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Abstract: Recent advances in fractional calculus and computation have enabled the develop-
ment of more accurate and flexible models for industrial process dynamics. Among these, the
Fractional First-Order Plus Dead-Time (FFOPDT) and Fractional Dual-Pole Plus Dead-Time
(FDPPDT) models have shown notable performance in representing systems with overdamped
step responses. This work introduces a unified analytical identification procedure for both
models, derived from the process reaction curve obtained through a simple open-loop step
test. The proposed methodology is validated through numerical simulations, and the results
demonstrate that it achieves comparable or superior performance to existing methods, with
the added benefits of analytical simplicity and computational efficiency, making it suitable for

industrial applications.
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1. INTRODUCTION

In industrial process control, accurate reduced-order mod-
els are essential for effective controller design, particularly
for PID-based systems. Traditionally, this has been ad-
dressed using integer-order models such as the First-Order
Plus Dead Time (FOPDT) and Second-Order Plus Dead
Time (SOPDT) structures (Astrom and Hagglund (2006)).
However, such models often fall short when representing
systems with long delays, memory effects, or anomalous
diffusion, as commonly observed in thermal, chemical, and
electrical systems (Sun et al. (2018); Petras (2019)).

To address these limitations, fractional-order models have
become increasingly popular due to their ability to de-
scribe system dynamics that lie between classical integer
orders through non-integer derivatives (Almeida et al.
(2016)). Among these, the Fractional First-Order Plus
Dead-Time (FFOPDT) model is widely used for its bal-
ance between simplicity and accuracy. Several analytical
identification techniques derived from the reaction curve
have been proposed, including graphical, three-point, and
generalized approaches (Tavakoli-Kakhki et al. (2010); Nie
et al. (2016); Gude and Garcia Bringas (2022b)).

Optimization-based techniques, such as those using the
CRONE approach, PSO algorithms, or numerical frac-
tional calculus, have shown high accuracy at the expense
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of increased computational cost (Alagoz et al. (2019);
Guevara et al. (2015)). A recent hybrid approach balances
accuracy and efficiency by combining optimization for «
with analytical estimation of K, T, and L (Gude et al.
(2024)).

More recently, the Fractional Dual-Pole Plus Dead-Time
(FDPPDT) model has been introduced to extend the
FFOPDT model’s capability to represent overdamped or
S-shaped responses in high-order fractional systems (Gude
et al. (2025)). This model enhaces modeling accuracy by
capturing more complex dynamics, and its identification
relies exclusively on the analytical procedure presented in
the same work, which uses reaction curve data.

This paper proposes a unified analytical identification ap-
proach for the FFOPDT and FDPPDT models, derived
from the process reaction curve obtained through a simple
open-loop step test. The technique uses only three arbi-
trary points, significantly reducing computational com-
plexity and simplifying implementation. Simulation results
confirm its accuracy compared to existing fractional-order
identification techniques.

This paper is structured as follows: Section 2 introduces
the mathematical background supporting the development
of the proposed methodology. Section 3 details the general
analytical identification procedure for both FFOPDT and
FDPPDT models based on the reaction curve. Section 4
reports the simulation results that evaluate the accuracy
of the suggested method in comparison with other bench-
mark techniques. Finally, Section 5 summarizes the main
conclusions and outlines potential directions for future
research.
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2. MATHEMATICAL BACKGROUND
2.1 Brief Introduction to Fractional Calculus

Definition 1. Let (D!, h)(z) be the Riemann-Liouville
fractional derivative of order n € R, 0 < n < 1 (see Kilbas
et al. (2006); Podlubny (1999); Samko et al. (1993)),

N A S S 1)
(DR (7)== m_n)/a o ()

where [n] denotes the integer part of 7, and I is the gamma
function.

Definition 2. The Riemann—Liouville fractional integral of
order 1 > 0 is defined as (see Kilbas et al. (2006); Podlubny
(1999); Samko et al. (1993)):

(1", h) (z) = r(ln) / ' G f(;))l_n dt, z>a (2

We define the class I, (L1) as the set of functions h that
can be expressed as the fractional integral h = I"., o,
where ¢ is a summable function in the space Li(a,b). A

comprehensive characterization of such functions can be
found in (Kilbas et al. (2006); Samko et al. (1993)).

Theorem 3. A function h € I", (Ly), with n > 0, if and
only if I”"h € ACP([a,b]), where p = [5] + 1 and
(Ig;”h)(k)(a) =0,fork=0,...,p—1.

Theorem 3 refers to AC*([a,b]) as the set of functions
h continuously differentiable up to order s — 1, with
an absolutely continuous s — 1-th derivative on [a,b].
Dropping the absolute continuity condition broadens the
class to include functions for which a summable fractional
derivative exists.

Furthermore, as noted in (Podlubny, 1999, Sect. 2.3.6),
fractional derivatives generally do not satisfy the semi-
group property. This leads to the following result:
Lemma 4. Let h € ACP~'([a,b]) with hP) € Li(a,b).
Then, D", (D), h) = D"{"h, provided that h\¥)(a*) =
0, j=0,1,...,p—1, where p =[] + 1.

Remark 5. For simplicity in both calculations and imple-
mentation, we focus on the case n € (0,1). Nevertheless,
the same reasoning can be extended to arbitrary intervals
of 7. Moreover, the fractional parameter 1y € (0,1) may
also be used in the Riemann-Liouville fracti(l)E%l derivative

operator in equation (1), as D! = D7 =D_7 .

Ezample 1. Let p, A € (0,1), a > 0,k € Nand 8 > —1,
then
1) 1) [(t —a)’] = F{gﬁiﬁl)(t — a)BA,
0) B = K= 17

I(+1) B—nu
F(B—M‘i‘l)(t a) ,other f.
Remark 6. The Riemann—Liouville derivative of a con-
stant is nonzero but recovers the expected behavior in
the limit. Although it is related to the Caputo derivative,
this connection is not addressed here, as we focus solely
on the Riemann—Liouville formulation. Further details can
be found in (Kilbas et al. (2006); Podlubny (1999); Samko
et al. (1993)).

(2) DL [(t-0)°] =

2.2 The Mittag-Leffler function: Derivative and integral

The two-parameter Mittag-Leffler function, as presented
in (Samko et al. (1993); Rogosin (2015); Gorenflo et al.
(2020)), is defined for all z € C as follows:

Ea,B(Z) = Tgo 411(0[;:_ ﬂ)a (3)

a € RY, and 8 € C (Podlubny (1999); Kilbas et al.
(2006)). The function E, g generalizes the one-parameter
Mittag-Leffler function, with the relation E, 1(2) = Eo(%).
In particular, when o = 1 and 8 = 1, the function reduces
to the exponential function: Eq1(z) = Ei1(z) = exp(z).
Hence, the Mittag-Leffler can be regarded as a natural
extension of the exponential function (Rogosin (2015);
Gorenflo et al. (2020)). Important results needed in this
work concern the derivative and integral of the Mittag-
Leffler function. Consider > 0, A > 0, and v € C. Then:

oy [T B (vt ] =t T B (v T, (4)

L'(p) - -
t ptA 1E talt 1 )
F(/\Jru) 1 u(')/ 0 )

(5)
To see some examples of how the Mittag-Lefller function
is used to study asymptotic stability and applications in

control theory, among others, see (Haubold et al. (2011);
Gude et al. (2023)).

Remark 7. (Numerical version). It is important to high-
light that the Griinwald—Letnikov derivative provides a
discrete approximation of the Riemann—Liouville frac-
tional derivative. This formulation is particularly suitable
for numerical implementations, as it naturally lends itself
to finite difference schemes. In the limit as the step size
approaches zero, the Griunwald-Letnikov derivative con-
verges to its continuous counterpart, thereby establishing
a rigorous link between discrete and continuous fractional
calculus.

I [t Eu(vte )] =

2.8 Basic ordinary differential fractional equation solution

When the Laplace transform is applied to the Riemann—
Liouville fractional derivative, the result is:

LD (1)) = s F(s) — 3 % [DF 14 (0] v (6)
k=0

where n — 1 < a < n and F(s) = Z{f(t)}(s) denotes
the Laplace transform of the function f(¢). The terms
[D=k=L1(1)] +—o+ Tepresent the initial conditions involv-
ing fractional derivatives of f(t) evaluated at ¢t = 0F. As-
suming zero initial conditions, i.e., [D“”‘”"lf(t)]t_ + =0
for all K = 0,1,...,n — 1, the expression simpli_f?es to:
ZL{D*f(t)} = s“Z{f(t)}. This is analogous to the clas-
sical property of integer-order derivatives in the Laplace
domain, where differentiation in time corresponds to mul-
tiplication by s. To examine the role of initial conditions
more closely, consider the following equation:

D%y, (t) + Do (t) + ya(t) = t* ' Ku(t — L).  (7)

Note that, due to the definition of the Riemann—Liouville
derivative, enforcing initial conditions at ¢ = 0 is math-
ematically challenging, except in trivial cases or when



Juan J. Gude et al. / IFAC PapersOnLine 59-37 (2025) 85-90 87

considering asymptotic behavior. To illustrate this briefly,
for @ = 0, a trivial solution of equation (7) is:

Ku(t— L)
F'@)T (m+1)a)
which satisfies the initial condition under certain assump-
tions. Another possible solution is given by:

Ya(t) = Ct*7 Ku(t — L) + f(n)Ea(t) 9)

Yal(t) = ¢! (8)

where f(n) = 7% + 1 + €. This solution satisfies the initial
condition only asymptotically; in general,

| [D* ()]s | =€ >0. (10)

for all k =0,1,...,n — 1, where € is a small quantity.
) : a—k—1
Consequently, 213(1)| (D f(t)]t:0+ | =0

Remark 8. We are aware of the ongoing discussion regard-
ing the proper treatment of initial conditions in fractional
calculus. Current research efforts, such as those involv-
ing weighted fractional operators (Fernandez and Fahad
(2022); Contreras et al. (2025); Katugampola (2011)), aim
to address these issues. However, for the purposes of this
work, we consider natural modifications of the solution in
(9) that asymptotically tend to zero, thereby satisfying the
initial conditions in the required sense.

2.4 The models under consideration

The FFOPDT model provides a simple yet effective rep-
resentation of fractional process dynamics. Its differential
equation is:

TD%q(t) + ya(t) = Ku(t — L). (11)
To describe higher-order fractional dynamics exhibiting
overdamped or S-shaped step responses, the FDPPDT
model is employed. Its differential equation is:

T?D**y,o(t) + 2T D% (t) + ya(t) = Ku(t — L).  (12)
Assuming zero initial conditions, [D**~1y,(t)],_,, =0
for all k =0,1,...,n — 1, or equivalently when deviation
variables are used, the transfer functions of both models

can be derived as follows. For the FFOPDT model:
Yo(s)  L{ya(t)} Ke Ls

PO =70 = Zrwy ix1e B
and for the FDPPDT model:
p(sy _ Yals) _ Llnal)} Kot )

U(s)  L{ut)} — (1+Ts)?

In equations (11) and (12), y.(t) denotes the process
output and u(t) the process input, with D¢ representing
the Riemann-Liouville fractional derivative operator. In
the corresponding transfer functions (13) and (14), K is
the process gain, T' the time constant, L the dead time,
and « the fractional order. It is assumed that 7" > 0 and
L > 0. Furthermore, in both cases it is assumed that the
initial conditions are satisfied and asymptotically tend to
zero, that is, lim ’ [D("_k_lyoé(t)]tf0+ ‘ -0
e—0 =

Remark 9. A discussion on commensurability and its de-
scription using rational functions of polynomial type can
be found in (Aboukheir et al. (2024); Gude et al. (2024)).
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Fig. 1. Typical reaction curve y,(t) and input u(t), show-
ing the characteristic overdamped fractional response
described by FFOPDT or FDPPDT models with key
data highlighted for parameter estimation.

3. GENERAL ANALYTICAL IDENTIFICATION
PROCEDURE FOR FFOPDT AND FDPPDT MODELS

This section presents a unified procedure to identify
FFOPDT and FDPPDT models using open-loop step re-
sponse data. The approach builds upon the methods intro-
duced in (Gude and Garcia Bringas (2022b)) for FFOPDT
and (Gude et al. (2025) for FDPPDT, providing a common
framework applicable to both formulations.

This procedure is suitable for processes with S-shaped
step responses and effectively models this fractional-order
behavior using either FFOPDT or FDPPDT formulations.
Figure 1 illustrates the process reaction curve along with
the quantities required to extract the parameters of the
models.

The time-domain step responses of the FFOPDT (13) and
FDPPDT (14) models corresponding to a step input of
amplitude Awu are given by:

Ya(t) = KAu {1 ~ B, {—;(t - L)a] } . (15)

yalt) = KAu {1 - (1 + (t_TL)a> o [—;(t - L)a](l}(;)

where K, T, L, and « are model parameters, F,, is the one-
parameter Mittag-Leffler function (Podlubny (1999)), and
Ay = K - Au is the steady-state process output variation.

For a = 1, (15) reduces to the classical FOPDT model,
and (16) becomes the standard DPPDT model.

Normalizing the output by Ay and introducing the dimen-

sionless time variable 7 = %, the step responses (15)
and (16) become:

. _ Ya (T)

(17)
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where §,(7) is the normalized output of both models in
terms of the dimensionless time 7.

The proposed identification procedure requires three
points from the step process response. Let t, denote the
time at which the process output reaches x% of its total
variation (x € [0,100]), as shown in Figure 1, and 7, the
corresponding normalized time for the normalized output
ga(’rm) S [0,1] The sets {tml,tzg,txg} and {Txl,’TxQ,Txg}
are computed from equations (15) and (17) for FFOPDT,
and (16) and (18) for FDPPDT models, respectively.

The parameters of both models are estimated as follows
(see Gude and Garcfa Bringas (2022b); Gude et al. (2025)):

Ay
=R
@ = 1(A)7

T = fQ(Oé) : (tz?y - tzl)a7 <19)

L = max |:tx3 — f3(a) - TV, 0}
where {Ay, Au, tz1,tz2,t23} are obtained from the process
reaction curve. The functions f1(A), fa(a), and f3()

are fitted expressions (e.g., polynomial, exponential, or
rational) derived from the data sets {«, A}, {a®, a},

and {T;?{a, a}, respectively, for a € [0.5,1.0], where

1 L/a_ 1/a -

— — _x3 xl — tax37lzl

a = T/a__1/a and A = TUa 1/ T fpy—tpr
%3 x1 2 z1

Figure 2 presents the unified FFOPDT/FDPPDT identifi-
cation procedure, which fits three points (z1-z2—23%) on
the reaction curve and is organized into two main parts:

Part A (blue) outlines the derivation of the functions
f1(A), fa(a), and f3(a), which depend on the model type
(FFOPDT or FDPPDT), the selected points {x1, 2, 23%},
the normalized times 7,1, T2, and 7,3, and the fitting
technique. These functions are constructed from the nor-
malized step responses (17) and (18), typically in advance
to enable parameter estimation using equations (19).

Part B (red) illustrates the identification algorithm it-
self. It uses the fitted functions and the data set
{Ay, Au,ty1,tz2,tz3}, extracted from a simple open-loop
test, to identify the model parameters.

4. SIMULATION RESULTS
4.1 FExperimental procedure

In this section, we validate the proposed unified identifica-
tion method for FFOPDT and FDPPDT models through
its application to a high-order fractional process, com-
paring the derived reduced-order models with previously
reported analytical and optimization-based approaches.

For illustrative purposes, the set 7 = 10%, zo = 50%,
and x3 = 90% is used, though the method is general and
applicable to any arbitrary set (z1-x2-z3%) (Gude and
Garcia Bringas (2025)).

The functions fi, fo, and f3 for both models are fitted
over 0.50 < « < 1.00, using data sets {A, a}, {a, fo}, and
{a, f3}, and using the Levenberg-Marquardt least-squares
algorithm.

A common rational function is used for both models:

ng
> i
=1
fk(x) = iﬂk )
>
j=1

where k € {1,2,3}, x represents A for k = 1 and « for
k = 2,3, ni and my denote the degrees of the numerator
and denominator polynomials, respectively, and p; and g;
are real coefficients.

(20)

The fitted coefficients {p;, ¢;} are provided in Tables 1 and
2 for FFOPDT and FDPPDT models, respectively.

Table 1. Parameters of the rational functions
fr (k=1,2,3) for FFOPDT models.

f1(4A) f2(a) f3(a)
p1 = 0.3854 p1 = —0.0673 p1 = 4.066
P2 =12.75  po=0.1578  ps = —7.705
ps = —3.517 - p3 = 5.055
@ =135  q=-2501 ¢ =—0.4136
go = —14.93  ¢2=1.699 g = 0.02868

Table 2. Parameters of the rational functions
fx (k=1,2,3) for FDPPDT models.

f1(A) fa(e) f3(e)
p1 = 0.3736 p1 = —0.0487  p; =6.79-10%
p2 = 9.9695 po = 0.0613  py = —1.40-10°
p3 = —6.6376 - p3 = 8.70 - 10*
q1 = 9.2318 q1 = —22501 ¢ =8.93-108
g2 = —10.6337 g2 =1.2926  ¢2 = —6.01-103
- - g3 = 1.05-103

4.2 Simulation Example

In this example, the process is represented by the following
transfer function:

K
(1+TsMm
where K =2, T =1s,n=>5, and A = 0.85. This model,
originally introduced in (Tavakoli-Kakhki et al. (2010)),
exhibits fractional-order dynamics characterized by the
presence of repeated fractional poles.

P(s) = (21)

An open-loop step test provides the following experimental
data, required to apply the proposed identification proce-
dure: Au = 1.00, Ay = 2.00, t1p = 2.35 s, t50 = 5.85 s,
and tgo =19.20 s.

The estimated parameters are:
FDPPDT: K =2.00, T =2.20s, L =1.39 s, a = 0.855;
FFOPDT: K =2.00, T =5.07s, L=1.89 s, a = 0.912.

For the example under consideration, the close agreement
between the estimated parameters and those obtained in
(Gude et al. (2025)) and (Gude and Garcia Bringas (2025))
confirms that the unified procedure preserves the accuracy
of the individual identification approaches.

Figures 3 and 4 show the step responses of the identified
models, computed from Ng = 3001 samples, with mean
square error (MSE) values of Spppppr = 5.30 x 10~° and
Srroppr = 3.81 x 1074, confirming that both models
accurately reproduce the experimental behavior.
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Fig. 2. Complete diagram of the common identification technique for FFOPDT and FDPPDT models.

These results confirm that a unified methodology can be
effectively applied to identify the parameters of FFOPDT
and FDPPDT models in a straightforward and consis-
tent manner. For interested readers, (Gude et al. (2025))
provides a detailed comparison of the FDPPDT model
identification method with other reaction-curve-based ap-
proaches for FFOPDT models, highlighting its superior
capability to represent higher-order fractional dynamics.
Furthermore, the proposed procedure provides a unified
framework for determining, using a single method, whether
the FDPPDT or FFOPDT model offers a more accurate
representation of the process dynamics under study.

Simulation example

Process reaction curve
Proposed FDPPDT

0 50 100 150 200 250 300
time [s]

Fig. 3. Reaction curve and step response of the FDPPDT
model estimated with the proposed technique.

Simulation example

vy, (b

Process reaction curve
Proposed FFOPDT 1

0 50 100 150 200 250 300
time [s]

Fig. 4. Reaction curve and step response of the FFOPDT
model estimated with the proposed technique.

4.8 Practical and experimental considerations

Due to space limitations, only simulation results are pre-
sented in this paper. However, several works have demon-
strated the application of fractional-order model identifi-
cation methods on experimental prototypes. Specifically,
(Gude and Garcia Bringas (2022a)) proposed a novel con-
trol hardware architecture enabling the implementation
of fractional-order identification and control algorithms.
Additional examples of analytical identification methods
for FFOPDT models applied to experimental setups can
be found, e.g., in Gude and Garcia Bringas (2022b); Gude
et al. (2023); Nie et al. (2016). Similarly, Gude et al. (2025)
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reports the experimental validation of both FFOPDT and
FDPPDT identification methods using a temperature-
based laboratory prototype.

In industrial environments, measurement noise often af-
fects the feedback signal of the controlled process. When
such noisy signals are used for model identification or
control, appropriate filtering becomes necessary. Neverthe-
less, since filter dynamics inherently modify the overall
process response, the proposed identification procedure
does not explicit account for the effects of measurement
noise. Future work will therefore address the influence of
filtering and noise on parameter estimation accuracy and
model reliability under real operating conditions.

5. CONCLUSIONS

This work has presented a unified analytical procedure
for identifying fractional-order reduced models (FFOPDT
and FDPPDT) using simple data from the process reac-
tion curve. The unified methodology provides closed-form
analytical expressions for parameter estimation.

The proposed approach provides high modeling accuracy
for overdamped systems with low computational cost,
making it suitable for real-time or embedded control. Sim-
ulations show that the identified models match or outper-
form existing analytical and optimization-based methods.
Its flexibility to adapt to different point sets broadens
its applicability, supporting further advances in fractional
control and industrial implementation.
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