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Abstract
Motivated by singular limits for long-time optimal control problems, we investigate a class
of parameter-dependent parabolic equations. First, we prove a turnpike result, uniform with
respect to the parameters within a suitable regularity class and under appropriate bounds.
The main ingredient of our proof is the justification of the uniform exponential stabiliza-
tion of the corresponding Riccati equations, which is derived from the uniform null control
properties of the model.

Then, we focus on a heat equation with rapidly oscillating coefficients. In the one-
dimensional setting, we obtain a uniform turnpike property with respect to the highly oscil-
latory heterogeneous medium. Afterward, we establish the homogenization of the turnpike
property. Finally, our results are validated by numerical experiments.

Keywords Turnpike property · Rapidly oscillating linear parabolic equation · Optimal
control problems · Long time behavior · Uniform controllability · Singular limits problems

Mathematics Subject Classification 49K20 · 93C20 · 49N05 · 35B27

1 Introduction

In the context of long-time horizon optimal control, the turnpike property ensures that op-
timal controls and solutions remain close to the optimal solution of the corresponding sta-
tionary optimal control problem most of the time. This stationary path is called the turn-
pike, which refers to the fastest route linking points that are far away enough. The turn-
pike phenomenon has been extensively studied for different equations in recent years (see
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[5, 10–12, 24–29, 31, 33], and the references therein, for example). An extended and com-
prehensive survey can be found in [8]. In particular, it is well understood that the turnpike
property relies on two ingredients: firstly, the cost functional must penalize both the state
and control; secondly, the system must be controllable or stabilizable.

Building on the work of Porretta and Zuazua [24], we delve into the turnpike property
within the context of parameter-dependent parabolic optimal control problems. We prove
that when the null controllability holds, uniformly with respect to the parameters, the turn-
pike property is uniform as well.

Previous analysis of optimal control problems governed by parameter-dependent partial
differential equations can be found in [19] and the references included therein. The con-
nections between parameterized control problems and the turnpike property have also been
analyzed in [13], where greedy approximate algorithms for parameterized control problems
have been developed. See also [18].

This article complements the existing literature by showing that the turnpike property is
uniform and enjoys homogenization properties in a suitable context.

Throughout this article, we primarily concentrate on parabolic equations to streamline
the presentation. Nevertheless, our methodology can be extended to other models, such as
finite-dimensional systems or wave-type equations, provided that the uniform null control
property, with respect to the relevant parameters, is satisfied.

1.1 Problem Formulation

Let � be a bounded Lipschitz domain in R
n, n ≥ 1, and the time horizon T > 0. We define

the following optimal control problem

min
f ∈L2(0,T ;�)

{
J T (f ) = 1

2

∫ T

0

(
‖f (·, t)‖2

L2(�)
+ ‖y(·, t) − yd(·)‖2

L2(�)

)
dt

}
, (1)

where y is the solution of the parabolic equation

⎧⎪⎨
⎪⎩

yt − div(a(x)∇y) + b(x) · ∇y + p(x)y = χωf (x, t) ∈ � × (0, T ),

y(x, t) = 0 (x, t) ∈ ∂� × (0, T ),

y(x,0) = y0 x ∈ �.

(2)

Here, yd ∈ L2(�) is a time-independent target, y is the state, f ∈ L2(0, T ;�) is the control,
and y0 ∈ L2(�) is the initial condition. The open set ω ⊂ � is nonempty, and χω denotes the
characteristic function of the set ω where the control is being applied. We denote by (y, f )

the optimal time-dependent pair of (1), which, of course, depends also in the length T of the
time-horizon.

We assume that the coefficients (a, b,p) are bounded in the class

C := W 1,∞(�) × (
L∞(�)

)n × L∞(�), (3)

and satisfy the uniform ellipticity condition in the principal part, i.e.

0 < a0 ≤ a(x) a.e. in �. (4)

Then, by the classical global Carleman inequalities introduced by Fursikov and Imanuvilov
in [7], we can guarantee the uniform null controllability of the system (2), that is, for any T >
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0 and y0 ∈ L2(�), there exists f ∈ L2(0, T ;�) such that we can drive to zero the solution
of (2) in time T , the control f being bounded in L2(0, T ;�) by a constant independent of
the coefficients within the considered class (see Theorem 2.1 below).

Let us now consider the stationary optimal control problem

min
f ∈L2(�)

{
J s(f ) = 1

2

(
‖f (·)‖2

L2(�)
+ ‖y(·) − yd(·)‖2

L2(�)

)}
. (5)

Here y solves the elliptic equation

{
−div(a(x)∇y) + b(x) · ∇y + p(x)y = χωf x ∈ �,

y(x) = 0 x ∈ ∂�,
(6)

where yd ∈ L2(�) is the same target of the evolution control problem (1), and the coeffi-
cients are the same as in (2).

To avoid additional technical difficulties and ensure the existence and uniqueness of (6),
we assume that the coefficients a, b, and p are such that

Ker(A∗) = {0}, (7)

where A∗ is the adjoint operator of

A = −div(a(x)∇ · ) + b(x)∇ · +p(x) · , (8)

that is,

A∗ = −div(a(x)∇ · ) − div(b(x) · ) + p(x) · . (9)

Denote by (y, f ) the optimal pair of (5). Although hypothesis (7) does not guarantee that the
solution of (6) is uniformly bounded in H 1(�) for a fixed right-hand side term, by assuming
condition (4) and that the coefficients (a, b, p) are bounded in C , then extra bounds that
the coercivity of J s yield, ensure that the optimal states y are uniformly bounded in H 1(�),
see Lemma 4.2. This is an essential aspect of the uniform turnpike property that requires all
static optimal states and controls to be uniformly bounded.

Our first main result guarantees the exponential uniform turnpike property in this setting.
Namely, we have the following theorem.

Theorem 1.1 (Uniform turnpike property for coefficients bounded in C ) Let us assume
that the coefficients (a, b, p) are bounded in C and that (4) and (7) are fulfilled. Consider
the time-dependent optimal pairs (y, f ) and the static ones (y, f ), of problems (1) and (5),
respectively. Then, there exist two positive constants C and μ independent of T ≥ 1 and the
coefficients (a, b, p) in this class such that

‖y(·, t) − y(·)‖L2(�) + ‖f (·, t) − f (·)‖L2(�)

≤ C
(‖y0‖L2(�) + ‖yd‖L2(�)

)(
e−μt + e−μ(T −t)

)
, (10)

for every t ∈ (0, T ), y0 ∈ L2(�), and coefficients (a, b, p) in this class.
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To the best of our knowledge, this is the first result in this direction in the literature.
In the previous theorem, the constants C and μ depend, in particular, on the ellipticity

constant a0 in (4), and the uniform bound on the coefficients in C , because the uniform
controllability constant depends on these conditions and bounds as well.

This result not only ensures the turnpike property for (1) but also guarantees that for a
family of coefficients, (a, b, p), uniformly bounded in C and satisfying (4) and (7), there
exists a uniform tubular neighborhood (defined by the turnpike constants (10)) of the steady
optimal configurations constraining the optimal dynamic trajectories (states and controls).
This assertion could not be concluded in the case where the family (a, b, p) is not uniformly
bounded in C , because of the lack of uniform controllability.

The proof of this theorem uses, in an essential manner, the uniform controllability of
the system and it is based on the decoupling strategy in [24]. This is done through the use
of the Riccati operator of the associated infinite-time horizon problem. The uniform null
controllability property ensures the uniform exponential stability of the Riccati operator
(Proposition 4.1). Once this fact is proved, the result follows similarly as in [24].

Theorem 1.1 does not apply to highly oscillatory heterogeneous media in homogeniza-
tion theory, since the corresponding coefficients are not uniformly bounded in C , and Car-
leman inequalities do not guarantee the uniform controllability in this context. However,
according to Alessandrini and Escauriaza [1], in one-space dimension n = 1, the uniform
null control property holds by simply assuming coefficients to be uniformly bounded in
[L∞(�)]3 and uniformly elliptic (4). This uniform controllability property was previously
proved in [21] for periodic homogenization in one-space dimension. According to these
uniform controllability results, we have the following result.

Theorem 1.2 (One-dimensional uniform turnpike property for coefficients bounded in
[L∞(�)]3) Consider � = (0,1) and assume that the coefficients (a, b,p) are bounded in
[L∞(�)]3, and that conditions (4) and (7) are fulfilled. Under these milder restrictions on
the coefficients, there exist two positive constants C and μ, independent of T ≥ 1 and the
coefficients (a, b, p) in this class, such that (10) holds. Furthermore, in the particular case
of periodic rapidly oscillatory coefficients, both the uniform turnpike property and the ho-
mogenization of the turnpike hold.

1.2 Outline

The rest of this work is organized in the following way. In Sect. 2, we present preliminary
results related to well-posedness and uniform null controllability. Section 3 is devoted to
state some consequences of the uniform turnpike property, including the uniform integral
turnpike property and the homogenization of the turnpike property in one-dimension (1 −
D), in the context of highly oscillatory heterogeneous media. The proof of the uniform
turnpike property is given in Sect. 4. In Sect. 5, we present numerical experiments that
confirm our theoretical results. Finally, Sect. 6 concludes the paper with a discussion on
possible extensions and open problems.

2 Preliminaries

Let us consider the coefficients (a, b,p) ∈ L∞(�) × (L∞(�))n × L∞(�) satisfying (4).
Then, for every y0 ∈ L2(�), the parabolic equation (2) admits a unique solution y in the
class

W(0, T ) = {
y ∈ L2(0, T ;H 1

0 (�)), yt ∈ L2(0, T ;H−1(�))
}
.



Uniform Turnpike Property and Singular Limits Page 5 of 33 3

See, for instance, [6, Chap. 7]. Additionally, if the coefficients (a, b, p) ∈ L∞(�) ×
(L∞(�))n × L∞(�) satisfy (4) and (7), then the elliptic equation (5) admits a unique solu-
tion y in H 1

0 (�). See [6, Chap. 6].
The following lemma shows that problems (1) and (5) admit a unique minimizer.

Lemma 2.1 (Existence and uniqueness of the optimal pairs) Let (a, b,p) ∈ L∞(�) ×
(L∞(�))n × L∞(�). Under the assumption (4) the optimization problem (1) has a unique
solution (y, f ) ∈ W(0, T ) × L2(0, T ;�), where y is the optimal state associated to the
control f . Similarly, assuming (7) is fulfilled, the stationary optimization problem (5) has
a unique solution (y, f ) ∈ H 1

0 (�) × L2(�), where y is the optimal state associated to the
control f .

The proof of Lemma 2.1 is standard and is based on the direct method in the calculus of
variations. We omit it for brevity.

Remark 2.1 Assumption (7) is satisfied, in particular, if (a, b, p) ∈ L∞(�) × (L∞(�))n ×
L∞(�), satisfy (4) and p(x) − divq(x)/2 ≥ 0 a.e. in �. See [4, Chap. 9, Remark 23] or [9,
Corollary 8.2].

2.1 Uniform Null Controllability

In this section, we analyze the uniform null controllability properties of the parabolic equa-
tion (2). The following holds:

Theorem 2.1 (Uniform null controllability in the multi-dimensional setting) Let us assume
that the coefficients (a, b, p) are bounded in C and satisfy the uniform ellipticity condition
(4). Then, the system (2) satisfies the uniform null controllability property, in the sense that
for each T > 0, there exists a constant CT > 0 independent of the coefficients (a, b,p) ∈ C
such that for each y0 ∈ L2(�) there exists a null control f satisfying

‖f ‖L2(0,T ;�) ≤ CT ‖y0‖L2(�), ∀y0 ∈ L2(�). (11)

The constant CT in Theorem 2.1 is the so-called controllability cost and is uniformly
bounded in this class of coefficients.

Proof Due to the global Carleman inequalities introduced in [7], there exists a control f ∈
L2(0, T ;�) such that y, the solution of (2) with initial condition y0 ∈ L2(�) and coefficients
(a, b, p) ∈ C , satisfies

y(·, T ) = 0, in �,

and there exists is a positive constant Ca,b,p,T such that

‖f ‖L2(0,T ;�) ≤ Ca,b,p,T ‖y0‖L2(�), ∀y0 ∈ L2(�).

Also, from [7], we can observe that the controllability cost Ca,b,p,T ,a0 depends continuously
on the norm of the coefficients (a, b, p) in C , the time horizon T , and the ellipticity constant
a0. Thus, there exists a positive constant CT,a0 such that Ca,b,p,T ≤ CT,a0 for all coefficients
in this class, concluding (11). �
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Theorem 2.1 still holds when we assume a ∈ L∞(�), but only in one-space dimension
n = 1. More precisely, using complex analysis tools, such as K-quasiconformal homeomor-
phisms, Alessandrini and Escauriaza proved the following result in [1].

Theorem 2.2 (Uniform null controllability in 1 − D) Let � = (0,1) and assume that the
coefficients (a, b, p) are bounded in L∞(�) × (L∞(�))n × L∞(�) and satisfy the uni-
form ellipticity condition (4). Then, the system (2) satisfies the uniform null controllability
property.

This result was previously proved in [21], in the context of periodic homogenization in
1 − D with boundary control.

3 Some Consequences of the Uniform Turnpike Property

In this section, we present some results that arise as consequences of the uniform turnpike
property.

3.1 Uniform Integral Turnpike Property

We begin with the so-called integral turnpike property. As a direct consequence of the uni-
form turnpike property, we can ensure that the integral turnpike property holds uniformly.

Corollary 3.1 (Uniform integral turnpike property) Let us assume that the coefficients
(a, b, p) are bounded in C . Additionally, assume that (4) and (7) are fulfilled. Consider
the optimal pairs (y, f ) and (y, f ) of problems (1) and (5), respectively. Then for T > 1,
we have

∥∥∥∥ 1

T

∫ T

0
y(·, t)dt − y(·)

∥∥∥∥
L2(�)

+
∥∥∥∥ 1

T

∫ T

0
f (·, t)dt − f (·)

∥∥∥∥
L2(�)

≤ 2C(‖y0‖L2(�) + ‖yd‖L2(�))(1 − e−μT )

μT
, (12)

for every y0 ∈ L2(�) and (a, b, p) in this class. Here C and μ are the same constants as in
Theorem 1.1.

This result can be derived immediately by integrating (10) over time; hence, we will omit
the proof.

3.2 Application to 1 − D Homogenization

Let a ∈ L∞(R) be a periodic function with period 1 satisfying

0 < a0 ≤ a(x) ≤ a1 a.e. in R, (13)

and consider

aε(x) = a
(x

ε

)
, for ε > 0. (14)
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We are interested in analyzing the uniform turnpike property for the optimal control problem

min
f ε∈L2(0,T ;�)

{
J T (f ε) = 1

2

∫ T

0
‖f ε(·, t)‖2

L2(�)
+ ‖yε(·, t) − yd(·)‖2

L2(�)
dt

}
, (15)

where yε solves the rapidly oscillating heat equation

⎧⎪⎨
⎪⎩

yε
t − (

aε(x)yε
x

)
x
= χωf ε (x, t) ∈ (0,1) × (0, T ),

yε(0, t) = yε(1, t) = 0 t ∈ (0, T ),

yε(x,0) = y0(x) x ∈ (0,1),

(16)

for ε > 0. We also consider the stationary problem

min
f

ε∈L2(�)

{
J s(f

ε
) = 1

2

(
‖f

ε
(·)‖2

L2(�)
+ ‖yε(·) − yd(·)‖2

L2(�)

)}
, (17)

where yε solves the rapidly oscillating elliptic equation

{
− (

aε(x)yε
x

)
x
= χωf

ε
x ∈ (0,1),

yε(0) = yε(1) = 0.
(18)

In this setting, thanks to Theorems 2.2 and 1.2, we can immediately deduce the uniform
turnpike property.

Corollary 3.2 (Uniform turnpike property and homogenization in 1 − D) Let aε ∈ L∞(R)

be as in (13)-(14). Consider the optimal pairs (yε, f ε) and (yε, f
ε
) of problems (15) and

(17), respectively. Then for T > 1, there exist two positive constants C and μ, independent
of T and ε, such that

‖yε(·, t) − yε(·)‖L2(0,1) + ‖f ε(·, t) − f
ε
(·)‖L2(0,1)

≤ C
(‖y0‖L2(0,1) + ‖yd‖L2(0,1)

)(
e−μt + e−μ(T −t)

)
, (19)

for every t ∈ (0, T ), ε > 0, and y0 ∈ L2(�).

Denote by ah the homogenized effective constant given by

ah =
(∫ 1

0

1

a(x)
dx

)−1

. (20)

Then, if f ε → f h as ε → 0 in L2(0, T ;�), classical results in homogenization theory (see
Appendix A.5) guarantee that the solution yε of (16) converges in C([0, T ];L2(�)) to the
solution of the homogenized heat equation

⎧⎪⎨
⎪⎩

yh
t − ah yh

xx = f h (x, t) ∈ (0,1) × (0, T ),

yh(0, t) = yh(1, t) = 0 t ∈ (0, T ),

yh(x) = y0(x) x ∈ (0,1).

(21)
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Similarly, if f
ε → f

h
as ε → 0 weakly in L2(�), the solution of (18) converges weakly in

H 1
0 (�) to the solution of the homogenized elliptic equation

{
−ah yh

xx = f
h

x ∈ (0,1),

yh(0) = yh(1) = 0.
(22)

Since Corollary 3.2 is uniform with respect to ε > 0, the homogenization of the turnpike
property holds. In other words, we can take the limit as ε goes to zero in (19) and deduce
the following result, already stated in [24].

Corollary 3.3 Let us denote by (y, f ) and (y, f ) the optimal pairs of the optimization prob-
lems (15) and (17) subject to the homogenized equations (21) and (22), respectively. Then,
for T ≥ 1 we have

‖y(·, t) − y(·)‖L2(0,1) + ‖f (·, t) − f (·)‖L2(0,1)

≤ C
(‖y0‖L2(0,1) + ‖yd‖L2(0,1)

)(
e−μt + e−μ(T −t)

)
, (23)

for every t ∈ (0, T ), where the positive constants C and μ are those in (19).

The proof of the strong convergence of the optimal pairs for both the evolutionary and
stationary problems can be found in Proposition A.1.

4 Proof of the Uniform Turnpike Property

We devote this section to the proof of the uniform turnpike property (Theorem 1.1).
In what follows, C will denote a positive constant that may change from line to line and

can depend on a0. However, it will always be independent of the coefficients (a, b,p) and
the time horizon T . We also denote by (·, ·)L2(�) the inner product in L2(�).

Let us recall the operator A defined in (8), and its adjoint operator defined in (9). Thus,
let us introduce the adjoint states which characterize the optimal controls of problems (1)
and (5).

Lemma 4.1 Assume the coefficients a, b and p are in C . Additionally, assume that (4) and
(7) are fulfilled. Consider the optimal controls f and f of problems (1) and (5), respectively.
Then, the optimal control f can be characterized by the identity f = −χωψ , where ψ

satisfies
⎧⎪⎨
⎪⎩

−ψt +A∗ψ = y − yd (x, t) ∈ � × (0, T ),

ψ(x, t) = 0 (x, t) ∈ ∂� × (0, T ),

ψ(x,T ) = 0 x ∈ �,

(24)

with y the optimal state associated to f .
Similarly, the optimal control f is characterized by f = −χωψ with ψ solution of

{
A∗ψ = y − yd x ∈ �,

ψ(x) = 0 x ∈ ∂�,
(25)

where y is the optimal state associated to f .
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The proof of Lemma 4.1 is standard and can be found in the classical book of Lions [20,
Theorem 1.4, Chapter II, and Theorem 2.1, Chapter III], for example.

The proof of the following lemma, which establishes some energy estimates, can be
found in Appendix A.1.

Lemma 4.2 Assume the coefficients a, b and p are bounded in C . Additionally, assume
that (4) and (7) are fulfilled. Let (y, f,ψ) and (y, f ,ψ) be the optimal state-control-adjoint
triples of problems (1) and (5), respectively. Then, there exists a constant C > 0 independent
of T ≥ 1 and the coefficients such that

‖y(·, T )‖2
L2(�)

≤ C

(∫ T

0
‖f (·, t)‖2

L2(ω)
+ ‖y(·, t)‖2

L2(�)
dt

)
+ ‖y0‖2

L2(�)
,

and

‖ψ(·,0)‖2
L2(�)

≤ C

(∫ T

0
‖ψ(·, t)‖2

L2(ω)
+ ‖y(·, t) − yd‖2

L2(�)
dt

)
.

Furthermore,

‖y(·)‖2
H 1(�)

+ ‖ψ(·)‖2
H 1(�)

+ ‖f (·)‖2
L2(�)

≤ Ĉ‖yd(·)‖2
L2(�)

,

with Ĉ > 0 independent of the coefficients (a, b, p) ∈ C .

The second main ingredient of the proof of Theorem 1.1 is the Riccati equation that
characterizes the optimal control problem and analyzes its behavior when T → ∞.

Let us introduce the time-dependent Riccati operator. We start by analyzing the problem
(1) with yd ≡ 0, i.e. the optimal control problem

min
f ∈L2(0,T ;�)

{
J T,0(f ) = 1

2

∫ T

0
‖f (·, t)‖2

L2(�)
+ ‖y(·, t)‖2

L2(�)
dt

}
, (26)

where y solves (2). Let us define the operator E(T ) : L2(�) → L2(�) such that

E(T )y0(x) := ψ(x,0).

The operator E(T ) depends on the coefficients (a, b,p). However, we will not make this
dependence explicit to keep the notation simple.

The next lemma summarizes some useful properties of the operator E(T ). See Ap-
pendix A.2 for the proof.

Lemma 4.3 Assume the coefficients a, b and p are bounded in C . Additionally, assume that
(4) and (7) are fulfilled. Then the operator E(T ) is well-defined, linear, and continuous from
L2(�) to L2(�). It also satisfies that

(1) There exists a constant C > 0, independent of T and the coefficients (a, b,p), such that

(E(T )y0(·), y0(·))L2(�) = min
f ∈L2(0,T ;�)

J T,0(f ) ≤ C‖y0(·)‖2
L2(�)

.

(2) The limit limT →∞(E(T )y0, y0) is finite.
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We note that for each t ∈ (0, T )

E(T − t)y(x, t) = ψ(x, t).

This is a consequence of the uniqueness of the state-adjoint pairs (y,ψ) solution of (2) and
(24), respectively. For more details, see [20, Chap. 3, Sect. 4] or [30, Chap. 4].

Consider the following infinite-time horizon control problem

min
f̂ ∈L2(0,∞;�)

{
J∞,0(f̂ ) = 1

2

∫ ∞

0
‖f̂ (·, t)‖2

L2(�)
+ ‖ŷ(·, t)‖2

L2(�)
dt

}
, (27)

where ŷ solves (2) with time horizon T = ∞. Denote by (ŷ, f̂ , ψ̂) its optimal variables, and
define the operator Ê(0) : L2(�) → L2(�) by setting

Ê(0)y0(x) := ψ̂(x,0).

Similarly to the operator E(T ), we can define Ê(s)ŷ(s, x) = ψ̂(s, x) for s ∈ (0,∞). How-
ever, it is possible to show that the operator Ê(s) is independent of s (i.e., Ê(s) = Ê) and
is thus referred to as the stationary Riccati operator (see [20, Chap. 3, Sect. 4]). Although
the operator Ê also depends on the coefficients, we do not explicitly state this dependence
either.

The following lemma relates the asymptotic behavior of the time-dependent Riccati op-
erator E to the stationary Riccati operator Ê.

Lemma 4.4 Assume the coefficients a, b and p are bounded in C . Additionally, assume
that (4) and (7) are fulfilled. The optimal control problem (27) and the Riccati operator
Ê ∈ L(L2(�)) are well-defined. For the optimal control f of problem (26), we have the
feedback backward characterization f (x, t) = −χωE(T − s)y(x, s). Moreover, we have

E(t)y0 −→ Êy0 strongly in L2(�), when t → ∞.

Finally, the optimal control of problem (27) can be characterized by the identity f̂ (x, t) =
−χωÊŷ(x, t).

The proof of this lemma can be found in Appendix A.3. Lemma 4.4 allows us to write
the optimal state of problem (27) as

⎧⎪⎨
⎪⎩

ŷt +Mŷ = 0 (x, t) ∈ � × (0,∞),

ŷ(x, t) = 0 (x, t) ∈ ∂� × (0,∞),

ŷ(x,0) = y0(x) x ∈ �,

(28)

where M := (A+ χωÊ).
The following proposition is of utmost importance, as it allows us to ensure the uniform

exponential stabilization of the Riccati operators.

Proposition 4.1 Assume the coefficients a, b and p are bounded in C . Additionally, assume
that (4) and (7) are fulfilled. There exist two positive constants μ and C0 independent of T

and the coefficients (a, b,p) such that

‖E(t) − Ê‖L(L2(�)) ≤ C0e
−μt ,

for every t ≥ 0 and coefficients (a, b, p) in this class.



Uniform Turnpike Property and Singular Limits Page 11 of 33 3

The proof of the Proposition 4.1 relies on the following lemma, whose proof can be found
in Appendix A.4.

Lemma 4.5 Assume the coefficients a, b and p are bounded in C and that (4) and (7) are
fulfilled. Then, there exist three positive constants C1, C2 and μ, independent of T and the
coefficients under consideration, such that

1

2
‖Êy0(·)‖2

L2(�)
≤ (Êy0(·), y0(·))L2(�) = min

f ∈L2(0,∞;�)

J∞,0(f ) ≤ C1‖y0(·)‖2
L2(�)

,

and

‖ŷ(·, t)‖L2(�) ≤ C2e
−μt‖y0(·)‖L2(�),

where ŷ is the optimal state of (28).

Note that the last inequality guarantees that the semigroups generated by M and its
adjoint M∗ are uniformly exponentially stable.

Proof of the Proposition 4.1 Let us start by considering the optimal pairs (y,ψ) and (ŷ, ψ̂)

of problems (26), and (27), respectively. Subtracting the equations of the optimal states and
integrating on (0, T ), we have

∫ T

0
‖y(·, t) − ŷ(·, t)‖2

L2(�)
+ ‖χω(ψ(·, t) − ψ̂(·, t))‖2

L2(�)
dt

= −
∫

�

(y(x,T ) − ŷ(·, T ))(ψ̂(·, T ))dx

≤ ‖y(x,T ) − ŷ(·, T )‖L2(�)‖ψ̂(·, T )‖L2(�).

(29)

Now, applying Lemma 4.2 to the difference y(x, t)− ŷ(x, t), there exists C > 0 independent
of T and the coefficients such that

‖y(·, T ) − ŷ(·, T )‖2
L2(�)

≤ C

(∫ T

0
‖y(·, t) − ŷ(·, t)‖2

L2(�)
+ ‖χω(ψ(·, t) − ψ̂(·, t))‖2

L2(�)
dt

)
. (30)

Hence, combining (29)-(30) we get

∫ T

0
‖y(·, t) − ŷ(·, t)‖2

L2(�)
+ ‖χω(ψ(·, t) − ψ̂(·, t))‖2

L2(�)
dt ≤ C‖ψ̂(·, T )‖2

L2(�)
.

Since ψ̂(t) = Êŷ(t), applying Lemma 4.2 for the difference ψ(x, t) − ψ̂(x, t), and Lemma
4.5, we deduce that

‖ψ(·,0) − ψ̂(·,0)‖2
L2(�)

≤ C

(∫ T

0
‖y(·, t) − ŷ(·, t)‖2

L2(�)
+ ‖χω(ψ(·, t) − ψ̂(·, t))‖2

L2(�)
dt

)

≤ C‖ψ̂(·, T )‖2
L2(�)

≤ 2CC1C
2
2e

−2μT ‖y0‖2
L2(�)

.

(31)
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Finally, we conclude the proof by using the definitions of E and Ê on the left-hand side of
(31). �

Returning to the original problem (1) with the original target yd , not necessarily the null
one, the following result enables the optimal control to be characterized in a feedback form.

Corollary 4.1 Assume the coefficients a, b and p are bounded in C and that (4) and (7) are
fulfilled. The optimal control f of (1) is given by the feedback control law

f (x, t) = f (x) − χω [E(T − t) (y(x, t) − y(x)) + h(x, t)] , (32)

where h satisfies the following equation

⎧⎪⎨
⎪⎩

−ht + (A∗ + χωE(T − t)) h = 0 (x, t) ∈ � × (0, T )

h(x, t) = 0 (x, t) ∈ ∂� × (0, T ),

h(x,T ) = −ψ(x) x ∈ �.

(33)

Here ψ(x) is the stationary adjoint state.

Proof of the Corollary 4.1 Recall that when considering η ∈ L2(�), the function q defined by
E(T − t)η = q(t) satisfies the system

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ut +Au = −χωq (x, t) ∈ � × (t, T ),

−qt +A∗q = u (x, t) ∈ � × (t, T ),

u(x, t) = q(x, t) = 0 (x, t) ∈ ∂� × (t, T ),

u(x, t) = η(x), q(x,T ) = 0 x ∈ �.

Then, the new states m = y − y and n = ψ − ψ solve

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

mt +Am = −χωn (x, t) ∈ � × (0, T ),

−nt +A∗n = m (x, t) ∈ � × (0, T ),

m(x, t) = n(x, t) = 0 (x, t) ∈ ∂� × (0, T ),

m(x,0) = y0(x) − y(x), n(x,T ) = −ψ(x) x ∈ �.

(34)

Now, using the equation (33) and the definition of E for every η ∈ L2(�), the following
relation holds:

(n(·, t), η(·))L2(�) = (m(·, t), q(·, t))L2(�) + (h(·, t), η(·))L2(�). (35)

Equation (35) can be obtained by multiplying the first equation of (34) by u, integrating over
(t, T ) × �, and integrating by parts in space and time:

(n(·, t), η(·))L2(�)

= −(ψ(·), u(·, T ))L2(�) +
∫ T

t

(n(·, s),χωq(·, s))L2(�)ds +
∫ T

t

(m(·, s), u(·, s))L2(�)ds.

(36)
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Multiplying by u the first equation in (33), integrating over (t, T ) × �, and integrating by
part in space and time, we have

(h(·, t), η(·))L2(�)

= −(ψ(·), u(·, T ))L2(�) +
∫ T

t

(h(·, s),χωq(·, s))L2(�)ds

−
∫ T

t

(χωE(T − s)h(·, s), u(·, s))L2(�)ds.

Taking into account that E(T −s)u(s) = q(s) for every s ∈ (t, T ), the above equality reduces
to

(h(·, t), η(·))L2(�) = −(ψ(·), u(·, T ))L2(�). (37)

Multiplying by q the first equation of (34), integrating over (t, T ) × �, and integrating by
parts we get

(m(·, t), q(·, t))L2(�) =
∫ T

t

(m(·, s), u(·))L2(�)ds +
∫ T

t

(n(·, s),χωq(·, s))L2(�)ds. (38)

Thus, combining equations (36)-(38), we conclude (35). Returning to the original variables,
we have

(ψ(·, t) − ψ(·), η(·))L2(�) = (y(·, t) − y(·),E(T − t)η)L2(�) + (h(·, t), η(·))L2(�). (39)

Since η is arbitrary, from (39) we obtain

∫
�

(
ψ(x, t) − ψ(x) − E(T − t)(y(x, t) − y(x)) − h(x, t)

)
η(x)dx = 0, ∀η ∈ L2(�).

This concludes the proof. �

We are now ready to prove the main theorem.

Proof of Theorem 1.1 Since M∗ = (A∗ + χωÊ), we can write equation (33) as

⎧⎪⎨
⎪⎩

−ht +M∗h + (E(T − t) − Ê)χωh = 0 (x, t) ∈ � × (0, T ),

h(x, t) = 0 (x, t) ∈ ∂� × (0, T ),

h(x,T ) = −ψ x ∈ �.

(40)

Denote by S(t) the C0-semigroup generated by M, and S∗(t) ∈ L(L2(�)) the adjoint of
S(t). Since L2(�) is a Hilbert space, then M∗ is the generator of the C0-semigroup S∗(t).
Thus, the solution of (40) is given by

h(x, t) = −S∗(T − t)ψ(x) +
∫ T

t

S∗(s − t)
(
(E(T − s) − Ê)χωh(s)

)
ds.
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Using Proposition 4.1, Corollary 4.1, and Lemma 4.2 we obtain

‖h(t)‖L2(�) ≤ C2‖yd‖L2(�)e
−μ(T −t) + C0C2

∫ T

t

e−μ(s−t)e−μ(T −s)‖h(s)‖L2(�)ds

≤ C2 max{1,C0}
(

‖yd‖L2(�)e
−μ(T −t) + e−μT

∫ T

t

eμ(t+s)‖h(s)‖L2(�)ds

)
.

Applying Gronwall’s lemma, we have

‖h(t)‖L2(�) ≤ C2 max{1,C0}‖yd‖L2(�)e
−μ(T −t) exp

(
C2 max{1,C0}

∫ T

t

e−μT eμ(t+s)ds

)

≤ C3‖yd‖L2(�)e
−μ(T −t),

(41)

for every t ∈ [0, T ], where

C3 = C2 max{1,C0}. (42)

On the other hand, we can observe that z = y − y satisfies
⎧⎪⎪⎨
⎪⎪⎩

zt +Mz = χω

(
(Ê − E(T − t))z − h

)
(x, t) ∈ � × (0, T ),

z(x, t) = 0 (x, t) ∈ ∂� × (0, T ),

z(x,0) = y0(x) − y(x) x ∈ �.

(43)

Then, the solution of (43) is given by

z(x, t) = S(t)(y0(x) − y) +
∫ t

0
S(t − s)χω

(
(Ê − E(T − t))z(x, s) − h(x, s)

)
ds.

Now using estimate (41) and Lemma 4.2, we obtain

‖z(t)‖L2(�) ≤ C2(‖y0‖L2(�) + Ĉ‖yd‖L2(�))e
−μt + C0C2

∫ t

0
e−μ(t−s)e−μ(T −s)‖z(s)‖L2(�)ds

+ C2C3

∫ t

0
e−μ(t−s)e−μ(T −s)ds

≤ C2

(
(‖y0‖L2(�) + Ĉ‖yd‖L2(�))e

−μt + C3‖yd‖L2(�)e
−μ(T −t)

)

+ C0C2e
−μ(T −t)

∫ t

0
e−μ(t−s)e−μ(T −s)‖z(s)‖L2(�)ds

≤ C4
((

(‖y0‖L2(�) + ‖yd‖L2(�))e
−μt + ‖yd‖L2(�)e

−μ(T −t)
)

+
∫ t

0
e−μ(t−s)‖z(s)‖L2(�)ds

)
,

where

C4 = C2 max{1, Ĉ,C0,C3}. (44)
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Applying Gronwall’s lemma again, we deduce

‖y(·, t) − y(·)‖L2(�)

≤ C4

(
(‖y0‖L2(�) + ‖yd‖L2(�))e

−μt + ‖yd‖L2(�)e
−μ(T −t)

)
exp

(
C4

∫ t

0
e−μ(t−s)ds

)

≤ C4

(
(‖y0‖L2(�) + ‖yd‖L2(�))e

−μt + ‖yd‖L2(�)e
−μ(T −t)

)
.

Finally, using the fact that the optimal control f of (1) is given by the affine feedback law
(32) and applying Proposition 4.1, we conclude

‖f (·, t) − f (·)‖L2(�) ≤ (‖E(T − t)‖L(L2(�))‖y(·, t) − y(·)‖L2(�) + ‖h(·, t)‖L2(�))

≤ C5
(
(‖y0‖L2(�) + ‖yd‖L2(�))e

−μt + ‖yd‖L2(�)e
−μ(T −t)

)
,

for every t ∈ (0, T ), where

C5 = max{(C0 + (2C1)
1/2‖y0‖L2(�))C4,C3}. �

Remark 4.1 (1) The constants C0, C1, C2 and Ĉ in the previous proof are given by Propo-
sition 4.1, Lemma 4.5 and Lemma 4.2, respectively. The constant C of (10) is given by
C = 2 max{C4,C5}, with C3 and C4 given by (42) and (44), respectively. For the con-
stant μ > 0, from (74) we ca observe that maxδ∈(0,1){−ln(δ)δ} = 1/e. Therefore, we can
take μ = 1/eCr , where Cr is the controllability cost for some r < 1. These constants
are independent of T and the coefficients (a, b,p) in the class considered.

(2) In the previous lemmas, propositions, and theorems, we assumed that the coefficients
(a, b,p) are bounded in C . However, these uniform bounds on the coefficients are only
needed to ensure the uniform null control property. This observation directly implies
Theorem 1.2.

5 Numerical Simulations

In this section, we present some numerical experiments to confirm the uniform turnpike
property in the context of homogenization. Let us fix the time horizon T = 50 and the 1−D

domain � = (0,1). Consider the optimal control problem

min
f ε∈L2(0,T ;(0,1))

{
J T

ε (f ) = 1

2

∫ T

0
‖f ε‖2

L2(0,1)
dt + ‖yε(·, t) − 1‖2

L2(0,1)
dt

}
,

where yε is the solution of (16) with a(·) ∈ L∞(R) a periodic function given by (14) satis-
fying (13), and b ≡ p ≡ 0.

On the other hand, consider the corresponding stationary optimization problem

min
f

ε∈L2(0,1)

{
J s(f

ε
) = 1

2

(
‖f

ε
(·)‖2

L2(0,1)
+ ‖yε(·) − 1‖2

L2(0,1)

)}
,

where yε denotes the solution of the rsteady state system (18). In this setting, the uniform
turnpike property, i.e. Corollary 3.2, holds.
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Fig. 1 Norm of evolutive and stationary states for different values of ε

Fig. 2 Left: Illustration of the uniform exponential turnpike property for different values of ε with fixed
constants C = 10 and μ = 4. The dashed black line represents the turnpike uniform bound. Lines of different
shades correspond to the quantity ‖yε(t) − yε‖

L2(�)
+ ‖f ε(t) − f

ε‖
L2(�)

, for various values of ε. Right:
A zoomed-in view of the uniform turnpike property at the end of the interval (0,50)

Consider the particular case

a
(x

ε

)
= sin2

(xπ

ε

)
+ 0.5, y0(x) = x(x − 1),

modelling a heterogeneous material, where the conductivity coefficient oscillates periodi-
cally between two different constant ones (= 0.5 and 1.5). As the frequency of oscillation
increases, materials mix leading to an homogenized homogeneous one in the limit.

In our numerical simulations the semi-discrete problem is dealt with the FEniCS library
in Python [17], a high-level interface based on finite elements. The backward Euler dis-
cretization in time with 168 elements, and the spatial discretization with 421 elements was
implemented, leveraging the standard Lagrange family of elements. We then solved the opti-
mal control problem with Dolfin-adjoint [23]. This procedure was performed for the various
values of the parameter ε ∈ (0.005,1). This is illustrated in Figs. 1 and 2.

In Fig. 1, the turnpike property is validated for a range of ε values. Figure 2 further
illustrates that, for multiple ε > 0 values, the uniform exponential turnpike (10) is main-
tained with fixed constants C, μ > 0. These constants were obtained experimentally in our
numerical tests.
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Fig. 3 Tubular neighborhood, defined by the uniform turnpike constants, containing all the optimal states.
Lines of different shades represent different norms ‖yε(t)‖

L2(�)
of the optimal trajectories, corresponding

to various values of ε. The norm of ‖yε(t)‖
L2(�)

with ε close to zero is almost on the limit trajectory

Let us analyze the homogenization singular limit problem, when ε → 0. We know that
the homogenized coefficient of (21) and (22), in this 1 − D example, is given by

ah =
(

1

|�|
∫

�

1

a(x)
dx

)−1

=
(∫ 1

0

1

sin2
(

xπ
ε

) + 0.5
dx

)−1

.

In this case, ah ≈ 0.86603. The limit optimal control problems (1) and (5) are solved, subject
to the homogenized equations (21) and (22) with the coefficient ah. The comparison of the
limit model with different values of ε > 0 is illustrated in Fig. 2.

From Fig. 2, we can also observe that the turnpike property still holds for the homoge-
nized system with the same constants C and μ.

Finally, observe that the uniform turnpike property and Lemma 4.2, guarantee that

‖y(·, t)‖L2(�) ≤ C
(‖y0‖L2(�) + ‖yd‖L2(�)

)
(e−μt + e−μ(T −t) + ‖yd‖L2(�)).

This shows that all the trajectories are contained in a tubular neighborhood, defined by the
turnpike constants and the norm of the target. This can be noticed in Fig. 3.

6 Further Comments and Open Problems

Summarizing, in this paper, we show that the uniform turnpike property is a consequence of
the uniform null controllability property. Although the uniform turnpike property has been
proved for a particular parabolic equation, this general principle remains valid for other
models, such as finite-dimensional ones or wave-type equations, as long as the uniform null
control property holds.

In the following, we indicate some interesting open questions related to our analysis.

(1) The analysis of the singular homogenization limit of the turnpike (Corollary 3.3) was
performed in 1 − D. This limitation is due to the lack of uniform controllability results
in higher space dimensions without W 1,∞-bounds on the coefficients of the principal
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part. The problem of null-controllability and homogenization of the multi-dimensional
heat equation is widely open. So is the case for the uniform turnpike property.

(2) It would be interesting to investigate similar questions for the singular limit of the equa-
tion

⎧⎪⎨
⎪⎩

εytt − �y + yt = χωf in � × (0, T ),

y = 0 on ∂� × (0, T ),

y(x,0) = y0(x), yt (x,0) = y1(x) in �.

(45)

Observe that the behavior of this equation varies from hyperbolic to parabolic as ε → 0.
The uniform controllability of this model in the singular limit regime was proved by
Lopez, Zhang, and Zuazua in [22]. This result can be used directly to prove the uniform
turnpike property, following the same methodology of this article.

Similar questions can be more easily handled when the perturbation enters in lower
order terms, such as in

⎧⎪⎨
⎪⎩

ytt − �y + εyt = f in � × (0, T ),

y = 0 on ∂� × (0, T ),

y(x,0) = y0(x), yt (x,0) = y1(x) in �.

In this example, following [24], in the presence of a control, the turnpike property holds
for each ε ∈ (0,1) when the cost functional penalizes the state and control in suitable
energy spaces. Also, from [33], we know that the limit wave equation satisfies the turn-
pike property. The techniques of this paper allow to prove the uniform turnpike property
as ε → 0.

Note however that, in both examples, it is necessary to assume that the controls acts
on a subset of the domain assuring the controllability to hold, which amounts to assume
the Geometric Control Condition.

(3) Consider the linear system with a stiff lower-order term

{
ut + vx = 0, (x, t) ∈ R×R,

εvt + aux = −(v − g(u)),
(46)

where ε is a small parameter, and a is a fixed positive constant. In the limit when ε → 0,
the system (46) can be approximated by the viscous conservation law

{
ut − auxx + (g(u))x = 0, (x, t) ∈R×R,

v = −aux + g(u).
(47)

System (46) constitutes a relaxation of (47), and was introduced by Jin and Xin in [15]
to approximate conservation laws. Note that the system (46) can be rewritten as follows

εutt + ut − auxx + (g(u))x = 0, (x, t) ∈R×R, (48)

The extension of the uniform controllability result in [22] to the nonlinear model (46)
constitutes an interesting open problem together with the uniform turnpike property in
the singular limit. The turnpike property for semilinear parabolic problems has been
analyzed in [25].
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(4) The turnpike property has been used in greedy algorithms for parametric parabolic equa-
tions in [13], exploiting the fact that the controlled parabolic dynamics is close to the
elliptic one.

On the other hand, in [16] the authors proposed a greedy algorithm for the Vlasov-
Fokker-Planck equation (VFP)

εyt + vyx − φxyv = 1

ε
Qy, x, v ∈ � = (0, l) ×R

where Q is Fokker Planck operator, φ(t, x, z) is a given parameter-dependent poten-
tial (the parameters z are random, but with known distribution), ε > 0 is the so-called
Knudsen number and y = y(x, t, v, z) is the probability density distribution of particles
at position x with velocity v. The proposed greedy algorithm breaks the curse of di-
mensionality and allows obtaining better convergence rates than those obtained using
Monte-Carlo methods.

The boundary control of this equation has already been studied in [14], where it is
also proved that this control is uniform with respect to the Knudsen number.

Motivated by the above, it would be natural to analyze the turnpike property for the
VFP equation and whether this property is uniform with respect to the Knudsen number
or, even more, uniform with respect to the random parameters, making it possible to
analyze the singular limit when ε → 0. It would also be interesting to investigate the
implications from a numerical point of view as in [13].

(5) In the context of parabolic models, analyzing the property of approximate controllability
is also natural. It consists in driving the system arbitrarily close to any target in the phase
space L2(�). This property is uniform in the homogenization context [32], so it would
be natural to explore further the possible convergence in the context of the turnpike
property.

Appendix: Proof of Technical Results

Consider the operators A and A∗ introduced in (8) and (9), respectively. If we consider the
coefficients (a, b,p) ∈ L∞(�) × (L∞(�))n × L∞(�) (uniform) bounded, and assume (4),
then is straightforward to see that

(Ay, y)L2(�) + Cr‖y‖2
L2(�)

≥ a0

2
‖y‖2

H 1
0 (�)

, (49)

and

(A∗ψ,ψ)L2(�) + Cr‖ψ‖2
L2(�)

≥ a0

2
‖ψ‖2

H 1
0 (�)

, (50)

where Cr is a positive constant such that
(‖b‖2

L∞(�)

2a0
+ ‖p‖L∞(�)

)
≤ Cr. (51)

On the other hand, both Theorem 2.1 and 2.2 are proved by duality; that is by establishing
the observability inequality

‖φ(·,0)‖2
L2(�)

≤ CT

∫ T

0
‖χωφ(·, t)‖2dxdt, (52)
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where CT is the controllability cost, and φ satisfies the equation
⎧⎪⎨
⎪⎩

−φt +A∗φ = 0 (x, t) ∈ � × (0, T ),

φ(x, t) = 0 (x, t) ∈ ∂� × (0, T ),

φ(x,T ) = φ0 x ∈ �.

(53)

Since Theorems 2.1 and 2.2 ensure uniform controllability, the cost of controllability CT in
(52) is independent of the parameters (a, b,p), but dependent of the time horizon T and the
ellipticity constant a0. The inequality (52) will be useful in the following proof.

A.1 Proof of Lemma 4.2

We divide the proof into three steps, one for each inequality.
Step 1: Let us multiply the equation (2), by its solution y and integrate on �

1

2

d

dt

(
‖y(·, t)‖2

L2(�)

)
+ (Ay(·, t), y(·, t))L2(�) = (χωf (·, t), y(·, t))L2(�).

Then, applying (49) and the Young’s inequality with δ > 0, we have

1

2

d

dt

(
‖y(·, t)‖2

L2(�)

)
+a0

2
‖y(·, t)‖2

H 1
0 (�)

≤ 1

2δ
‖χωf (·, t)‖2

L2(�)
+ δ

2
‖y(·, t)‖2

L2(�)
+ Cr‖y(·, t)‖2

L2(�)
.

Now, integrating on the time interval (0, T ) and applying Poincaré's inequality,

‖y(·, T )‖2
L2(�)

+ (a0Cp − δ)

∫ T

0
‖y(·, t)‖2

L2(�)

≤ 1

δ

∫ T

0

(
‖χωf (·, t)‖2

L2(�)
+ 2Cr‖y(·, t)‖2

L2(�)

)
dt + ‖y0(·)‖2

L2(�)
.

Finally, we conclude the inequality by taking δ < a0Cp , where Cp is the Poincaré constant.
Step 2: Let I ∗ = (0,1) ⊂ (0, T ) and take ψ = p + q in the interval I ∗, where p and q

satisfy
⎧⎪⎨
⎪⎩

−pt +A∗p = 0 � × I ∗,
p(x, t) = 0 ∂� × I ∗,
p(x,1) = ψ(x,1) �,

⎧⎪⎨
⎪⎩

−qt +A∗q = y − yd � × I ∗,
q(x, t) = 0 ∂� × I ∗,
q(x,1) = 0 �.

Observe that p solves the system (53), and therefore, p satisfies the observability inequality

‖p(·,0)‖2
L2(�)

≤ C

∫
I∗

‖χωp(·, t)‖2
L2(�)

dt,

with C independent of T and the coefficients (a, b,p). Let us consider the change of variable
q̂ = qeCr t where Cr given by (51). Then q̂ satisfies

⎧⎪⎨
⎪⎩

−q̂t +A∗q̂ + Crq̂ = eCr t (y − yd) � × I ∗,
q(x, t) = 0 ∂� × I ∗,
q(x,1) = 0 �.
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Then, multiplying by q̂ the equation satisfied by q̂ and integrating on � × I ∗ we obtain

‖q(·,0)‖2
L2(�)

2
+

∫
I∗

((a + ICr)q̂(·, t), q̂(·, t))L2(�)dt

=
∫

I∗
eCr t (y(·, t) − yd(·), q̂(·, t))L2(�)dt

≤ eCr

2δ1

∫
I∗

‖y(·, t) − yd‖2
L2(�)

+ δ1

2
‖q̂(·, t)‖2

L2(�)
dt,

where we use the Young inequality with δ1 > 0. Then, applying (50) and Poincaré's inequal-
ity on the left-hand side, we have

‖q(·,0)‖2
L2(�)

+ (a0Cp − δ1)

∫
I∗

‖q(·, t)‖2
L2(�)

dxdt ≤ eCr

δ1

∫
I∗

‖y(·, t) − yd‖2
L2(�)

,

provided δ1 < a0Cp . We conclude that there exist Cδ > 0 such that

‖q(·,0)‖2
L2(�)

+
∫

I∗
‖q(·, t)‖2

L2(�)
dt ≤ Cδ

∫
I∗

‖y(·, t) − yd‖2
L2(�)

.

Finally returning to the variable ψ , we conclude that there exists a constant C > 0 indepen-
dent of T > 0 and the coefficients (a, b,p) such that

‖ψ(·,0)‖2
L2(�)

≤ 2
(
‖p(·,0)‖2

L2(�)
+ ‖q(·,0)‖2

L2(�)

)

≤ C

∫
I∗

‖χωp(·, t)‖2dt + Cδ

∫
I∗

‖y(·, t) − yd‖2
L2(�)

dt

≤ Ĉδ

(∫
I∗

‖χωψ(·, t)‖2
L2(�)

dt +
∫

I∗
‖χωq(·, t)‖2

L2(�)
dt +

∫
I∗

‖y(·, t) − yd‖2
L2(�)

dt

)

≤ Ĉδ

(∫
I∗

‖χωψ(·, t)‖2
L2(�)

dt +
∫

I∗
‖y(·, t) − yd‖2

L2(�)
dt

)

≤ C

(∫ T

0
‖χωψ(·, t)‖2

L2(�)
+ ‖y(·, t) − yd‖2

L2(�)
dt

)
.

Step 3: Let us multiply by ψ the system satisfied by y and integrate on �

(ay(·),ψ(·))L2(�) = (f (·),χωψ(·)))L2(�) = −‖f (·)‖2
L2(�)

.

Analogously, multiplying by y the system satisfied by ψ and integrating on �, yields

(ay(·),ψ(·))L2(�) = (y(·), y(·) − yd(·))L2(�) = ‖y(·)‖2
L2(�)

− (y(·), yd(·))L2(�).

Then, combining the above equalities, we deduce

‖y(·)‖2
L2(�)

+ ‖f (·)‖2
L2(�)

= (y(·), yd(·))L2(�).
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Now, using Young’s inequality on the right-hand side

‖y(·)‖2
L2(�)

+ ‖f (·)‖2
L2(�)

≤ 1

2
‖y(·)‖2

L2(�)
+ 1

2
‖yd(·)‖2

L2(�)
.

Hence, we have

‖y(·)‖2
L2(�)

+ ‖f (·)‖2
L2(�)

≤ ‖yd(·)‖2
L2(�)

. (54)

Moreover, multiplying by y the system satisfied by y, and integrating by parts in �, we have

(a∇y,∇y)L2(�) = −(b∇y, y)L2(�) − (py, y)L2(�) + (f , y)L2(�).

Then, using (4) and Cauchy–Schwarz’s inequality

a0‖∇y‖2
L2(�)

≤ ‖b‖L∞(�)‖∇y‖L2(�)‖y‖L2(�) + ‖p‖L∞(�)‖y‖2
L2(�)

+ ‖f ‖L2(�)‖y‖L2(�),

and thanks to Young’s inequality with δ < 2a0/‖b‖L∞(�), we have

(
a0 − δ‖b‖L∞(�)

2

)
‖∇y‖2

L2(�)
≤

(‖b‖L∞(�)

2δ
+ 1

2
+ ‖p‖L∞(�)

)
‖y‖L2(�) +

‖f ‖2
L2(�)

2

Thus, combining (54) and the fact that the coefficient b and p are bounded in (L∞(�))n and
L∞(�), respectively, we deduce that there exists a constant C > 0 independent of T > 0
and the coefficients (a, b,p) such that

‖y(·)‖2
H 1(�)

+ ‖f (·)‖2
L2(�)

≤ C‖yd(·)‖2
L2(�)

. (55)

On the other hand, consider t ∈ (0, τ ) with τ an arbitrary positive constant. Observe that
ψ(x) satisfies

⎧⎪⎨
⎪⎩

−ψt +A∗ψ = y − yd � × (0, τ ),

ψ(x, t) = 0 ∂� × (0, τ ),

ψ(x, τ ) = ψ �.

Let us take ψ(x) = p(x) + q(x), where

⎧⎪⎨
⎪⎩

−pt +A∗p = 0 � × (0, τ ),

p(x, t) = 0 ∂� × (0, τ ),

p(x, τ ) = ψ �,

⎧⎪⎨
⎪⎩

−qt +A∗q = y − yd � × (0, τ ),

q(x, t) = 0 ∂� × (0, τ ),

q(x, τ ) = 0 �.

Let us note that p solves the system (53), and therefore, p satisfies the observability inequal-
ity

‖p(·,0)‖2
L2(�)

≤ Cτ

∫ τ

0
‖χωp(·, t)‖2

L2(�)
dt,

equivalent to

‖p(·)‖2
L2(�)

≤ Cττ‖χωp(·)‖2
L2(�)

. (56)
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Now consider the change of variable η(x, t) = q(x)etCr , with t ∈ (0, τ ). Observe that ψ

satisfies ⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−ηt +A∗η + Crη = etCr (y − yd) � × (0, τ ),

η(x, t) = 0 ∂� × (0, τ ),

η(x,0) = ψ �,

η(x, τ ) = 0 �,

Then, multiplying by η the equation satisfied by η and integrating on � × (0, τ ), we have

‖η(·,0)‖2
L2(�)

+ 2
∫ τ

0
((a + ICr)η(·, t), η(·, t))L2(�)dt

= 2
∫ τ

0
(etCr (y(·) − yd(·)), η(·, t))L2(�)dt

Applying the inequality (50), Young’s inequality, Poincaré's inequality, and returning to the
variable q , we obtain

‖q(·)‖2
L2(�)

+ Cp‖q(·)‖2
L2(�)

∫ τ

0
etCr dt

≤ e2τCr τ
‖y(·) − yd(·)‖2

L2(�)

δ
dt + ‖q(·)‖2

L2(�)
δ

∫ τ

0
e2tCr dt

Thus, factoring the left-hand side and taking δ > 0 small enough, we find that there exists a
positive constant C, independent of the coefficients (a, b,p) such that

‖q(·)‖2
L2(�)

≤ C‖y(·) − yd(·)‖2
L2(�)

. (57)

Then, as in Step 2, combining (57) and (56) we obtain

‖ψ(·)‖2
L2(�)

≤ 2(‖q(·)‖2
L2(�)

+ ‖p(·)‖2
L2(�)

)

≤ Cτ

(
‖χωp(·)‖2

L2(�)
+ ‖y(·) − yd(·)‖2

L2(�)

)

≤ Cτ

(
‖χωψ(·)‖2

L2(�)
+ ‖χωq(·)‖2

L2(�)
+ ‖y(·) − yd(·)‖2

L2(�)

)

≤ Cτ

(
‖χωψ(·)‖2

L2(�)
+ ‖y(·) − yd(·)‖2

L2(�)

)
.

Then, using the characterization of the optimal control f ,

‖ψ(·)‖2
L2(�)

≤ C(‖f ‖2
L2(�)

+ ‖y(·) − yd(·)‖2
L2(�)

)

Moreover, by multiplying by ψ the system satisfied by ψ , and performing the same estima-
tions as above for y, we have that

(
a0 − δ‖b‖L∞(�)

2

)
‖∇ψ‖2

L2(�)

≤
(‖b‖L∞(�)

2δ
+ 1

2
+ ‖p‖L∞(�)

)
‖ψ‖L2(�) +

‖y − yd‖2
L2(�)

2

Finally, we conclude the proof by using (54) and the previous estimations.
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A.2 Proof of Lemma 4.3

To prove Lemma 4.3, we divide the proof into two steps.
Step 1: Let (y, f,ψ) the optimal variables of problem (1). Then we have the inequality

∫ T

0
‖y(·, t) − yd(·)‖2

L2(�)
dt +

∫ T

0
‖f (·, t)‖2

L2(�)
dt

= (y(·,0),ψ(·,0))L2(�) −
∫ T

0
(yd(·), y(·, t) − yd(·))L2(�)dt.

(58)

In fact, let us multiply the equation (2) by ψ , the solution of the adjoint system (24) and
integrate by part on space and time. Then, we have

− (y(·,0),ψ(·,0))L2(�) +
∫ T

0
(y(·, t),−ψt(·, t) − a∗ψ(·, t))L2(�)dt

=
∫ T

0
(f (·, t), χωψ(·, t))L2(�)dt.

Since ψ solves (24) and the optimal control is characterized by f (x, t) = −χωψ(x, t),

(y(·,0),ψ(·,0))L2(�) −
∫ T

0
‖f (·, t)‖2

L2(�)
dt =

∫ T

0
(y(x, t), y(x, t) − yd(x))L2(�)dt

=
∫ T

0
‖y(·, t) − yd(·)‖2

L2(�)
+ (yd(·), y(·, t) − yd(·))L2(�)dt.

Then we have

∫ T

0
‖y(·, t) − yd(·)‖2

L2(�)
dt +

∫ T

0
‖f (·, t)‖2

L2(�)
dt

= (y(·,0),ψ(·,0))L2(�) −
∫ T

0
(yd(·), y(·, t) − yd(·))L2(�)dt.

Step 2: Let us begin by noting that the operator E(T ) maps the initial condition of the
equation (1) to the final state of the adjoint system (24). Therefore, based on the well-
posedness of the optimality system, E(T ) is well-defined. Furthermore, E(T ) can be ex-
pressed as a composition of two maps: the map y0 �→ {y,ψ} and the map {y,ψ} �→ ψ(0).
These individual maps are known to be linear and continuous according to [20, Lemma 4.2].
As a result, the operator E(T ) is also linear and continuous.

(1) From the inequality (58), with yd ≡ 0 we deduce directly the variational characterization

(E(T )y0, y0)L2(�) = min
f ∈L2(0,T ;�)

J T,0(f ).

(2) Let us prove that the limit

lim
T →∞

(E(T )y0, y0)L2(�), (59)
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is finite. For this purpose, observe that E(T ) is bounded and increasing in T . In fact,
take t1 ≤ t2 then, using the variational characterization, it is clear that E(t1) ≤ E(t2). On
the other hand, since the system (2) is uniformly null controllable at any finite time, then
for the time horizon T = 1, there exists a control g0 ∈ L2(0, T ;�) driving the system
to zero at time 1, i.e., y(·,1) = 0 a.e. in �. Furthermore, there exists a constant Cr

independent of the coefficients such that ‖g0‖L2(0,1;�) ≤ Cr‖y0‖L2(�). Then the two-step
control

ĝ(x, t) =
{

g0(x, t), if t ∈ (0,1),

0, if t ∈ (1, T ),
(60)

satisfies that ‖ĝ‖L2(0,T ;�) ≤ Cr‖y0‖L2(�), and the associated state satisfies y(x, t) = 0
for every t ∈ [1, T ). Finally, since (y, f ) is the optimal pair, we conclude that

(E(T )y0(·), y0(·))L2(�) = min
f ∈L2(0,T ;�)

J T,0(f ) ≤ Cr‖y0(·)‖2
L2(�)

,

which ensures that E(T ) is uniformly bounded. Therefore, the limit (59) is finite.

A.3 Proof of Lemma 4.4

We divide the proof into two steps.
Step 1: Let us take a sequence of times Tn → ∞ and consider the optimization problem

min
fn∈L2(0,Tn;�)

{
J Tn,0(fn) = 1

2

∫ Tn

0
‖fn(·, t)‖2

L2(�)
+ ‖yn(·, t)‖2

L2(�)
dt

}
, (61)

where yn is the solution of (2) with time horizon equals to Tn. Denote by (yn, fn,ψn) the
triple state-control-adjoint optimal variables of the optimization problem (61), where ψn

is the solution of (24) with time horizon Tn. Hereafter we extend by zero the functions
(yn, fn,ψn) in the interval (Tn,∞).

Let us recall the infinite time optimization problem

min
f̂ ∈L2(0,∞;�)

{
J∞,0(f̂ ) = 1

2

∫ ∞

0
‖f̂ (·, t)‖2

L2(�)
+ ‖ŷ(·, t)‖2

L2(�)
dt

}
, (62)

where ŷ is solution of (2) with time horizon T = ∞.
In the first part of the proof of the Lemma 4.4, our goal is to prove that

(yn,ψn,fn) → (ŷ, ψ̂, f̂ ), strongly in
(
L2(0,∞;�)

)3
.

First, using the two-step control (60), we observe that the problem (62) is well-defined.
Consequently, the optimal variables (ŷ, f̂ , ψ̂) are unique and satisfy

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ŷt +Aŷ = −χωψ̂ (x, t) ∈ � × (0,∞),

−ψ̂t −A∗ψ̂ = ŷ (x, t) ∈ � × (0,∞),

ŷ(x, t) = ψ̂(x, t) = 0 (x, t) ∈ ∂� × (0,∞),

ŷ(x,0) = y0(x), ψ̂(x, t)
t→∞→ 0 x ∈ �,

f̂ = −χωψ̂ (x, t) ∈ � × (0,∞).

(63)
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Applying Lemma 4.2 to the inequality (58) when yd ≡ 0, we conclude that there exists a
positive constant C independent on Tn for all n such that

∫ ∞

0
‖yn(·, t)‖2

L2(�)
+ ‖χωψn(·, t)‖2

L2(�)
dt ≤ C. (64)

Then, if we multiply by ψ the equation satisfied by ψn, integrating by parts, and using the
inequality (64), see deduce that there exists C > 0 independent of n such that

∫ ∞

0
‖ψn(·, t)‖2

H 1
0 (�)

dt ≤ C.

Carrying out the same procedure for yn, we have
∫ ∞

0
‖yn(·, t)‖2

H 1
0 (�)

dt ≤ C.

Therefore, there exist two function α and β in L2(0,∞;H 1
0 (�)) such that yn ⇀ α and ψn ⇀

β weakly in L2(0,∞;H 1
0 (�)). Now take η ∈ L2(0,∞;H 1

0 (�)), multiplying the equation
satisfied by yn, and integrating on (0,∞) × �, we get

∫ ∞

0
((yn)t , η)L2(�)dt +

∫ ∞

0
(∇yn, a(x)∇η)L2(�)dt +

∫ ∞

0
(∇yn, b(x)η)L2(�)dt

+
∫ ∞

0
(yn,p(x)η)L2(�)dt = −

∫ ∞

0
((χωψn), η)L2(�)dt.

We deduce that (yn)t converge weakly to αt in L2(0,∞;H−1(�)). Furthermore, from the
uniqueness of the optimal variables of the problem (62), necessarily ŷ = α, ψ̂ = β , and
f ⇀ f̂ in L2(0,∞;H 1

0 (�)).
Now, in order to obtain strong convergence, we use the structure of the functionals. Let

us denote

jn = inf
f ∈L2(0,Tn;�)

J Tn,0(f ), and j = inf
f ∈L2(0,∞;�)

J∞,0(f ).

Since the functional is lower semicontinuous and convex, by the weak convergence, we have
that

j ≤ lim inf
n→∞ jn.

On the other hand, since fn and f̂ are the solutions of jn and j , respectively, then

j = J∞,0(f̂ ) = lim sup
n→∞

J Tn,0(f̂ ) ≥ lim sup
n→∞

J Tn,0(fn) = lim sup
n→∞

jn.

Therefore, jn → j as n → ∞, ensuring the strong convergence of yn, ψn and fn to ŷ, ψ̂ and
f̂ in L2(0,∞;�), respectively.

Step 2: From the strong convergence, we can pass the limit in the inequality (64) to
obtain ∫ ∞

0
‖ŷ(·, t)‖2

L2(�)
+ ‖χωψ̂(·, t)‖2

L2(�)
dt ≤ C. (65)
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Now, recall the operator Ê(0) : L2(�) → L2(�) defined as Ê(0)y0(x) := ψ̂(x,0). In the
same way as the operator E , we can check that Ê is well-defined, linear, and continuous.
Also, if we restrict the problem (63) to the interval, (s,∞) we can define the operator
Ê(s)ŷ(x, s) := ψ̂(x, s), for each s ∈ (0,∞).

Since the coefficients of the equation (63) do not depend on the time variable, Ê is
constant with respect to s. That is, Ê(s)ŷ(x, s) = Ê(0)ŷ(x, s) for all ŷ(x, s) and s ∈ (0,∞).

Let us consider the sequences (yn,ψn) of optimal pairs of the functional J Tn,0. Then,
from the first part of the proof, we have that ψn → ψ̂ . Therefore, using the definition of E
and Ê, we obtain

E(t)y0 −→ Êy0 strongly in L2(�), when t → ∞,

for any y0 ∈ L2(�). Finally, since fn(x, t) → f̂ (x, t) and the characterization of the station-
ary optimal control, we obtain that f̂ (x, t) = −χωÊŷ(x, t).

A.4 Proof of the Lemma 4.5

First, observe that multiplying the system (63) by ŷ and integrating on �, we have that

d

dt

(
(Êŷ(·, t), ŷ(·, t))L2(�)

)
= −‖χωÊŷ(·, t)‖2

L2(�)
− ‖ŷ(·, t)‖2

L2(�)
≤ 0. (66)

Let us denote the operator M := (A+ χωÊ). We divide the proof into two steps.
Step 1: We claim that

lim
t→∞

(
sup

‖y0‖
L2(�)

≤1
(Êŷ(·, t), ŷ(·, t))L2(�)

)
= 0, (67)

Observe that from (66) the function defined by

l(t) := sup
‖y0‖

L2(�)
≤1

(Êŷ(·, t), ŷ(·, t))L2(�),

is non-increasing. Hence, it admits a limit as t → ∞. To prove (67), observe that the operator
M is a generator of a C0-semigroup S(t) (since Ê ∈ L(L2(�))), which depends of the
coefficients (a, b,p).

Let us consider the sequence of times tn → ∞, and the sequence of initial condition yn
0

such that the primal solution of (63) with initial condition yn
0 , given by ŷn(x, t) = S(t)yn

0 (x),
satisfies

l(tn) − 1

n
≤ (Êŷn(·, tn), ŷn(·, tn))L2(�).

Note that the sequence zn(x, t) = ŷn(x, t + tn) satisfies

(zn)t + Mzn = 0 (x, t) ∈ � × (−tn,∞), (68)

which is the same equation satisfied by ŷn. Then extending by zero zn, in the interval
(−∞,−tn), we can apply Lemma 4.2, and the same arguments of the (first part) proof of
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the Lemma 4.4, to conclude that there exists z such that zn → z strongly in L2(R;�). Thus,
z satisfies the equation

zt + Mz = 0, (x, t) ∈ � ×R.

Observe that tn + t < tn for every t < 0. Then, using the definition of l(t) and its monotone
character, we have

l(tn) − 1

n
≤ (Êŷn(·, tn), ŷn(·, tn))L2(�) ≤ (Êŷn(·, tn + t), ŷn(·, tn + t))L2(�) ≤ l(t + tn),

for all t < 0. This implies that (Êz(·, t), z(·, t))L2(�) is constant in (−∞,0). Moreover,

(Êz(·, t), z(·, t))L2(�) = lim
n→∞ l(tn).

Since z and ŷ(·, t) satisfy the same system, we apply (66) to z, obtaining

‖χωÊz(·, t)‖2
L2(�)

= ‖z(·, t)‖2
L2(�)

= 0, ∀t ∈ (−∞,0), ∀ε > 0,

and thus z(·, t) = 0 for every t ∈ (−∞,0). Consequently, (Êz(·, t), z(·, t))L2(�) = 0. There-
fore,

lim
t→∞ l(t) = 0,

concluding (67).
Step 2: Let us prove the uniform exponential decay of ŷ(x, t). To this end, we first prove

that Ê is uniformly continuous. Note that, due to (67), we can integrate (66) in the time
interval (0,∞). Obtaining the following variational characterization

(Êy0(·), y0(·))L2(�) = min
f ∈L2(0,∞;�)

J∞,0(f ) ≥ 0. (69)

The above implies that Ê is positive semi-definite. Since the uniform null controllability
holds, the system can be steered to zero at any finite time. Then, we can use again the two-
step control given by (60) (in this case with T = ∞). This guarantees that there exists some
Cr > 0, independent of the coefficients (a, b,p), such that

min
f ∈L2(0,∞;�)

J∞,0(f ) ≤ Cr‖y0(·)‖2
L2(�)

. (70)

On the other hand, if we multiply by ψ̂ the equation satisfied by ψ̂ , integrating on � ×
(0,∞), integrating by parts and applying (69), we have

‖ψ̂(·,0)‖2
L2(�)

+ a0Cp

∫ ∞

0
‖ψ̂(·, t)‖2

L2(�)
dt ≤

∫ ∞

0
‖ŷ(·, t)‖2

L2(�)
dt.

Then, using the previous estimation, the definition of Ê and (70), we conclude that

‖Êy0‖2
L2(�)

≤
∫ ∞

0
‖ŷ(·, t)‖2

L2dt ≤ min
f ∈L2(0,∞;�)

J∞,0(f ) ≤ Cr‖y0(·)‖2
L2(�)

, (71)
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Thus, E is uniformly continuous. Also, we have

(Êy0(·), y0(·))L2(�) = min
f ∈L2(0,∞;�)

J∞,0(f ) ≥ 1

2

∫ ∞

0
‖ŷ(·, t)‖2

L2(�)
dt

≥ 1

2
‖ψ̂(·,0)‖2

L2(�)
= 1

2
‖Êy0(·)‖2

L2(�)
.

Let us prove that there exist two positive constants C and μ, independent of the coefficients
such that

‖ŷ(·, t)‖L2(�) ≤ Ce−μt‖y0(·)‖L2(�). (72)

From (71), we obtain

‖ŷ(·, t)‖2
L2(�)

+
∫ t

0
‖ŷ(·, s)‖2

L2(�)
ds ≤ Cr‖y0‖2

L2(�)
for every t ≥ 0. (73)

Also we know that ŷ(·, t) = S(t)y0, where S(t) is the C0-semigroup generated by M . There-
fore, we have

‖S(t)‖2
L(L2(�))

≤ Cr for every t ≥ 0.

The above inequality implies that there exists ν > 0 independent of the coefficients (a, b,p)

and T such that

‖S(t)‖2
L(L2(�))

≤ Cre
2νt for every t ≥ 0.

Furthermore, from (73) we deduce that

∫ t

0
‖S(t)y0‖2

L2(�)
dt ≤ Cr‖y0‖2

L2(�)
for every t ≥ 0.

Consequently, we get

t‖S(t)y0‖2
L2(�)

=
∫ t

0
‖S(t)y0‖2ds ≤

∫ t

0
‖S(s)‖2

L(L2(�))
‖S(t − s)y0‖2

L2(�)
ds

≤ C2
r

∫ t

0
‖S(s)y0‖2ds ≤ C2

r ‖y0‖2
L2(�)

,

for all t ≥ 0. Then we have that

‖S(t)‖L(L2(�)) ≤ Cr

√
1

t
for every t > 0.

Hence, for t̂ = C2
r /δ > 0 with δ ∈ (0,1),

‖S(t̂)‖L(L2(�)) ≤ δ < 1.

On the other hand, we know that every t > 0 can be written as t = mt̂ + s, where m ∈ N and
s ∈ (0, t̂]. Thus,

‖S(t)‖L(L2(�)) ≤ Cr‖S(t̂)‖m

L(L2(�))
eνs ≤ Crδ

t/t̂ δ−1eνt̂ = Ce−μt ,
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and we conclude (72) taking

μ = − ln(δ)δ

C2
r

> 0, and C = Crδ
−1eνt̂ , (74)

which are independent of T and the coefficients. Finally, denote by S∗(t) the adjoint of the
semigroup S(t). Since L2(�) is a Hilbert space, S∗(t) is generated by M∗. Furthermore,
‖S∗(t)‖L(L2(�)) = ‖S(t)‖L(L2(�)). This concludes the proof.

A.5 Convergence of the Optimal Variables in the Homogenization Context

Proposition A.1 Assume that a ∈ L∞(R) is a periodic function given by (14) satisfying (13)
and b ≡ p ≡ 0. Denote by (y, f ) and (y, f ) the optimal pairs state-control of the optimiza-
tion problems (1) and (5) subject to the equations (21) and (22), respectively. Then, we have
that

f ε → f strongly in L2(0, T ;�), and yε → y strongly in C([0, T ];L2(�)),

as ε → 0. Moreover, for the stationary optimal control variables, we have that

f
ε → f , and yε → y, strongly in L2(�),

as ε → 0.

We denote by (f ε, yε) and (f
ε
, yε) the optimal variables associated to (15) and (17)

respectively. Also, denote by yh the solution of the homogenized parabolic equation (21),
and yh the solution of the homogenized elliptic equation (22).

We will make use of the following classical results of homogenization theory, whose
proofs can be found in [2, 3].

Lemma A.1 Assume that � = (0,1), aε ∈ L∞(R) is a periodic function of period 1 given
by (14) satisfying (13). Let f ε be a sequence of controls in L2(0, T ;�). Denote by yε the
solution of (2) with right-hand side f ε . Further, let yh be the solution of the homogenized
parabolic equation (21). Then, the following properties hold:

(1) if f ε converges to f h weakly in L2(0, T ;�) as ε → 0, then yε satisfies

yε ∗
⇀ yh weakly-* in L∞(0, T ;L2(�)),

as ε → 0.
(2) if f ε converges to f h strongly in L2(0, T ;�) as ε → 0, then yε satisfies

yε → yh strongly in C([0, T ];L2(�)),

as ε → 0.

Lemma A.2 Assume that � = (0,1), aε ∈ L∞(R) is a periodic function of period 1 given by
(14) satisfying (13). Let f

ε
a sequence of controls in L2(�) such that converge weakly in

L2(�) to f
h

as ε → 0. Then, yε the solution of (6) with right hand side f
ε

satisfies

yε ⇀ yh, weakly in H 1
0 (�),

as ε → 0.
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Let us start by observing that, from the uniform convexity of J T , we have that f ε and yε

are uniformly bounded in L2(0, T ;�). Then there exist fl and yl in L2(0, T ;�) such that

f ε ⇀ fl, and yε ⇀ yl weakly in L2(0, T ;�),

as ε → 0. In particular, using Lemma A.1,

yε ∗
⇀ yl weakly-* in L∞(0, T ;L2(�)) as ε → 0.

Moreover, yl is the solution of the limit system (21) associated with fl . Let us prove that
yl = yh and fl = f h. From the lower semicontinuity of the functional J T , we have

J T (fl) ≤ lim inf
ε→0

J T (f ε). (75)

On the other hand, for every g ∈ L2(0, T ;�), we deduce

lim inf
ε→0

J T (f ε) ≤ lim inf
ε→0

J T (yε(h),h), (76)

where yε(g) is the state associate to g. Then, since g is a constant control, using Lemma
A.1, we obtain yε(g) → yh(g) strongly in C([0, T ];L2(�)) as ε → 0. Thus,

lim inf
ε→0

J T (yε(g), g) = J T (yh(g), g) = J T (g) (77)

Since (75), (76) and (77) hold, we obtain

J T (fl) ≤ J T (g) for every g ∈ L2(0, T ;�).

Then, we conclude that fl = f h and by the uniqueness, yl = yh. Now, to conclude the
strong convergence, using the weak convergence and the weak semicontinuity of J T , we
have

lim inf
ε→0

J T (yε(f ε), f ε) ≥ J T (yh(f h), f h) ≥ lim sup
ε→0

J T (yε(f h), f h)

≥ lim sup
ε→0

J T (yε(f ε), f ε).

Thus, we deduce

lim
ε→0

J T (f ε) = J T (f h),

and we conclude the strong convergence.
Finally, let us prove that y → y and f → f strongly in L2(�). From the strict convexity

of the functional J s
ε , we have that there exist fs , ys ∈ L2(�) such that

f
ε
⇀ fs, and yε ⇀ ys, weakly in L2(�).

From Lemma A.1, we know that ys is solution of (22). In the same way as above, combining
the weak convergence, we can derive (75), (76), and (77) for the functional J s . Therefore,

we obtain that ys = yh and fs = f
h
. Furthermore, we have

lim
ε→0

J s(f
ε
) = J s(f

h
).

This proves the strong convergence in L2(�).
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