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Abstract

This paper presents a multiscale model that captures the complex dynamics of coeliac
disease, a chronic T-cell-mediated autoimmune disorder triggered by gluten ingestion in
genetically susceptible individuals. Grounded in the mathematical kinetic theory of active
particles, the model captures the intricate dynamics of the immunological cascade that leads
to small intestinal damage, involving complex interactions across molecular, cellular, and
tissue scales. This approach explicitly models the different functional subsystems involved
and examines the role of molecular messengers in shaping these dynamics, focusing on
gluten recognition and immune system activation. Simulations demonstrate that the model
can reproduce significant clinical and biological observations of coeliac disease, suggesting
its potential to inform therapeutic strategies.
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1. Introduction
According to the European Society for Pediatric Gastroenterology, Hepatology, and

Nutrition (ESPGHAN) guidelines, coeliac disease (CD) is defined as a systemic immune-
mediated disorder triggered by gluten in genetically susceptible individuals [1]. It is
characterised by a variable combination of clinical manifestations, disease-specific anti-
bodies, HLA-DQ2 or HLA-DQ8 haplotypes, and enteropathy. The disease is associated
with intestinal damage, including increased numbers of intraepithelial and lamina pro-
pria lymphocytes, villous atrophy, mucosal remodelling, and the presence of anti-tissue
transglutaminase (anti-TG2) antibodies [2].

Until relatively recently, CD was previously considered primarily a malabsorption
syndrome triggered by gluten rather than a complex immune-mediated disorder. However,
advances in research have substantially improved the understanding of its pathophysiol-
ogy [3,4], allowing the identification of clinical conditions previously attributed to other
diagnoses. As a result, the number of diagnosed cases has increased markedly, and CD has
become a significant public health concern in many countries. A systematic review and
meta-analysis published in 2018 reported a global seroprevalence of 1.4% and a biopsy-
confirmed prevalence of 0.7% [5].
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Although diagnostic rates and scientific knowledge have grown considerably in recent
years, research on CD remains in an active phase of development, highlighting the need for
disease-specific mathematical models to improve understanding of its mechanisms [6].

At present, the only effective treatment for CD is a strict, lifelong gluten-free diet. The
development of alternative therapeutic strategies relies on a detailed understanding of
the mechanisms involved in disease onset and progression, including altered intestinal
permeability and autoimmune responses.

In individuals with coeliac disease (CD), gluten ingestion results in the generation of
peptides that persist within the intestinal lumen due to incomplete proteolytic digestion.
These peptides can cross the epithelial barrier and reach the lamina propria. Tissue transglu-
taminase 2 (TG2), released from damaged enterocytes or present extracellularly, deamidates
specific glutamine residues within gluten peptides, converting them into negatively charged
glutamate residues [7]. This modification increases the binding affinity of gluten-derived
peptides to HLA-DQ2 and HLA-DQ8 molecules expressed on antigen-presenting cells in
genetically susceptible individuals [8]. The resulting peptide–HLA complexes are recog-
nised by gluten-specific CD4+ T lymphocytes located predominantly in the lamina propria,
leading to activation of the adaptive immune response, B-cell stimulation, and production
of anti-TG2 antibodies. Activated CD4+ T-cells secrete pro-inflammatory cytokines such as
IFN-γ, thereby amplifying mucosal inflammation. This inflammatory milieu promotes the
activation of cytotoxic CD8+ intraepithelial lymphocytes (IELs), which mediate epithelial
cell damage and contribute to villous atrophy, a hallmark feature of the disease [9]. Recent
studies have shown that the activation of cytotoxic IELs and the resulting epithelial dam-
age require cooperation between cytokines released by gluten-specific CD4+ T-cells [10].
Activation of IELs enhances the production of IFN-γ and cytotoxic molecules and upreg-
ulates the expression of natural killer receptors [11]. A more detailed discussion of these
mechanisms can be found in the doctoral thesis of Martínez [2].

Mathematical modelling of coeliac disease has evolved substantially over the past
decades, reflecting a broader shift toward quantitative and systems-level approaches in
immunology and gastroenterology. Early contributions relied on phenomenological or
statistical descriptions of clinical manifestations, such as growth impairment and recovery
under a gluten-free diet [12]. More recent work has introduced mechanistic frameworks
grounded in systems biology, aiming to capture the interplay between gluten exposure,
epithelial barrier regulation [13], and the adaptive immune response, including the role
of HLA-DQ2/8 complexes [14]. These developments highlight the inherently multiscale
nature of coeliac disease, where processes ranging from peptide processing and zonulin-
mediated permeability changes to T-cell activation and cytokine-driven tissue damage
interact across molecular, cellular, and tissue levels [15].

Within this context, kinetic and agent-based approaches—particularly those inspired
by the kinetic theory of active particles (KTAP)—have emerged as powerful tools for de-
scribing interacting biological populations whose behaviour depends on internal states,
external cues, and adaptive responses [16,17]. KTAP-based models have been successfully
applied to immune competition, signalling dynamics, and host–pathogen interactions [18],
and provide a natural foundation for studying the coupling between gluten translocation,
epithelial permeability, and immune activation in coeliac disease. In this article, we ex-
tend the KTAP framework to derive a genuinely multiscale model that integrates gluten
dynamics, zonulin-mediated permeability modulation, T-cell activation, and cytokine pro-
duction, incorporating molecular messengers [19–21]. This perspective aligns with the
growing recognition—reinforced by the 2025 Nobel Prize in Medicine [22]—that immune
phenomena must be understood through the coordinated action of processes operating
across multiple organisational scales.
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The paper is structured as follows: Section 2 introduces the mathematical structure,
presents the mathematical model, and analyses the main analytical properties of the re-
sulting integro-differential system. Section 3 explores its qualitative behaviour through
numerical simulations, including single gluten exposure, repeated dietary intake, and
variations in immune proliferation rates. Finally, Section 4 discusses the implications of the
results and outlines perspectives for future research.

2. A Multiscale KTAP Model for Gluten–Immune Interactions in
Coeliac Disease

In this section, we formulate a multiscale mathematical model for the interaction
between dietary gluten and the immune system in coeliac disease, within the framework
of the KTAP. This approach is designed to describe systems of interacting living entities
characterised by heterogeneity, nonlinear interactions, and feedback mechanisms, which
cannot be adequately captured by classical compartmental models [17].

The KTAP framework provides a suitable theoretical foundation for describing systems
of interacting living entities, referred to as active particles (a-particles). These particles are
grouped into aggregations in which each entity expresses the same biological function,
encoded by an internal variable called activity. Such aggregations are referred to as functional
subsystems (FSs).

The microscopic state of the system is described by a family of distribution functions

fi = fi(t, u) : [0, T]× Du → R+, i = 1, . . . , n

where u ∈ Du denotes the activity variable and the index i identifies the i-th FS.
Macroscopic variables of biological relevance are obtained as weighted moments of

the distribution functions. In particular, the density of each FS is defined as

ni = ni(t) =
∫

Du
fi(t, u) du,

while the mean activity is given by

ai = ai(t) =
1

ni(t)

∫
Du

u fi(t, u) du.

According to the KTAP approach, the time evolution of a general system composed of
n FSs is governed by a system of balance equations of the form

∂t fi(t, u) = Ji[f](t, u) =
(
Gi −Li + Pi −Di

)
[f](t, u), (1)

where f = { fi} denotes the collection of all distribution functions. The operator Ji models
gain and loss mechanisms in the elementary volume [u, u + du] of the activity space.
Specifically, Gi and Li describe conservative interactions, while Pi and Di account for
proliferative and destructive processes, respectively [19].

For FSs that do not exhibit an internal activity structure, the description naturally
reduces to scalar densities concentrated at a fixed activity value.

In the context of coeliac disease, the proposed framework explicitly accounts for
dietary gluten peptides, immune cell populations with heterogeneous activation states,
molecular messengers mediating immune responses, and a macroscopic variable repre-
senting intestinal permeability. The coupling between microscopic kinetic dynamics and
macroscopic tissue properties gives rise to nonlinear feedback loops that are known to be
central to the onset and persistence of the disease.
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The following subsections introduce the specific FSs considered in the model, the
associated kinetic equations, and the biological interpretation of the interaction mechanisms
encoded in the mathematical structure.

2.1. Functional Subsystems and Scales

We consider five FSs, together with one macroscopic tissue variable representing in-
testinal permeability. A schematic representation of the FSs and interactions is presented in
Figure 1. From a physiological point of view, Figure 2 illustrates the pathway encoded in the
KTAP model: it links the translocation of dietary gluten peptides across the epithelium with
zonulin-mediated modulation of permeability, the activation of gluten-specific T-cells, and
the subsequent secretion of effector cytokines. The functional subsystems f1 to f5 formalize
these coupled processes across molecular, cellular, and tissue scales, while the feedback
loops between permeability and gluten transfer capture the amplification mechanisms
characteristic of the coeliac condition. As in the KTAP framework, each FS is described by
a distribution function over a microscopic activity variable, whenever appropriate.

Apical gluten
f1(t; û1)

Basolateral gluten
f2(t; û2)

Gluten-specific T-cells
f4(t, u)

Intestinal permeability
p(t)

Zonulin
f3(t; û3)

Effector cytokines
f5(t; û5)

translocation

antigenic stimulus

zonulin induction

increases

permeability

cytokine secretion

inflammatory damage

enhances transfer

Figure 1. Schematic representation of the multiscale interactions in the KTAP model for coeliac disease.

FS1 (i = 1): Apical gluten. This subsystem models the dynamics of immunogenic gluten
peptides (e.g., gliadin-derived fragments) present in the intestinal lumen at the apical
surface of the small intestine. Since we do not attribute an internal activity state to these
peptides, the FS is described by a scalar density

f1 = f1(t; û1),

which may be interpreted as the concentration of gluten peptides in the lumen.

FS2 (i = 2): Basolateral gluten. This subsystem describes the dynamics of gluten peptides
that have translocated across the epithelial barrier and are present in the lamina propria at
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the basolateral side, where they are available for processing and presentation by antigen-
presenting cells. Again, we neglect internal activity and describe this FS by the scalar density

f2 = f2(t; û2).

Figure 2. Schematic representation of the multiscale interactions encoded in the KTAP model for
coeliac disease. Dietary gluten peptides initiate a cascade involving apical and basolateral transport
( f1, f2), zonulin release and permeability modulation ( f3, p(t)), activation of gluten-specific T-cells
( f4), and secretion of effector cytokines ( f5). The model couples these processes across molecular,
cellular, and tissue scales through nonlinear feedback mechanisms, capturing the amplification of
immune responses characteristic of the coeliac condition.

FS3 (i = 3): Zonulin and permeability-related messengers. This subsystem represents
the dynamics of zonulin and related molecular mediators that regulate tight junctions and,
consequently, intestinal permeability. These molecules are released in response to apical
gluten exposure and modulate the macroscopic variable representing epithelial barrier
integrity. Their state is described by

f3 = f3(t; û3).

FS4 (i = 4): Gluten-specific T-cells. This subsystem aggregates gluten-specific CD4+

T-cells, including naive, activated, and memory phenotypes. The activation status of each
cell is encoded in a microscopic activity variable

u ∈ [0, 1],

where u = 0 denotes naive or non-activated cells and u = 1 corresponds to highly activated
or memory effector cells. The state of FS4 is given by the distribution

f4 = f4(t, u), u ∈ Du = [0, 1].

The total T-cell population is

n4(t) =
∫ 1

0
f4(t, u) du.
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FS5 (i = 5): Effector cytokines. This subsystem represents a lumped population of
pro-inflammatory cytokines produced by gluten-specific T-cells, such as TNF, IFN-γ, and
related mediators. These molecules contribute to tissue damage and increased permeability.
They are modelled by the scalar density

f5 = f5(t; û5).

Macroscopic tissue variable: Intestinal permeability. In addition to the above FSs, we
introduce a macroscopic variable

p = p(t) ∈ R+,

representing the permeability of the small intestine. Low values of p correspond to a tight
barrier with intact villi, while high values describe increased permeability and disrupted
tight junctions.

Remark 1. The multiscale character of the model arises not only from the coexistence of entities
acting at different biological scales—gluten peptides (molecular scale), cytokines and zonulin (molec-
ular mediators), T-cells (cellular scale), and intestinal permeability (tissue/organ scale)—but also
from the hierarchical coupling between these scales. In particular, lower-scale molecular processes
regulate higher-scale cellular and tissue-level dynamics, while cross-scale feedback mechanisms
further interconnect the system.

2.2. Model Equations

The model dynamics result from phenomenological assumptions inspired by the
biological mechanisms of coeliac disease. We denote by I(t) the exogenous input of gluten
into the lumen, corresponding to dietary intake. For simplicity, we assume that the activity
variable is fixed for FSs 1, 2, 3, and 5, so that fi = fi(t; ûi) for i = 1, 2, 3, 5. The only FS with
an internal activity structure is FS4 (T-cells).

Apical gluten (FS1)

The temporal evolution of apical gluten is governed by dietary intake, degradation,
and transfer to the basolateral side through the intestinal barrier:

∂t f1(t; û1) = I(t)− d1 f1(t; û1)− Φ
(

p(t)
)

f1(t; û1), (2)

where d1 > 0 is the effective degradation or clearance rate of gluten in the lumen, and Φ(p)
is the transfer rate across the epithelial layer.

Basolateral gluten (FS2)

Basolateral gluten increases by translocation from the lumen and decreases by degra-
dation and clearance in the lamina propria:

∂t f2(t; û2) = Φ
(

p(t)
)

f1(t; û1)− d2 f2(t; û2), (3)

where d2 > 0 is the effective decay rate of basolateral gluten.

Zonulin and permeability messengers (FS3)

Zonulin and related permeability-modulating messengers are produced in response
to apical gluten and play a key role in regulating intestinal permeability [23]:

∂t f3(t; û3) = c f1(t; û1)− d3 f3(t; û3), (4)
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where c > 0 is the rate at which apical gluten induces zonulin production and d3 > 0 is the
zonulin decay rate.

Gluten-specific T-cells (FS4)

The distribution f4(t, u) of gluten-specific T-cells evolves due to activation by ba-
solateral gluten and natural death. Following the KTAP structure used in Equation (1),
we write:

∂t f4(t, u) = f2(t; û2)
∫ 1

0
µ42(u∗)B42(u∗ → u | u∗) f4(t, u∗) du∗

− µ42(u) f4(t, u) f2(t; û2)− d4 f4(t, u) + κ(u) f2(t; û2) f4(t, u),
(5)

for u ∈ [0, 1], where

• µ42(u) is the interaction (activation) rate between T-cells of activity u and basolat-
eral gluten. To encode genetic predisposition (e.g., presence of HLA-DQ2/8), we
can choose

µ42(u) = µ̂42(1 + u), µ̂42 ≥ 0,

with higher values in coeliac subjects compared to tolerant individuals.
• B42(u∗ → u | u∗) is the transition probability density for activity changes upon

interaction with antigen. A natural choice is a kernel biased towards higher activation,
such that interactions tend to move cells towards larger values of u, as will be specified
in the following section. More precisely, the kernel B42 is assumed to satisfy the
following standard KTAP properties: (i) non-negativity, B42(u∗ → u | u∗) ≥ 0;
(ii) normalisation,

∫ 1

0
B42(u∗ → u | u∗) du = 1 for all u∗ ∈ [0, 1],

which ensures that it defines a probability density; and (iii) activation bias, in the
sense that the expected post-interaction activity is larger than or equal to the pre-
interaction one.
Under these assumptions, the gain and loss terms in Equation (5) preserve the total
number of T-cells in the absence of proliferation and death. Indeed, integrating over
u ∈ [0, 1], the contribution of the interaction operator vanishes due to the normalisation
of B42, consistently with the conservative structure of KTAP interactions.

• d4 > 0 is the relaxation rate of T-cells.
• κ(u) is the proliferation rate of immune cells, which depends on the activation status.

The term proportional to κ(u) models the clonal expansion of T-cells induced by
antigenic stimulation. From a biological viewpoint, activated CD4+ T-cells undergo
proliferation upon recognition of antigen-presenting cells, with higher proliferation
rates associated with higher activation states [24,25]. This is consistent with the
structure of the term, which is proportional to both f2 (antigen presence) and f4

(available T-cells). Accordingly, κ(u) is taken as an increasing function of u, which is
consistent with previous multiscale kinetic models of immune dynamics [18,19].

Effector cytokines (FS5)

Effector cytokines are produced by activated T-cells and decay naturally. Their total
density, following the ideas in [19], is modelled as:

∂t f5(t; û5) =
∫ 1

0
r5(u) f4(t, u) du − d5 f5(t; û5), (6)

where
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• r5(u) is the production rate of effector cytokines by T-cells of activation u. A natural
choice is an increasing function of u, for instance

r5(u) = r̂5(1 + u),

where r̂5 is the production rate of messengers by the immune system.

Intestinal permeability

The macroscopic permeability p(t) is driven by zonulin and by inflammatory damage
mediated by effector cytokines, while relaxing towards lower values in the absence of
stimuli. T-cell activity contributes indirectly through cytokine production:

p′(t) = α3
f3(t; û3)

a3 + f3(t; û3)
+ α5

(
f5(t; û5)− f phys

5
)
+

a5 +
(

f5(t; û5)− f phys
5

)
+

− dp p(t), (7)

where

• α3 > 0 and a3 > 0 control the effect of zonulin on permeability through a saturating
response;

• α5 > 0, a5 > 0 and f phys
5 ≥ 0 describe the additional damage induced by effector

cytokines above a physiological level;
• dp > 0 is the relaxation rate of the epithelial barrier;
• the notation (·)+ := max{·, 0}.

The permeability equation is introduced as an effective phenomenological closure
describing the macroscopic response of the epithelial barrier to molecular and cellular
stimuli. This formulation is consistent with previous ODE models of coeliac disease,
in particular, the one proposed in [26], where permeability is driven by zonulin and
inflammatory mediators.

The first term represents zonulin-induced modulation of tight junctions and is mod-
elled through a saturating Hill-type function, reflecting receptor-mediated mechanisms
and the limited opening of intercellular junctions. The second term accounts for cytokine-
induced tissue damage and is activated only above physiological baseline levels, consis-
tently with the fact that inflammatory effects arise when cytokine concentrations exceed
homeostatic thresholds. Both contributions are assumed to saturate for large values of the
stimuli, preventing unbounded growth and reflecting biological constraints. The relaxation
term models the natural recovery of epithelial integrity in the absence of inflammation.

We stress that this equation is not derived from first principles, but provides a macro-
scopic closure capturing the aggregate effect of multiple biological mechanisms regulating
intestinal permeability.

Summary of the model

Collecting Equations (2)–(6), the KTAP model for coeliac disease is given by the
following integro-differential system:

https://doi.org/10.3390/math14081333
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

∂t f1(t; û1) = I(t)− d1 f1(t; û1)− Φ
(

p(t)
)

f1(t; û1),

∂t f2(t; û2) = Φ
(

p(t)
)

f1(t; û1)− d2 f2(t; û2),

∂t f3(t; û3) = c f1(t; û1)− d3 f3(t; û3),

∂t f4(t, u) = f2(t; û2)
∫ 1

0
µ42(u∗)B42(u∗ → u | u∗) f4(t, u∗) du∗

−µ42(u) f4(t, u) f2(t; û2)− d4 f4(t, u) + κ(u) f2(t; û2) f4(t, u),

∂t f5(t; û5) =
∫ 1

0
r5(u) f4(t, u) du − d5 f5(t; û5),

p′(t) = α3
f3(t; û3)

a3 + f3(t; û3)
+ α5

(
f5(t; û5)− f phys

5
)
+

a5 +
(

f5(t; û5)− f phys
5

)
+

− dp p(t).

(8)

Remark 2. The above system reduces, under suitable aggregations and parameter choices, to ODE
models similar to those proposed in [26]. The present formulation, however, explicitly accounts
for heterogeneity in T-cell activation and for the multiscale interactions between gluten peptides,
molecular messengers, immune cells, and tissue-level permeability.

2.3. Biological Role of Intestinal Permeability

A key feature of coeliac disease is the dysregulation of intestinal permeability, as
documented in clinical and translational studies on intestinal barrier function in coeliac
patients [2]. Under physiological conditions, the epithelial barrier acts as a selective filter:
nutrients are absorbed, whereas large dietary proteins, including immunogenic gluten
peptides, remain confined to the intestinal lumen. This selectivity is maintained by tight
junctions between epithelial cells, whose opening and closing are tightly regulated.

When permeability increases, this filtering function is compromised. As a conse-
quence, partially digested gluten peptides—particularly the highly immunogenic 33-mer
fragments—gain access to the lamina propria. Once in this compartment, gluten peptides
are deamidated by tissue transglutaminase (tTG) and presented by HLA-DQ2/8 molecules
on antigen-presenting cells. This process triggers the activation and clonal expansion of
gluten-specific CD4+ T-cells, which in turn produce pro-inflammatory cytokines such as
TNF, IFN-γ, and IL-21. These cytokines damage the epithelium, disrupt tight junctions,
and further increase permeability.

Thus, increased permeability is not merely a consequence of inflammation; it is a driver
of the pathogenic loop. It enables gluten to reach immune-competent regions, amplifies
T-cell activation, and sustains a self-reinforcing cycle of inflammation and tissue damage.
This positive feedback is central to the chronicity of coeliac disease and to the transition
from a healthy to a pathological state.

2.4. Choice of the Transfer Function Φ(p)

Consistent with the ODE model in [26], we assume that transfer is negligible if the
permeability is below a critical threshold, and saturates for large permeability, following a
Hill-type scheme:

Φ(p) = αp
(p − Pcrit)+

ap + (p − Pcrit)+
,

where αp > 0 is the maximum transfer rate, Pcrit > 0 is a critical permeability level, and
ap > 0 is a half-saturation constant.
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Notice that this structure reflects three biological principles, namely: (i) the existence
of a permeability threshold; (ii) a nonlinear increase once the barrier is compromised; and
(iii) saturation at high permeability.

Together, these properties ensure that Φ(p) captures the essential qualitative behaviour
of gluten translocation: negligible at low permeability, rapidly increasing once the barrier
is compromised and saturating at high permeability. This structure is consistent with
previous ODE models of coeliac disease, such as the one proposed in [26], while naturally
integrating into the multiscale KTAP framework.

2.5. Analytical Properties of the KTAP System

In this subsection, we establish basic analytical properties of the integro-differential
system governing the functional subsystems fi and the macroscopic permeability variable
p(t). These results ensure well-posedness of the model and justify the qualitative behaviour
observed in the simulations presented in Section 3.

The mathematical structure of system (8) fits into the general framework of KTAP mod-
els developed in previous works on multicellular systems and immune competition [27,28].
In these references, existence, uniqueness, and positivity of mild solutions are established
for a broad class of nonlinear kinetic equations with gain–loss operators, bilinear interaction
terms, and bounded transition kernels. In the following, we outline how system (8) satisfies
the structural assumptions required in these theorems.

The state of the system at each time t is given by

U(t) =
(

f1(t), f2(t), f3(t), f5(t), f4(t, ·), p(t)
)
∈ X := R4 × L1(0, 1)×R.

Solutions are trajectories U(·) ∈ C([0, T]; X), i.e., continuous in time with values in X. The
choice of L1(0, 1) for the T-cell distribution is standard in KTAP models, since f4(t, ·) represents
a density over the activity variable and the interaction operators are continuous in L1.

Now, notice that each equation in (8) is composed of (i) linear decay terms with
bounded coefficients; (ii) bounded production terms (e.g., gluten input, zonulin release,
cytokine secretion); (iii) bilinear interaction terms of the form fi f j with bounded kernels;
(iv) integral operators with normalised transition probability densities; and (v) a macro-
scopic ODE for p(t) with smooth saturating nonlinearities. All coefficients and kernels are
assumed to be non-negative and bounded, and the functions Φ(p), µ42(u), κ(u), and r5(u)
are continuous and bounded on their domains. Under these assumptions, the right-hand
side of (8) defines a locally Lipschitz operator on X, as required in the general KTAP theory.

Relying on fixed-point arguments in Banach spaces and on the positivity-preserving
structure of KTAP operators, we obtain the following:

Theorem 1 (Well-posedness of the KTAP–CD system). Let the initial data satisfy fi(0) ≥ 0
and p(0) ∈ [0, pmax]. Assume that all coefficients and kernels in system (8) are bounded and
non-negative, and that the transition kernel B42 is a probability density. Then there exists a time
T > 0 and a unique mild solution

U ∈ C([0, T]; X)

to system (8). Moreover, positivity and boundedness are preserved:

fi(t) ≥ 0, p(t) ∈ [0, pmax], ∀ t ∈ [0, T].

For a complete proof, we refer the readers to Refs. [27,28]. We emphasise that the
structure of (8) is a direct instance of the general class of nonlinear kinetic equations treated
there, and the presence of the macroscopic permeability variable p(t) does not alter the
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fixed-point argument, since its evolution is governed by a Lipschitz ODE coupled to the
kinetic system.

3. Numerical Results
The mathematical model introduced in Section 2 describes the multiscale interac-

tions between gluten peptides, epithelial permeability, and the adaptive immune response
through the integro-differential system (8). To assess the qualitative behaviour of the model
and explore its predictive capabilities, we perform a series of numerical simulations that
examine how gluten translocation, zonulin release, T-cell activation, and cytokine produc-
tion jointly shape the intestinal response. Particular attention is paid to the parameters that
govern the coupling between functional subsystems, such as the gluten clearance rate, the
sensitivity of T-cells to antigenic stimulation, and the impact of zonulin and cytokines on
epithelial permeability.

Regarding the activity variable, which is heterogeneously distributed among immune
cells from FS4, it will be discretised for computational purposes. We introduce a finite set of
discrete activity levels uj, j = 1, . . . , m, where u1 = 0 and um = 1 represent the lowest and
highest activation states, respectively, while intermediate values correspond to biologically
meaningful stages of T-cell responsiveness. The state of the system is therefore described
by the discrete probability distribution { f4(t, uj)}m

j=1.
In this discrete setting, the transition probability density B42 is replaced by a nearest-

neighbour transition kernel. A cell at level uj may transition to the adjacent higher state
uj+1 with probability β1, or to the adjacent lower state uj−1 with probability β2, while
remaining at the same level with the complementary probability 1 − β1 − β2.

This discrete transition operator can be interpreted as a consistent approximation
of the continuous kernel B42. In particular, it preserves the key structural properties of
the continuous formulation, including non-negativity and normalisation, and ensures
conservation of the total T-cell density. Moreover, the bias toward higher activation levels
is retained through the choice of transition probabilities, guaranteeing coherence between
the continuous model and its numerical implementation.

This simplified structure preserves the directional bias of activation dynamics, ensures
mass conservation, and provides a computationally efficient approximation of the continu-
ous transition operator. In addition, following the ideas in [18,19], the proliferation rate of
immune cells is modelled as κ(u) = κ̂(1 + u).

The numerical integration of the discretised system was carried out in MATLAB

(R2023b) using the adaptive Runge–Kutta solver ode45, which implements the Dormand–
Prince method. After discretising the activity variable into m = 4 levels, the integro-
differential model reduces to a finite-dimensional system of ODEs, which is passed to the
routine ode45 together with the initial condition vector. The integral term in the equation
for f4 is evaluated as a weighted sum over the discrete activity levels. Convergence was ver-
ified by repeating simulations with stricter tolerances and with finer activity discretisations,
yielding negligible differences in all output variables.

In this section, we focus on two representative case studies corresponding to (i) differ-
ent physiological conditions and (ii) single and multiple ingestion of gluten.

The initial conditions are listed in Table 1. In addition, Table 2 shows the estimated val-
ues of the model parameters and the ranges over which they vary. All reference parameters
are taken from previous studies [18,19,26,29]. It is important to comment on the biological
grounding of the model parameters. Those directly associated with gliadin dynamics,
zonulin release, and epithelial permeability are based on the detailed calibration performed
in [26], where the gliadin–zonulin subsystem was fitted to the experimental measurements
presented in [30]. In that study, zonulin concentrations were recorded at several time points
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after exposing rat intestinal epithelial cells to 0.1 mg/mL of gliadin, and the corresponding
model parameters were estimated by minimising the discrepancy between the model out-
put and the experimental data. These fitted values provide biologically grounded estimates
for the core components of the coeliac pathway. Parameters for which no coeliac-specific
measurements are available were taken from related modelling studies in immunology
and epithelial transport, and their ranges were chosen to remain within physiologically
plausible regimes.

Table 1. Initial conditions (t = 0) for numerical simulations.

Description Units Baseline Value

Apical gluten density n1(0) [26] mg/mL 0.1
Basolateral gluten density n2(0) [26] mg/mL 0.01
Zonulin/permeability messengers n3(0) [26] pg/mL 0
T-cell density n4(0) [26] cells/mm3 0.2
Effector cytokines n5(0) [19] molecules/mm3 0
Intestinal permeability p(0) [26] dimensionless 0.01

Table 2. Summary of model parameters.

Parameter Meaning Units Baseline Value or Range

d1 Degradation rate of apical gluten (FS1) [26] 1/time [0.0324, 0.0363]
d2 Decay rate of basolateral gluten (FS2) [26] 1/time 0.001

c Zonulin production rate induced by apical gluten
(FS3) [26] pg/mL·time [0.8638, 0.9065]

d3 Zonulin decay rate (FS3) [26] 1/time [0.3, 0.7315]
µ̂42 Baseline activation coefficient [19] 1/time [0.001, 0.1]
d4 Natural relaxation rate of T-cells (FS4) [29] 1/time [0.001, 0.1]
r̂5 Baseline cytokine production coefficient [19] 1/time [0.0001, 0.005]
d5 Decay rate of effector cytokines (FS5) [19] 1/time 0.01
α3 Zonulin-induced permeability increase coefficient [26] 1/time 0.1
a3 Saturation constant for zonulin effect [26] pg/mL 3

α5
Cytokine-induced permeability increase
coefficient [26] 1/time [0.02, 0.08]

a5 Saturation constant for cytokine effect [26] cells/mm3 5
f phys
5

Physiological baseline level of effector cytokines molecules/mm3 0.01
dp Relaxation rate of epithelial barrier permeability [26] 1/time [0.008, 0.015]
Pcrit Critical permeability level [26] dimensionless [0.1, 0.15]

αp
Maximum transfer rate of gluten from apical to
basolateral zone [26] 1/time [1, 10]

ap Saturation constant for permeability [26] dimensionless [0.5, 5]
β1 Transition towards high activated immune levels [19] dimensionless 0.1
β2 Transition towards less activated immune levels [19] dimensionless 0.05
κ̂ Proliferation rate of immune cells mL/time [0.1, 1]

3.1. Single Gluten Challenge

We first examine the response to a single gluten intake. A single ingestion of gluten
by someone with coeliac disease or severe sensitivity can trigger acute symptoms like
diarrhoea, abdominal pain, and fatigue, typically beginning within an hour and lasting
up to several days [31]. This experiment highlights the contrast between a non-coeliac
individual, in whom gluten elicits only a mild and self-limited reaction, and a coeliac
individual, in whom the same stimulus triggers a markedly amplified immune cascade.

Parameter values and initial conditions are those presented in Tables 1 and 2. Those
parameters which are varied for coeliac and non-coeliac individuals are summarised in Table 3.
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Table 3. Parameter values used in the non-coeliac and coeliac simulations.

Parameter Meaning Non-Coeliac Individual Coeliac Individual

c Zonulin production rate induced by apical gluten
(FS3) 0.86 0.90

d3 Zonulin decay rate (FS3) 0.73 0.30
d4 Natural relaxation rate of T-cells (FS4) 0.03 0.01
α5 Cytokine-induced permeability coefficient 0.02 0.08
dp Permeability relaxation rate 0.012 0.008

In the non-coeliac case, apical gluten is rapidly cleared and only a small fraction crosses
the epithelial barrier, resulting in a modest and transient increase in basolateral gluten
(panels (a) and (b) of Figure 3). Zonulin release remains limited (panel (c)), permeability
exhibits only a slight deviation from baseline (panel (f)), and cytokine levels remain close
to physiological values (panel (e)), allowing the system to return quickly to equilibrium.
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Figure 3. Comparison between non-coeliac and coeliac individuals under a single gluten challenge
across all functional subsystems. Panels (a–f) show, respectively: apical gluten n1(t), basolateral gluten
n2(t), zonulin n3(t), total T-cell density n4(t), effector cytokines n5(t), and epithelial permeability p(t).
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In contrast, the coeliac simulation displays a qualitatively different behaviour. The
same gluten input produces a larger and more persistent peak in basolateral gluten, which
in turn drives a stronger zonulin response and a noticeable increase in permeability. T-cell
activation is substantially amplified, leading to a pronounced cytokine burst and a longer-
lasting inflammatory episode.

Figure 3 summarises these differences across all functional subsystems.

3.2. Repeated Gluten Exposure

We next examine the effect of periodic gluten intake, mimicking a regular diet.
Gluten intake is modelled as an exogenous forcing term I(t) acting on the apical

compartment (FS1). Mathematically, this is implemented through a Bateman-type profile,
consisting of a rapid increase followed by an exponential decay, a structure commonly
used to describe absorption–elimination processes in pharmacokinetics. This formulation
captures the fact that gluten concentration increases abruptly after ingestion but is subse-
quently cleared by luminal degradation and transit. For repeated dietary exposure, the
same pulse is applied periodically, generating a train of Bateman-like inputs that reproduce
the oscillatory pattern of gluten appearance associated with regular meals.

In the non-coeliac case, each gluten pulse induces only a small oscillation in apical
and basolateral gluten (panels (a) and (b) of Figure 4) and a mild, transient activation of
T-cells (panel (d)). Zonulin release remains limited (panel (c)), permeability stays close to
baseline (panel (f)), and cytokine levels remain low (panel (e)). The system recovers rapidly
between pulses, preventing any cumulative effect.

The coeliac case exhibits a markedly different pattern. Repeated gluten exposure leads
to progressive accumulation of basolateral gluten (panel (b)) and sustained activation of
T-cells (panel (d)). Zonulin release becomes more pronounced, particularly during the initial
pulses (panel (c)), driving a gradual elevation of permeability (panel (f)). Cytokine produc-
tion increases with each pulse (panel (e)), eventually establishing a chronic inflammatory
state. This behaviour reflects the characteristic loss of tolerance observed in coeliac disease.

0 50 100 150 200

Time

0

0.05

0.1

0.15

0.2

n
1
(t

)
(m

as
s/

vo
l)

Non-celiac
Celiac

(a) Apical gluten n1(t)

0 50 100 150 200

Time

0

0.2

0.4

0.6

0.8

n
2
(t

)
(m

as
s/

vo
l)

Non-celiac
Celiac

(b) Basolateral gluten n2(t)

0 50 100 150 200

Time

0

0.1

0.2

0.3

0.4

n
3
(t

)
(m

a
ss

/v
ol

) Non-celiac
Celiac

(c) Zonulin n3(t)

0 50 100 150 200

Time

0

2

4

6

n
4
(t

)
(c

el
ls
/v

ol
)

#104

Non-celiac
Celiac

(d) Total T-cell density n4(t)

Figure 4. Cont.
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Figure 4. Comparison between non-coeliac and coeliac individuals under repeated gluten intake
across all functional subsystems. Panels (a–f) show, respectively: apical gluten n1(t), basolateral
gluten n2(t), zonulin n3(t), total T-cell density n4(t), effector cytokines n5(t), and epithelial perme-
ability p(t).

Figure 4 summarises these differences across all functional subsystems under repeated
gluten intake.

3.3. Role of the Proliferation Parameter κ̂

Finally, we investigate the influence of the proliferation coefficient κ̂, which modulates
the expansion of activated T-cells. This parameter plays a central role in determining
whether the immune response remains controlled or becomes pathological.

In the non-coeliac case, increasing κ̂ from 0.1 to 0.5 produces only moderate changes:
cytokine levels rise slightly, but permeability remains stable and the system preserves
its ability to return to baseline, as shown in Figure 5. The immune response remains
self-limited across the entire range.

In the coeliac case, however, the effect of κ̂ is dramatic. For κ̂ = 0.1, the response
resembles the single-challenge scenario, with a pronounced but transient cytokine peak.
As κ̂ increases to 0.3 and 0.5, the system undergoes a qualitative transition: T-cell activation
becomes self-sustaining, cytokine levels grow explosively, and permeability rises sharply,
as can be seen in Figure 6. This behaviour reveals a bifurcation structure in which κ̂ acts as
a control parameter separating a stable regime from a pathological inflammatory state.
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Figure 5. Cytokines and permeability under varying κ̂ in the non-coeliac case.
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Figure 6. Cytokines and permeability under varying κ̂ in the coeliac case.

4. Conclusions and Perspectives
This work has introduced a multiscale mathematical model for coeliac disease based on

the kinetic theory of active particles. The model integrates the dynamics of gluten peptides,
zonulin-mediated modulation of intestinal permeability, and the activation of gluten-
specific T-cells and effector cytokines. The resulting framework captures the multiscale
nature of the system through entities acting at different biological scales, from molecular
messengers to cellular populations and tissue-level responses. This multiscale structure
constitutes the main novelty of the present contribution, as it allows for the emergence of
pathological patterns from the interplay of processes that cannot be understood in isolation.

The concept of messenger plays a central role in this setting. Zonulin, cytokines,
and permeability-related signals act as sub-particle entities that mediate the interactions
between active particles, shaping the transition from gluten ingestion to epithelial damage.
The model formalises how these messengers orchestrate the coupling between gluten
dynamics (FS1 and FS2), immune activation (FS4), and epithelial responses, while incor-
porating feedback loops that sustain inflammation in genetically predisposed individuals.
Our model captures the nonlinear feedback loops that drive the transition from a healthy
state to chronic inflammation in genetically susceptible individuals. Numerical simulations
reproduce key qualitative features of coeliac disease, including transient immune activation
in non-coeliac individuals and amplified, persistent responses in the coeliac condition.
These results highlight the potential of multiscale kinetic models to explain the nonlinear
mechanisms underlying autoimmune disorders.

A critical analysis of the model suggests several directions for further mathematical
development. The present formulation points toward the derivation of more general
differential systems capable of describing multicellular and molecular interactions with
higher resolution. This includes the possibility of incorporating additional sub-particle
scales, such as intracellular signalling pathways or gene-level regulatory mechanisms,
which are increasingly recognised as essential in the immunopathology of coeliac disease.
These perspectives are consistent with recent developments in the kinetic theory of active
particles [16,17,32], where multiscale interactions are regarded as a natural extension of
the theory. Indeed, all these considerations motivate the further development of the
kinetic theory of active particles toward a fully multiscale framework, where the interactive
dynamics of cells, sub-particles, and molecular mediators can be represented within a
unified differential structure.
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This research direction is reinforced by recent advances in immunology, including
the 2025 Nobel Prize in Medicine, awarded for contributions that operate precisely at the
interface between molecular-, cellular-, and tissue-level immune processes [22]. Within
such a scientific landscape, the KTAP framework offers a natural mathematical setting for
modelling the complexity of autoimmune diseases, complementing previous applications
to infectious diseases [33] and cancer dynamics [28].

In addition to these mathematical perspectives, the model also offers biologically
meaningful insights into the mechanisms underlying coeliac disease. By formalising the
coupling between gluten translocation, zonulin-mediated permeability changes, and T-cell
activation, the model connects naturally with existing immunological frameworks that em-
phasise HLA-DQ2/8-restricted antigen presentation, cytokine-driven amplification loops,
and barrier dysfunction as central drivers of pathology. At the same time, several limita-
tions must be acknowledged. Innate immune components and spatial heterogeneity are
represented in a simplified manner, parameter estimates rely partly on semi-quantitative
evidence, and the model is not intended to provide quantitative clinical predictions. Never-
theless, the structure of the model highlights potential therapeutic leverage points—such
as interventions targeting epithelial permeability or modulating gluten processing—that
align with current biological understanding and motivate future refinements.

Beyond mathematical considerations, the model opens avenues for dialogue with
biomedical and clinical research. By providing a structured representation of the mecha-
nisms that drive disease onset and progression, it may contribute to the design of predictive
tools capable of exploring patient-specific scenarios, dietary exposures, or therapeutic
interventions. Such tools could support the development of personalised strategies for
disease management, bridging the gap between theoretical modelling and clinical practice.

In summary, this work advances the mathematical study of coeliac disease by formal-
ising the multiscale interactions that underlie its immunopathology. The model’s structure
and simulations illustrate the potential of kinetic approaches to capture the nonlinear
dynamics of autoimmune responses. Further refinement and empirical validation will be
essential steps toward transforming these theoretical insights into practical contributions
for biomedical research and clinical applications.
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