WL (W-WL), a graph labelling algo-
rithm whose objective is to order the set of nodes from the
extracted subgraph, Lx from 1 to K. However, as we want to
keep the topological directionality towards the target link, the
target edges will always be given orders 1 and 2. First, nodes are
assigned initial colours (rankings) according to the sum of their
shortest paths to the target nodes, vy and v, (edges’ weights are
computed to calculate the shortest path). Afterwards, we assign
a signature string to each of the nodes by using the Weisfeiler—
Lehman algorithm, s,. For this, we concatenate the initial colour
of each node with the initial colours of its neighbours lexi-
cographically ordered from minimum to maximum, generating
a unique signature string. Then, the lexicographically lowest
string signature corresponds to the next node for the ordered
list. Finally, we iterate this process until every node is assigned
a number. Because we have considered weights, it is unlikely
to have ties in signature strings; otherwise, they are solved by
choosing randomly. The process is defined in Algorithm 3. For a
figure depicting the first steps of the process, see Fig. 2.

Once the node ordering process has finished and we have
obtained the ordered set, we extract the adjacency matrix for the
subgraph, Ayo,), so the matrix’s rows and columns correspond to
the ordered set. This adjacency matrix is then used as input to a
neural network. Before feeding it, we make sure that the values
of the matrix that represent the weight for the link are not visible
to the model, A, and A, ; as they are the labels for the model.

Algorithm 3: The W-WL Algorithm.

input: enclosing subgraph G(Lx) centred at target link e,, ,,,
which is extracted by Algorithm 2
output: ordered set of nodes (Ox) from v € Lg
Ll =X, Lz =Yy
calculate d(v) := d(v, x) + d(v,y) for all v € Lg
get initial colours c(v) = f(d(v))
while |0k | < |Lk| do
calculate signature strings s(v) for all v € Ly
add lowest(s(v)) to Ok
end
return: Oy

4.3. Model

After obtaining the subgraph and the list of ordered nodes, we
get an adjacency matrix A(Ok); the next step is to train a classifier.
For this classifier, we use a neural network.

As our main contribution, we use a Convolutional Neural
(CNN) in the first layer of the neural network. This layer applies
special filters adapted to the graph representation used, the
adjacency matrix.

4.3.1. Edge to edge filter

For a given edge e, ,, this filter applies a convolution over
edges that are neighbours of both v, and v,. In this manner, the
filter learns about the edge’s neighbourhood and the patterns
among the nodes.
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Fig. 2. First iteration of the W-WL algorithm. We want to predict the weight (w, coloured in red) of the link for the target nodes (dashed and coloured in yellow). First,
we generate initial colours for each node. Then we generate a string signature for the nodes. Finally, we evaluate all string signatures and select the lexicographically
lowest one. Target nodes get the 1 and 2 numbers to preserve the topological directionality.
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Fig. 3. The special filters applied to a K = 6 size adjacency matrix. Left: edge to edge filter applies a convolution over the neighbouring edges for the target link.
Right: edge to node filter that applies a convolution over the neighbouring edges of each node in the adjacency matrix.

4.3.2. Edge to node filter

For a given node v,, we apply a convolution for every neigh-
bour edge of the node, unlike the edge to edge filter; it does focus
on nodes learning patterns for their neighbourhood.

A figure depicting these filters is shown in Fig. 3. Then, the
output of the CNN is flattened and goes through a set of fully-
connected hidden layers to an output layer that performs a linear
regression for the predicted weight.

For training a graph G = (V,E), we build the samples by
selecting all the links and their weights e, w, € E. Then, we
divide those samples into training, validation and test sets. Next,
we extract all subgraphs for each edge sample, and we train the
system by providing as input the ordered adjacency matrix of the
enclosing subgraph for the target link, A.(Ok), and the weight of
that edge as the output w,.

5. Experiments

In this section, we conduct a set of experiments to evaluate
the performance of the LWP-WL approach. We first describe the
datasets used for the experiments. Then, we provide an overview
of the setup for those experiments. Next, we run a set of exper-
iments comparing our approach with several methods, includ-
ing the state-of-the-art, ModelR, and address the scalability and

complexity aspects of our approach. Finally, an ablation study
is presented, demonstrating how gradual enhancements to the
LWP-WL approach impact the performance.

The conducted experiments aim to solve the next questions:

1. How well does LWP-WL perform in the link weight pre-
diction task compared to the state-of-the-art models? Do
the best performing models share any common character-
istics?

2. How scalable is LWP-WL compared to the best models?
Does it perform well in big graphs?

3. What is the impact of structural roles of nodes and, thus,
the Weighted-WL graph labelling algorithm? And the spe-
cial edge-to-edge and edge-to-node filters?

Each of those corresponding to the following subsections: Com-
parison, Scalability and Complexity and Ablation Study.

5.1. Datasets and baselines

In this work, we have used six networks to evaluate our model.
We first select the standard four datasets used for link weight
prediction included the state-of-the-art approach [17] to perform
a comparison. Additionally, we also add two extensive networks
further to analyse the performance of our model in big graphs.



U. Zulaika, R. Sdnchez-Corcuera, A. Almeida et al.

Table 1
Summary of the datasets used for experiments, |V| represents the number of
nodes and |E| the number of links.

Name V| |E|
Astro 16,706 121,251
Airport 500 5960
Collaboration 226 20,616
Congress 163 26,569
Geom 7343 11,898
Forum 1899 20,291

These weighted graphs are real-world networks that belong to
different domains and applications and report significant values
for the task.

e Airport [40] contains the busiest airports in the US where
nodes represent airports, links connections between them
and weights correspond to the number of passengers trav-
elling from one airport to the other.

e Collaboration [41] represents world nations as nodes, links
and their weights are the number of papers written by
authors from the two nations.

e Congress [42] is the network of the 102nd US Congress
committees where nodes represent members and links, and
their weights interlock value of shared members from the
two committees.

e Forum [43] is a student social network where nodes are
users and links and weights the number of messages sent
from one student to the other.

e Geom [44] authors collaboration network in computational
geometry obtained from the Computational Geometry
Database geombib.

e Astro [45] a network of coauthorships between scientists
posting preprints on the Astrophysics E-Print Archive.

As shown in the dataset statistics summary in Table 1, the six
datasets are different in the number of vertices and edges and
provide different values in their weights, providing a variety of
settings for testing different models and performances.

Different baselines that have been proposed in the literature
for this task are evaluated with these datasets:

e SBM (Stochastic Block Model) [46]: conceived for graph
clustering in unweighted graphs, this approach partitions
nodes into L subsets C; C V whereie L € N.

Then, SBM fits parameters 6 for building the adjacency ma-
trix A where A; ~ B(1, 0c ¢;) follows a Bernoulli distribution:

Aji _A
PAIC, 0) = [ 6 (1 — b.q)' ™ (3)
ij
, the log likelihood of A can be rewritten as an exponential
family:
log P(AIC. 0) = > " T(Ay)n(6c.g) (4)
ij

where T(A;j) = (Ay, 1) is the vector function of sufficient
statistics of the Bernoulli random variable and

n(0) = (log (&) log(1 - 0)) (5)

is the vector function of natural parameters of the Bernoulli
random variable.

Stochastic Block Models are generative models meant to
find community structures in graph data. Therefore, they are
limited by design to perform link weight prediction. While
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LWP-WL is a model conceived specifically to predict weights
in graphs, SBMs in their standard version do exact recovery
techniques without taking the link’s weights into account.
pWSBM (pure Weighted Stochastic Block Model) [29]: un-
like SBM, it only uses link weight information. The main
difference is that the adjacency matrix follows a normal
distribution in its values, therefore A; ~ N(uc,cj, a&cj) and
fc,¢; becomes the weight distribution parameter:

e, = (ucg, Gcz,cj) (6)

and T(A;) = (A,-j,Aizj, 1) becomes the vector function of

sufficient statistics of the normal random variable, and

i 1 w?
no) = <;’_ﬁ’_ﬁ> (7)

is the vector function of the natural parameters of the nor-
mal random variable. Then, it fits by

2
He.c 1 He.c
log P(AIC,0) = > (A,-,»U2 I _ A2 - = ’) (8)

- Uz 2
" ) Oc ¢ OcC ¢
ij .G C.G C.G

PWSBM is a generalised version of SBM for weighted graphs.
Although it shares the same strengths, it is suited for link
weight prediction. The idea behind pWSBM is to find the
latent structural roles of the nodes in the graph. To do so,
the WSBM models each weighted edge as a draw from a
parametric exponential family distribution and recovers the
whole graph and its weights. Our model, LWP-WL, conceives
the same idea of finding latent structural roles in the graph
more sophisticatedly. First, it finds the structural role by ap-
plying the W-WL labelling algorithm, which uses the nodes’
topological features. It is essential to realise that W-WL does
not try to fit each node into a block structure, so it is more
flexible when finding latent structures. Second, the edge to
edge and edge to node filters in the LWP-WL model allows
predicting weights at an individual level for each of the
edges, while the WSBM depends on group memberships and
their parameters for the prediction.

bWSBM (balanced Weighted Stochastic Block Model) [29]: it
does mix the SBM and pWSBM approaches by using the pair
(Te, ne) which denotes the family of link existence distribu-
tions in SBM and the pair (T, 1,,) that denotes the family of
the link weight distributions in pWSBM and @ € R € [0, 1]
is a hyperparameter for their relative importance, E is the
set of observed interactions, and W is the set of weighted
edges. Thus, the fitting follows:

log P(AIC, 0) = Y (Te(Ajn(fc.)) +(1—a) Y (Tu(Anu(fe.c,)

ij ijew
9)

As bWSBM is a hybrid version of SBM and pWSBM, it also
shares its differences with our model. The final purpose
of block models is to find communities by recovering the
graph. Balancing the characteristics of SBM and pWSBM
does not provide any benefit over LWP-WL, and our model
overperforms bWSBM for the same reasons stated before.
DCWBM (Degree Corrected Weighted Stochastic Block
Model) [29]: it incorporates node degree by replacing pair
(Te, ne) in the bWSBM with:

Te(Aj) = (Ayj, —did;) (10)
and
ne(0) = (logh, 0) (11)

where d; is the degree of node i.



U. Zulaika, R. Sdnchez-Corcuera, A. Almeida et al.

Adding the node degree to the SBM is a method for explicitly
incorporating more information into the model. However,
DCWBM has less accurate predictions in predicting edge
existence and edge weight (see Table 2). Furthermore, as
pointed out in [29], degree correction methods perform
better when doing community detection tasks. In LWP-
WL, node degrees are not explicitly added to the model.
Nevertheless, their structural roles are considered when
performing the W-WL ordering algorithm. While explicitly
adding node degree information to models does not improve
performance in the link weight prediction task, information
obtained from structural roles does (as the ablation study
presented in this paper concludes).

ModelR [17]: is a deep learning approach for link weight
prediction. It follows a simple embedding approach with a
node mapping layer that maps a given node (by id) to its
vector representation. Then, multiple fully hidden connected
hidden layers of rectified linear units lead to an output layer
which performs a linear regression:

f o {nigi, nigj} — wj (12)

where {njq;, nig j} are the ids for nodes i and j and w; €
R is the predicted weight for their link. The vector repre-
sentations are updated via backpropagation (SGD is chosen
for optimisation). It is the state-of-the-art approach for link
weight prediction. ModelR is the most comparable method
with LWP-WL. Both models use deep learning to solve the
task. However, LWP-WL applies a series of techniques that
make it more advanced. ModelR follows a simple schema
where each node is assigned to a representation, and then a
set of operations are applied through multiple fully hidden
layers to end up on a weight prediction. This procedure
limits the generalisation power of the model due to the
randomness of the node ordering process, i.e. the nodes
are assigned arbitrarily, and thus there is no consistency
between different graphs. Additionally, by giving each node
a representation, the scalability of the approach is linearly
limited by the number of nodes in the graph, making the
method unsuitable for large graphs. LWP-WL does solve
this by applying the node ordering algorithm and extracting
subgraphs to make the approach’s scalability independent of
the number of nodes in the graph. Furthermore, the appli-
cation of CNNs and the special filters presented in this work
correspond to an improvement over the fully connected
layers of ModelR.

Node2vec [18]: is a method that learns node embeddings
based on random walk statistics. The difference between
node2vec and other random walk approaches relies on its
random walk producing strategy. It does bias the random
walk using two parameters: p and gq. These parameters
control how the random walk explores the graph, con-
cretely how exploring and leaving the neighbourhood of
the starting node works, i.e. it does approximately bal-
ance the exploring procedure between Breadth-First Sam-
pling and Depth-First Sampling methods. To learn the node
embeddings, node2vec uses a decoder:

Ty,
exp”i %
—_—

Z. Zj
2 ey €XPE

where DG, T(vjlp) is the probability of visiting v; on a T-length
random walk starting from v;. Then the approach minimises:

DE((z;, Zj) = ~ Dg, 1(vjlvi)» (13)

L= Z — log(DEC(z;, 7)), (14)

(vi,Uj)E'D
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where D is the random walks training set. For further in-
formation about the algorithm'’s optimisation, refer to [18].
To compare this work to our model, we use the node2vec
version, which uses weights when doing the random walks.
Furthermore, after obtaining the node embeddings, the link
weight prediction is performed by:

e =2 Z,  With z, 7 € Z = node2vec(G), (15)

where G is the graph with the nodes, edges and weights:
G=(V,E, W)

Node2vec is an interesting, flexible and powerful method.
It can be used in a wide variety of tasks and settings. Un-
like our model, it is not explicitly designed for link weight
prediction, so it is expected to perform worse. Random walk
based approaches are dependent on the quality of the ran-
dom walks, and those are highly dependent on the hyperpa-
rameter values. Thus, the necessity for finding the best pos-
sible hyperparameters for every dataset. Our model, how-
ever, is not that dependent on hyperparameters. Further-
more, LWP-WL always encodes structural roles and takes
a precise edge-to-edge and node-to-edge filter when per-
forming predictions. Node2vec, on the other hand, may not
capture the structural role of every node in the graph nec-
essarily and only takes into account the weights obtained in
the random walk choosing process.

e Graph Convolutional Network (GCN) [19]: they learn node
embeddings through graph convolution. For this, they use
a message-passing framework where node embeddings are
updated by aggregating embeddings of their neighbours.
The layer-wise propagation rule for GCNs for the Ith layer
of a target v; node to update is:

1
W+ = o Z;hg’}wﬂ) , (16)
= i

where v; are the neighbouring nodes, h, corresponds to the
embedding of the node v, ¢; is a normalisation constant for
the edge and W is the matrix of weights for the Ith layer.
Then, we can use the output embeddings Z to perform and
train any supervised task. For link weight prediction in this
work, we follow the same framework as authors in [47] and
calculate the link weight value for the edge (v;, v;) by:

e =22, Wwith z,z € Z =GCN(X, A), (17)

where X is the identity matrix of the graph (as we do not
input features to the model) and A is the weighted adjacency
matrix for the graph. Finally, we use the Mean Squared Error
to optimise the model.

GCNs and LWP-WL share two main characteristics that
make them comparable: (a) they both apply a structural role
to the nodes by using the WL algorithm (see [19] Appendix A
for the relation of GCNs with the WL algorithm), and (b) they
both use convolutions to aggregate the nodes information.
The main difference between LWP-WL and GCNs relies on
how they perform the convolution. GCNs do a neighbour-
hood aggregation, while LWP-WL aggregate is based on the
special node-to-node and node-to-edge filters presented in
this work. In this manner, LWP-WL aggregates information
in a more meaningful process for the link weight prediction
task.

5.2. Setup

We perform the same experiment for each dataset. All the
link weights are normalised using the L2 norm. Each experiment
consists of 25 independent trials. In each trial, we randomly split
the dataset into three subsets:



U. Zulaika, R. Sdnchez-Corcuera, A. Almeida et al.

Table 2
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Mean Squared Errors, standard deviation and improvement percentage for the compared approaches on all of the datasets, results for pWSBM,

bWSBM, SBM, DCWBM and ModelR belong to [17].

Airport

Collaboration

Congress

Forum

5.71e—2 + 4e—4
5.94e—2 + 4e—4
6.34e—2 + 6e—4
6.53e—2 + 4e—4
3.6e—2 £ 3e—3

7.26e—2 + 3e—4
8.45e—2 + 3e—4
8.51e—2 + 4e—4
8.82e—2 + 4e—4
3.7e—-2 £ 1e-3

pWSBM 4.86e—2 + 6e—4 4.07e—2 + le—4
bWSBM 5.43e—2 + 5e—4 4.62e—2 + le—4
SBM 6.32e—2 + 8e—4 4.97e—2 + 3e—4
DCWBM 7.46e—2 + 9e—4 5.00e—2 + 2e—4
ModelR 1.3e—2 + 1e—3 3.0e—2 £ le—3
Node2vec 3.73e—1 + 1.8%e—1 le—3 + 1e—3

GCN 2.75e—4 + 3.7e-5 1.20e—4 + 5.8e—5
LWP-WL 1.88e—4 + 4.6e—5 1.39e—4 + 1.36e—4

6e—3 £+ 7e—3
1.89e—4 + 2.7e-5
1.95e—4 + 3.4e-5

5.3e—2 £+ 1.1e-2
3.6e—5 + 5e—6
7.2e—5 + 1.56e—4

e 70% into the training set.
e 10% into validation set.
e 20% into the testing set.

The network contains a CNN in its first layer, which applies the
edge to edge and node to edge filters. Then, four fully-connected
layers of sizes 32, 16, 18, 1 are applied. All of the layers, but
the last one use the ReLu activation. The size of the subgraph,
K, is set to 10, and we perform gradient descent by the Adam
algorithm with a learning rate of 0.001. We use the best possi-
ble hyperparameters provided by the authors for all compared
models. We performed a bayesian hyperparameter optimisation
for node2vec and GCNs since no link weight prediction experi-
ments were reported in the original works. For node2vec with
the following setting: learning rate in range (0.001, 0.1), epochs
in range (100, 1000), random walk length in range (30, 100),
number of random walks in range (8, 16), embedding size in
range (8, 20), p in range (0.2, 1.0) and g in range (1.0, 5.0). For
GCN, we searched: learning rate and epochs in the same ranges as
for node2vec, the hidden layer size in the range (16, 64) and the
embedding size in the range (4, 32). The final values for node2vec
were: epochs = 692, random walk length = 34, learning rate
= 0.08, number of random walks = 11, p = 1.0, q = 1.24
and embedding size = 1. For GCN: epochs = 641, learning rate
= 0.028 hidden layer size = 27 and embedding size = 26.

For our model, the parameters were selected based on a ran-
dom hyperparameter search, with the first layer comprehending
sizes from 64 to 18 and the consequent layers being half the
size, the size of K was selected from 5, 8, 10, 15, 20, 30 and the
learning rate selected from 0.1, 0.01, 0.001.

The size of the fully-connected layers is proportional to the
complexity of the task, and the presented setting is standard in
prediction tasks. The learning rate is also a common value for
the Adam algorithm. Finally, the size of the subgraph and filters,
K, was selected because its performance was the best overall. K
is a hyperparameter that needs to be balanced between having
enough information to properly perform the prediction and not
having a big size where noisy and irrelevant nodes are added
to the subgraph. We empirically obtained K = 10 to be the
most suitable value for finding the most important nodes for
the prediction and not adding too many nodes that worsen the
performance of LWP-WL.

We use mean squared error (MSE) as the prediction accuracy
metric. For each experiment, we report the mean and standard
deviation of the error from all the trials.

The experiments ran on a Linux server with an i5-4590 CPU
@ 3.30 GHz and TITAN X GPU with 12 GB of memory. All of the
experiments used Adam optimiser with a batch size of 100.

5.3. Comparison
In this section, we compare the experimental results of LWP-

WL with several techniques, including the state-of-the-art
method, ModelR. We use the setup described in the previous

subsection, the same used by the authors from ModelR and the
modern methods node2vec and GCNs, which were never used
for the link weight prediction task. The comparison is shown in
Table 2.

Concerning Block Model-based approaches, we argue that our
approach and ModelR can predict fine-grained per node weights
while Block Models can only work at the Block level. This charac-
teristic, and the non-linear learning ability, improves both deep
learning-based approaches’ performance and leave Block Models
behind. Furthermore, we advocate that the Weighted-WL algo-
rithm explicitly encodes Blocks into each node’s label; however,
we leave this study for a next work.

As results from the Table 2 show, our model outperforms the
state-of-the-art method (ModelR). Unlike ModelR, our approach
does encode structural roles due to the use of a node order-
ing algorithm (W-WL) based on Weisfeiler-Lehman. This feature
allows our approach to better generalise over different graphs
and subgraphs. Additionally, we use the adjacency matrices of
extracted subgraphs as input to a Convolutional Neural Network
(CNN). The use of this adjacency matrix improves our model’s
performance because CNNs can find patterns in links and weights
between nodes, reinforced by the edge to edge and edge to nodes
filters we developed for this task.

Node2vec presents good results on the task compared to block
models and ModelR. However, the performance is lower when
compared to GCNs and LWP-WL. Node2vec presents different
performance between datasets (see Table 2). We hypothesise that
the hyperparameter sensitivity is high for the model, and thus,
each of the datasets requires further hyperparameter optimisa-
tion (we performed the hyperparameter search for the mean
result in every dataset). Nevertheless, we choose to share the
same hyperparameter setting for the comparison to be fair, in
the same manner as we did for every model. Overall, node2vec
is a model with good performance and scalability, but it lacks the
characteristics that make GCNs and LWP-WL stand out, encoding
structural roles and aggregating graph information.

GCNs prove themselves as a powerful method for the task.
The results, as expected, are equivalent to LWP-WL, even out-
performing on some of the datasets both in small-medium (see
Table 2) and big sized graphs (see Table 3). The similarities that
both methods share make them the best performing algorithms.
They can both encode structural roles via the WL algorithm and
apply convolution operations to aggregate information within the
graph, being how they apply those convolutions the architectural
difference between the methods. However, another aspect that
differences LWP-WL from GCNs is scalability. Scalability is further
analysed in the following subsection.

5.4. Scalability and complexity

We perform experiments with two big datasets (Geom and
Astro) to address the scalability of our approach. We compare
with ModelR since it is the state-of-the-art approach and GCNs
due to their excellent performance and similarities with LWP-WL.
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Table 3

Comparison between different methods and our approach, Mean Squared Errors,
standard deviation, parameter amount and improvement percentage in the
big-sized Astro and Geom datasets.

Astro Geom
ModelR 4.7e—2 + 9e—3 2.17e—2 + 2e-3
GCN 5.5e—5 + 1.3e—5 8e—6 + 1e—6
LWP-WL 9e—6 + 2e—6 5.4e—5 £+ 1.9e—5

As shown in Table 3, LWP-WL also outperforms ModelR for
big datasets. Moreover, ModelR follows an embedding approach
where each node is given a representation that is updated at
training time. Authors of ModelR state that they set up the size
of the embedding layer d following the rule d = log,(N) where
N is the number of nodes in the graph. Thus, the number of
parameters in the embedding layer w, scales (we ignore the
following hidden layers since their size is not directly associated
with the input) :

we =N x d=Nlog,(N) . (18)

Thus, ModelR presents a highly scalable approach but incom-
parable performance-wise with LWP-WL.

On the other hand, GCNs scale in O(Lmd + Lmd?) [48] being L
the number of layers, m the number of edges and d the embed-
ding size. This imposes a limitation on m the number of edges,
which increases linearly and makes GCNs a less scalable model
for big or growing graphs. Although some works proposed alter-
natives to overcome this limitation [49], it remains incomparable
to LWP-WL as it only depends on the size of the subgraph K. Thus,
although GCNs prove to be a reliable and well-performing model
for the link weight prediction task, LWP-WL presents much better
scalability making it suitable for larger graphs.

Unlike ModelR and GCNs, LWP-WL provides a user-defined pa-
rameter that constrains the number of parameters of the method,
the size of the subgraph (K). This parameter defines the size
of the subgraph to be the input to the neural network, keeping
uniform the number of parameters needed by the LWP-WL model
and doing it invariant to the number of nodes in the graph. The
sum of the edge-to-edge and edge-to-node layers for the LWP-WL
network will have parameters

w = K2C (19)

where C € N is the number of channels of the convolutional
layers, we set it up to 10 by default.

However, the property of not scaling to the number of nodes
in the graph comes at the cost of the computational and time
complexity of the labelling algorithm. The W-WL algorithm takes
K iterations to converge. The computations needed to complete
the algorithm are the following, (i) the hash function for every
node, performed in O(K) time, (ii) the evaluation of all hashes, it
is done in O(K?) time, and (iii) the sorting of the nodes which is
completed in O(Klog(k)) time. Therefore, the algorithm has O(K?)
time complexity in each iteration, and it needs ©(K?) time to
finish in a graph of K nodes. It is important to notice that the
labelling process is parallelizable.

We argue that in the tradeoff between having to complete the
labelling algorithm in ©(K3) time for a subgraph of size K that
usually varies between 5 and 25 (10 by default), and having a
model that scales N log,(N) for the full-size of the graph, LWP-
WL is a more scalable approach that can handle big-sized graphs
with even millions of nodes.

5.5. Ablation study

We also performed an ablation study with the final goal of
understanding the impact level of different features of our model.
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Table 4

Summary of the versions used for the ablation study.
Version Node labelling CNN
1 Random No
2 W-WL No
3 Random Yes
4 W-WL Yes

For this matter, we used a single dataset and measured the
performance while gradually adding features. The purpose of this
study is to gather reliable knowledge about our approach and
the impact that different features have on it. There are two main
features that we want to analyse.

Node labelling algorithm (W-WL). The W-WL node labelling
algorithm for weighted graphs is one of the main contributions of
this work. It provides consistency to the model by labelling roles
that have a similar structural role with similar labels. We compare
this algorithm with random labelling for nodes.

Convolutional Neural Network layer. The CNN is the first
layer for the model that applies a unique edge to node and edge
to edge filters to the input adjacency matrix. We want to measure
this layer’s impact in predicting and finding patterns between
nodes, edges, and their weights.

We developed different versions of our approach by combin-
ing these features; a summary of those is shown in Table 4.

1. The baseline version, we do not add any feature to the
approach. After extracting the enclosing subgraph, nodes
are randomly ordered, and the flattened adjacency matrix
is fed to a model without the CNN layer.

2. We add the W-WL node labelling algorithm to the baseline
version.

3. In this version, CNN is used. However, nodes are randomly
ordered.

4. Final version with all the features, the W-WL node labelling
algorithm, the weighted adjacency matrix and the CNN
layer are both used.

We used the Airport dataset for this study with the same
setup used for the comparison subsection. The results obtained
are shown in Table 5.

It is noticeable how features impact the model’s performance,
and the combination of these features allowed us to create a
state-of-the-art approach for link weight prediction.

Results clearly demonstrate the effectiveness of the W-WL
labelling algorithm, as it does significantly improve the versions
that do not have it. Furthermore, the recent literature has demon-
strated promising results on approaches using enclosing subgraph
extraction. Besides our work, there have been two recent ap-
proaches for link prediction, WLNM [12], and SEAL [13], that
achieved state-of-the-art results for the task. Therefore, a proper
representation for the target link has been proven enough to
predict links and their weights, avoiding whole processing graphs.
However, it is compulsory to provide a node labelling technique
to use an enclosing subgraph extraction approach. Further mod-
els can be generalised over different subgraphs by consistently
labelling nodes to learn predictions. Additionally, the node la-
belling technique must preserve the topological directionality
towards the target link to get the best performance, providing a
mechanism for the model to focus on specific nodes.

Regarding the CNN layer, it does not improve the baseline
when nodes are randomly ordered (version 1 to 3). However,
it improves the efficiency when we apply the W-WL algorithm
(version 3 to 4). This fact is due to the randomness of node order
in the subgraph. When the labelling technique is applied, the
nodes’ structure and roles arise, providing proper criteria for the
CNN to learn.
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Table 5
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Results for each version of the algorithm applied to the Airport dataset. We report the Pearson Correlation Coefficient
and the Mean Squared errors with the Standard Deviation for 25 trials on each version. We also provide the
improvement percentage of every version with regard to the previous one for each metric.

Ver. MSE Impr. PCC Impr.

1 1.89e—4 + 2.6e—5 0.456 + 0.033

2 1.52e—4 £ 3.2e—5 24.34% (v1) 0.595 + 0.129 23.36% (v1)
3 2.05e—4 + 3.2e—5 —25.85% (v2) 0.412 £ 0.088 —44.41% (v2)
4 1.69e—4 + 4.2e—5 21.3% (v3) 0.601 £ 0.127 31.44% (v3)

5.6. Experiments results and discussions

Finally, we present the conclusions and answers obtained to
the questions formulated at the beginning of the section:

How well does LWP-WL perform in the link weight prediction task
compared to the state-of-the-art models? Do the best performing
models share any common characteristics?

The experiments performed in this section present the LWP-
WL algorithm as the new state-of-the-art model for link weight
prediction. The approach provides two main improvements over
the compared models: (a) the extraction and ordering of nodes
in subgraphs which provides a structural organisation pattern for
the model, and (b) the performance and scalability obtained from
the use of specific CNNs for the link weight prediction task.

Remarkably, the best performing models, i.e. LWP-WL, GCN,
Node2vec and ModelR, are based on representation learning tech-
niques. They all learn representations for the nodes in the graph
to perform the link weight prediction task. Furthermore, LWP-
WL, GCN and Node2vec use a convolution (Node2vec does it via
random walk) to obtain such representations. We conclude that
the models most capable of generating the best representations
for the nodes in the graph are the most successful. To do so,
aggregating information from the most significant neighbours
and nodes is critical. However, the main issue is that models need
consistent node ordering criteria when learning such representa-
tions. Otherwise, whether a node plays a vital role in the graph
or lies as a simple disconnected node is irrelevant for the model.
LWP-WL and GCNs are the best performing models because they
encode structural roles via the WL algorithm, and thus, they have
a criterion to generalise over training samples.

How scalable is LWP-WL compared to the best models? Does it
perform well in big graphs? How can we achieve graph size-wise
independent scalability?

We conclude that LWP-WL is a scalable approach that can han-
dle big-sized graphs with even millions of nodes. Furthermore,
the presented experiments show LWP-WL as an even contender
with GCNs for big-sized graphs.

The main problem when working with graph-based methods
is to make them independent of the graph size. The subgraph
extraction method makes LWP-WL invariant to the number of
nodes in the graph to solve such an issue, i.e. to predict a link
weight, we only need a minor part of the graph. However, not
scaling to the number of nodes in the graph comes at the cost
of the computational and time complexity of the W-WL labelling
algorithm. Nevertheless, the time needed to compute the W-WL
algorithm for a given subgraph will always stay the same, while
models that process the whole graph will linearly scale to the
number of nodes in such graph.

What is the impact of the structural roles for nodes and, thus,
the Weighted-WL graph labelling algorithm? And the special edge-
to-edge and edge-to-node filters?

As we presented in the ablation study, the W-WL algorithm
is the essential aspect of LWP-WL. The algorithm improves the
model’s performance, even making the LWP-WL without the CNN
version significantly worse. This conclusion aligns with the strong
performance of GCNs for the task. GCNs, as LWP-WL do also

10

encode structural roles in the model, improving the performance
and making GCNs a strong baseline.

Nevertheless, the CNN layer and the special edge-to-edge and
edge-to-node filters prove themself an important addition to the
model by improving its performance once the W-WL algorithm
has been applied. Due to the structure that the algorithm pro-
vides, CNNs can properly apply convolutions over graph data and
obtain superior performance compared to fully hidden layers.

6. Conclusion and future work

Inspired by the WLNM, we presented a link weight prediction
approach, LWP-WL, that learns graph structure features from
subgraphs. We have presented a graph labelling technique for
weighted graphs that allows a neural network model to predict
the weights of links. This neural network contains a Convolutional
Neural Network layer that operates over the extracted subgraphs’
adjacency matrices. It does apply unique edge to node and edge
to edge filters taking advantage of the graph representation. Our
experimental results present higher accuracy, performance and
scalability than the state-of-the-art technique on every tested
dataset. LWP-WL can learn graph structure features in differ-
ent graphs, providing a solid baseline for an extensive set of
applications.

We want to explore further the impact that Convolutional
Neural Networks have on graph representations in the form of
matrices. Finally, we also want to apply different strategies to the
enclosing subgraph extraction process, focusing on strategies that
might implicitly apply the Weisfeiler-Lehman algorithm.
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