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Abstract

Motivated by singular limits for long-time optimal control problems, we investigate a class
of parameter-dependent parabolic equations. First, we prove a turnpike result, uniform with
respect to the parameters within a suitable regularity class and under appropriate bounds.
The main ingredient of our proof is the justification of the uniform exponential stabiliza-
tion of the corresponding Riccati equations, which is derived from the uniform null control
properties of the model.

Then, we focus on a heat equation with rapidly oscillating coefficients. In the one-
dimensional setting, we obtain a uniform turnpike property with respect to the highly oscil-
latory heterogeneous medium. Afterward, we establish the homogenization of the turnpike
property. Finally, our results are validated by numerical experiments.

Keywords Turnpike property - Rapidly oscillating linear parabolic equation - Optimal
control problems - Long time behavior - Uniform controllability - Singular limits problems

Mathematics Subject Classification 49K20 - 93C20 - 49NO5 - 35B27

1 Introduction

In the context of long-time horizon optimal control, the turnpike property ensures that op-
timal controls and solutions remain close to the optimal solution of the corresponding sta-
tionary optimal control problem most of the time. This stationary path is called the turn-
pike, which refers to the fastest route linking points that are far away enough. The turn-
pike phenomenon has been extensively studied for different equations in recent years (see
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[5, 1012, 24-29, 31, 33], and the references therein, for example). An extended and com-
prehensive survey can be found in [8]. In particular, it is well understood that the turnpike
property relies on two ingredients: firstly, the cost functional must penalize both the state
and control; secondly, the system must be controllable or stabilizable.

Building on the work of Porretta and Zuazua [24], we delve into the turnpike property
within the context of parameter-dependent parabolic optimal control problems. We prove
that when the null controllability holds, uniformly with respect to the parameters, the turn-
pike property is uniform as well.

Previous analysis of optimal control problems governed by parameter-dependent partial
differential equations can be found in [19] and the references included therein. The con-
nections between parameterized control problems and the turnpike property have also been
analyzed in [13], where greedy approximate algorithms for parameterized control problems
have been developed. See also [18].

This article complements the existing literature by showing that the turnpike property is
uniform and enjoys homogenization properties in a suitable context.

Throughout this article, we primarily concentrate on parabolic equations to streamline
the presentation. Nevertheless, our methodology can be extended to other models, such as
finite-dimensional systems or wave-type equations, provided that the uniform null control
property, with respect to the relevant parameters, is satisfied.

1.1 Problem Formulation

Let 2 be a bounded Lipschitz domain in R”, n > 1, and the time horizon 7 > 0. We define
the following optimal control problem

. 1 /7
min {JT(f) = 5/0 (”f(, t)”iZ(Q) + Iy, 1) — yd(.)”iz(g)) dl‘}, )

feL2(0,T;)
where y is the solution of the parabolic equation
yr —div(a(x)Vy) + b(x) - Vy + p(x)y = xo f (x,) e x(0,T),

y(x,t)=0 (x,t) e x (0, T), 2)
y(xvo):y() er.

Here, y; € L?(R2) is a time-independent target, y is the state, f € L?(0, T; 2) is the control,
and yy € L?(2) is the initial condition. The open set @ C 2 is nonempty, and ¥,, denotes the
characteristic function of the set w where the control is being applied. We denote by (y, f)
the optimal time-dependent pair of (1), which, of course, depends also in the length T of the
time-horizon.

We assume that the coefficients (a, b, p) are bounded in the class

¢ =W (Q) x (L®(Q))" x L®(Q), 3)
and satisfy the uniform ellipticity condition in the principal part, i.e.
0<ap<a(x) ae.in$. “4)

Then, by the classical global Carleman inequalities introduced by Fursikov and Imanuvilov
in [7], we can guarantee the uniform null controllability of the system (2), that is, for any 7 >
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0 and yo € L?(R), there exists f € L*(0, T; ) such that we can drive to zero the solution
of (2) in time T, the control f being bounded in L?(0, T; ©2) by a constant independent of
the coefficients within the considered class (see Theorem 2.1 below).

Let us now consider the stationary optimal control problem

_ 1 _
_min {Jf(f) =2 (”f(')”iz(g) 30O - yd(->||iz®> } )

feLl?()

Here y solves the elliptic equation
—div@(@)Vy) +b(x) - V¥ + pn)y = xof ~ x €, ©
y(x)=0 x €938,

where y; € L?(R2) is the same target of the evolution control problem (1), and the coeffi-
cients are the same as in (2).

To avoid additional technical difficulties and ensure the existence and uniqueness of (6),
we assume that the coefficients a, b, and p are such that

Ker(A") = {0}, @)
where A* is the adjoint operator of
A=—div(@x)V-) +bx)V - +px)-, ®)
that is,
A = —div(a(x)V ) — div(b(x)-) + p(x) - . ©)

Denote by (¥, f) the optimal pair of (5). Although hypothesis (7) does not guarantee that the
solution of (6) is uniformly bounded in H!(2) for a fixed right-hand side term, by assuming
condition (4) and that the coefficients (a, b, p) are bounded in ¢, then extra bounds that
the coercivity of J* yield, ensure that the optimal states y are uniformly bounded in H' (),
see Lemma 4.2. This is an essential aspect of the uniform turnpike property that requires all
static optimal states and controls to be uniformly bounded.

Our first main result guarantees the exponential uniform turnpike property in this setting.
Namely, we have the following theorem.

Theorem 1.1 (Uniform turnpike property for coefficients bounded in ¢) Ler us assume
that the coefficients (a, b, p) are bounded in € and that (4) and (7) are fulfilled. Consider
the time-dependent optimal pairs (y, f) and the static ones (3, f), of problems (1) and (5),

respectively. Then, there exist two positive constants C and p independent of T > 1 and the
coefficients (a, b, p) in this class such that

IyCor) = YOll2@ + 11 ¢ 1) — 7(')”L2(Q)
< C (Iyoll 2@y + I1¥all 22) (e"” + e‘””"’) (10)
foreveryt € (0,T), yy € L2(R2), and coefficients (a, b, p) in this class.
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To the best of our knowledge, this is the first result in this direction in the literature.

In the previous theorem, the constants C and u depend, in particular, on the ellipticity
constant ag in (4), and the uniform bound on the coefficients in %, because the uniform
controllability constant depends on these conditions and bounds as well.

This result not only ensures the turnpike property for (1) but also guarantees that for a
family of coefficients, (a, b, p), uniformly bounded in ¥ and satisfying (4) and (7), there
exists a uniform tubular neighborhood (defined by the turnpike constants (10)) of the steady
optimal configurations constraining the optimal dynamic trajectories (states and controls).
This assertion could not be concluded in the case where the family (a, b, p) is not uniformly
bounded in ¥, because of the lack of uniform controllability.

The proof of this theorem uses, in an essential manner, the uniform controllability of
the system and it is based on the decoupling strategy in [24]. This is done through the use
of the Riccati operator of the associated infinite-time horizon problem. The uniform null
controllability property ensures the uniform exponential stability of the Riccati operator
(Proposition 4.1). Once this fact is proved, the result follows similarly as in [24].

Theorem 1.1 does not apply to highly oscillatory heterogeneous media in homogeniza-
tion theory, since the corresponding coefficients are not uniformly bounded in ¢, and Car-
leman inequalities do not guarantee the uniform controllability in this context. However,
according to Alessandrini and Escauriaza [1], in one-space dimension n = 1, the uniform
null control property holds by simply assuming coefficients to be uniformly bounded in
[L*®(£2)]® and uniformly elliptic (4). This uniform controllability property was previously
proved in [21] for periodic homogenization in one-space dimension. According to these
uniform controllability results, we have the following result.

Theorem 1.2 (One-dimensional uniform turnpike property for coefficients bounded in
[L®()]) Consider Q = (0, 1) and assume that the coefficients (a, b, p) are bounded in
[L®(Q)], and that conditions (4) and (7) are fulfilled. Under these milder restrictions on
the coefficients, there exist two positive constants C and ., independent of T > 1 and the
coefficients (a, b, p) in this class, such that (10) holds. Furthermore, in the particular case
of periodic rapidly oscillatory coefficients, both the uniform turnpike property and the ho-
mogenization of the turnpike hold.

1.2 Outline

The rest of this work is organized in the following way. In Sect. 2, we present preliminary
results related to well-posedness and uniform null controllability. Section 3 is devoted to
state some consequences of the uniform turnpike property, including the uniform integral
turnpike property and the homogenization of the turnpike property in one-dimension (1 —
D), in the context of highly oscillatory heterogeneous media. The proof of the uniform
turnpike property is given in Sect. 4. In Sect. 5, we present numerical experiments that
confirm our theoretical results. Finally, Sect. 6 concludes the paper with a discussion on
possible extensions and open problems.

2 Preliminaries
Let us consider the coefficients (a, b, p) € L®(R2) x (L*®(2))" x L*®(R) satisfying (4).
Then, for every y, € L*(Q), the parabolic equation (2) admits a unique solution y in the

class

W(,T)={yeL*0,T; Hj(Q)), y. € L*(0,T; H ' ()} .
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See, for instance, [6, Chap. 7]. Additionally, if the coefficients (a, b, p) € L*(2) x
(L*°(2))" x L*™(R2) satisfy (4) and (7), then the elliptic equation (5) admits a unique solu-
tion y in HO1 (K2). See [6, Chap. 6].

The following lemma shows that problems (1) and (5) admit a unique minimizer.

Lemma 2.1 (Existence and uniqueness of the optimal pairs) Let (a, b, p) € L®(2) x
(L (2))" x L*®(R2). Under the assumption (4) the optimization problem (1) has a unique
solution (y, f) € W(0,T) x L*(0,T; Q), where y is the optimal state associated to the
control f. Similarly, assuming (7) is fulfilled, the stationary optimization problem (5) has
a unique solution (3, f) € HOl () x LX(Q), where y is the optimal state associated to the
control f.

The proof of Lemma 2.1 is standard and is based on the direct method in the calculus of
variations. We omit it for brevity.

Remark 2.1 Assumption (7) is satisfied, in particular, if (a, b, p) € L®(R2) x (L*®(R))" x
L*>(2), satisty (4) and p(x) —divg(x)/2 > 0 a.e. in 2. See [4, Chap. 9, Remark 23] or [9,
Corollary 8.2].

2.1 Uniform Null Controllability

In this section, we analyze the uniform null controllability properties of the parabolic equa-
tion (2). The following holds:

Theorem 2.1 (Uniform null controllability in the multi-dimensional setting) Let us assume
that the coefficients (a, b, p) are bounded in ¢ and satisfy the uniform ellipticity condition
(4). Then, the system (2) satisfies the uniform null controllability property, in the sense that
for each T > 0, there exists a constant Ct > 0 independent of the coefficients (a,b, p) € €
such that for each yy € L>(2) there exists a null control f satisfying

I £l 2070 < Crlvoll 2, ¥yo € LA(Q). (11)

The constant Cr in Theorem 2.1 is the so-called controllability cost and is uniformly
bounded in this class of coefficients.

Proof Due to the global Carleman inequalities introduced in [7], there exists a control f €
L?(0, T; Q) such that y, the solution of (2) with initial condition y, € L*(2) and coefficients
(a, b, p) € ¥, satisfies

v, T)=0, inQ,
and there exists is a positive constant C, 5, , 7 such that
2
I fll20.7:9) < Cabprlyoll 2y, Vyo € L7(£2).

Also, from [7], we can observe that the controllability cost Cy 5, 1,4, depends continuously
on the norm of the coefficients (a, b, p) in %, the time horizon T, and the ellipticity constant
ap. Thus, there exists a positive constant Cr 4, such that C,  , 7 < Cr 4, for all coefficients
in this class, concluding (11). O
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Theorem 2.1 still holds when we assume a € L*°(£2), but only in one-space dimension
n = 1. More precisely, using complex analysis tools, such as K-quasiconformal homeomor-
phisms, Alessandrini and Escauriaza proved the following result in [1].

Theorem 2.2 (Uniform null controllability in 1 — D) Let Q = (0, 1) and assume that the
coefficients (a, b, p) are bounded in L™ (2) x (L (R2))" x L>®(R2) and satisfy the uni-
form ellipticity condition (4). Then, the system (2) satisfies the uniform null controllability
property.

This result was previously proved in [21], in the context of periodic homogenization in
1 — D with boundary control.

3 Some Consequences of the Uniform Turnpike Property

In this section, we present some results that arise as consequences of the uniform turnpike
property.

3.1 Uniform Integral Turnpike Property

We begin with the so-called integral turnpike property. As a direct consequence of the uni-
form turnpike property, we can ensure that the integral turnpike property holds uniformly.

Corollary 3.1 (Uniform integral turnpike property) Let us assume that the coefficients
(a, b, p) are bounded in €. Adtﬁtionally, assume that (4) and (7) are fulfilled. Consider
the optimal pairs (y, f) and (v, f) of problems (1) and (5), respectively. Then for T > 1,
we have

17 —
T +H7/0 JGnde— f()

1 T
H—f y(,0dt —y()
0

L2(Q) L2(Q)

- 2C(lyoll 2@y + lyall 2@y (1 — e )

< T . (12

for every yy € L*(Q) and (a, b, p) in this class. Here C and ju are the same constants as in
Theorem 1.1.

This result can be derived immediately by integrating (10) over time; hence, we will omit
the proof.

3.2 Application to 1 — D Homogenization

Let a € L*°(IR) be a periodic function with period 1 satisfying
O<ag<a(x)<aae.inR, (13)

and consider

ag(x):a<§>, for ¢ > 0. (14)
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We are interested in analyzing the uniform turnpike property for the optimal control problem

1 T

fe€L2(0,T;Q)

where y® solves the rapidly oscillating heat equation

V= (@:@)y), = xof* @0 €O, 1)x0,T),
¥e(0,t) =y*(1,1) =0 te(0,7), (16)
Ve (x, 0) = yo(x) x €0, 1),

for ¢ > 0. We also consider the stationary problem

. 5 /7€ 1 —e —
?3%{1 FH= E(Ilf B2+ 17°C) = yd(~>||§2(m> } (17

where y° solves the rapidly oscillating elliptic equation

{— (@(0F), =xuf  x€(.1), a8

Y (0)=y(1)=0.

In this setting, thanks to Theorems 2.2 and 1.2, we can immediately deduce the uniform
turnpike property.

Corollary 3.2 (Uniform turnpike property and homogenizationin 1 — D) Let a. € L*(R)
be as in (13)-(14). Consider the optimal pairs (y©, f¢) and (y°, fg) of problems (15) and
(17), respectively. Then for T > 1, there exist two positive constants C and [, independent
of T and ¢, such that

15 G =5 Ollzon + 160 = F Ollzon

< C (Iyollz20.1) + 1yall 20.1)) (e‘”’ + e‘“”‘”), (19)

foreveryt € (0,T), e >0, and yy € L*(Q).

Denote by a;, the homogenized effective constant given by

1 1 -1

Then, if f* — f has e — 01in L?(0, T; 2), classical results in homogenization theory (see
Appendix A.5) guarantee that the solution y® of (16) converges in C ([0, T]; L?(£2)) to the
solution of the homogenized heat equation

yth_ahy)lglx:fh (x7t)€(oa I)X(()’ T)7
y1(0,0)=y"(1,)=0 te(0,T), 1)
YH(x) = yo(x) x e (0,1).
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Similarly, if 78 — Th as ¢ — 0 weakly in L*(S2), the solution of (18) converges weakly in
HO1 (R2) to the solution of the homogenized elliptic equation

{wm&:7hxemJL )

¥'(0) =y"(1) =0.

Since Corollary 3.2 is uniform with respect to ¢ > 0, the homogenization of the turnpike
property holds. In other words, we can take the limit as & goes to zero in (19) and deduce
the following result, already stated in [24].

Corollary 3.3 Let us denote by (v, f) and (3, f) the optimal pairs of the optimization prob-
lems (15) and (17) subject to the homogenized equations (21) and (22), respectively. Then,
for T > 1 we have

lyCG. ) = YOll2on +I1LFC 1) — ?(')”1}(0,1)
< C (Iyoll 2,1y + Iyallz20,1)) <97M + fMT?t))v (23)

forevery t € (0, T), where the positive constants C and |u are those in (19).

The proof of the strong convergence of the optimal pairs for both the evolutionary and
stationary problems can be found in Proposition A.1.

4 Proof of the Uniform Turnpike Property

We devote this section to the proof of the uniform turnpike property (Theorem 1.1).

In what follows, C will denote a positive constant that may change from line to line and
can depend on ay. However, it will always be independent of the coefficients (a, b, p) and
the time horizon 7. We also denote by (-, -);2(q, the inner product in L*(£2).

Let us recall the operator .A defined in (8), and its adjoint operator defined in (9). Thus,
let us introduce the adjoint states which characterize the optimal controls of problems (1)
and (5).

Lemma 4.1 Assume the coefficients a, b and p are in 6. Additionally, assume that (4) and
(7) are fulfilled. Consider the optimal controls f and f of problems (1) and (5), respectively.
Then, the optimal control [ can be characterized by the identity f = —x,\¥, where ¥
satisfies

Vit AV =y—ys  x,0)eRx(0T),
Y(x,1)=0 (x,1) €9Q x (0, T), (24)
Y(x,T)=0 x€Q,

with y the optimal state associated to f . _ . o
Similarly, the optimal control f is characterized by f = — x,¥ with { solution of

Ay =5 -y, x e,

Y(x)=0 x €09, @)

where  is the optimal state associated to f .
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The proof of Lemma 4.1 is standard and can be found in the classical book of Lions [20,
Theorem 1.4, Chapter I, and Theorem 2.1, Chapter III], for example.

The proof of the following lemma, which establishes some energy estimates, can be
found in Appendix A.1.

Lemma 4.2 Assume the coefficients a, b and p are bounded in €. Additionally, assume
that (4) and (7) are fulfilled. Let (v, f, V) and (3, f, V) be the optimal state-control-adjoint
triples of problems (1) and (5), respectively. Then, there exists a constant C > 0 independent
of T > 1 and the coefficients such that

T
0

and

1V O < c( /0 DI, + I ydniz(mdz).
Furthermore,
IFO10) + IO g + 1T O < ClyaO) o,
with € > 0 independent of the coefficients (a, b, p) € €.

The second main ingredient of the proof of Theorem 1.1 is the Riccati equation that
characterizes the optimal control problem and analyzes its behavior when 7' — oo.

Let us introduce the time-dependent Riccati operator. We start by analyzing the problem
(1) with y; =0, i.e. the optimal control problem

1 T
min {JT‘O(f)=§ f ||f(~,r>||iz(m+||y(-,z)||iz(mdr}, (26)
0

feL2(0,T;9Q)
where y solves (2). Let us define the operator £(T) : L?>(2) — L*(2) such that
E(M)yo(x) ==y (x,0).

The operator £(T) depends on the coefficients (a, b, p). However, we will not make this
dependence explicit to keep the notation simple.

The next lemma summarizes some useful properties of the operator £(T"). See Ap-
pendix A.2 for the proof.

Lemma 4.3 Assume the coefficients a, b and p are bounded in €. Additionally, assume that
(4) and (7) are fulfilled. Then the operator E(T) is well-defined, linear, and continuous from
L%(Q) to L*(R). It also satisfies that

(1) There exists a constant C > 0, independent of T and the coefficients (a, b, p), such that

EMO Yoz = min  J(f) < ClyoO2q)-
feL=(0,T;%)

(2) The limit limy_, o (E(T)yo, yo) is finite.

@ Springer
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We note that for each ¢t € (0, T)

E(T =)y, 1) =y (x,1).

This is a consequence of the uniqueness of the state-adjoint pairs (y, ¥) solution of (2) and
(24), respectively. For more details, see [20, Chap. 3, Sect. 4] or [30, Chap. 4].
Consider the following infinite-time horizon control problem

PO Y N
min Pm%ﬂ=§f|mnw;®+wmm@MML 27
0

feL2(0,00;9)

where ¥ solves (2) with time horizon T = co. Denote by >, f , 1&) its optimal variables, and
define the operator E(0) : L?>(2) — L*(R2) by setting

E(0)yo(x) := ¥ (x, 0).

Similarly to the operator £(T'), we can define E(s)y(s x) = 1//(s x) fors e (0, 00). How-
ever, it is possible to show that the operator E (s) is independent of s (i.e., E (s) = E ) and
is thus referred to as the stationary Riccati operator (see [20, Chap. 3, Sect. 4]). Although
the operator E also depends on the coefficients, we do not explicitly state this dependence
either.

The following lemma relates the asymptotic behavior of the time-dependent Riccati op-
erator £ to the stationary Riccati operator £ .

Lemma 4.4 Assume the coefficients a, b and p are bounded in €. Additionally, assume
that (4) and (7) are fulfilled. The optimal control problem (27) and the Riccati operator
Ee L(L*(RQ)) are well-defined. For the optimal control f of problem (26), we have the
feedback backward characterization f(x,t) = —x,E(T — s)y(x, s). Moreover, we have

E)yo — Eyo strongly in L*(2), when t — oo.

Finally, the optimal control of problem (27) can be characterized by the identity f (x,1) =
—XoEJ(x,1).

The proof of this lemma can be found in Appendix A.3. Lemma 4.4 allows us to write
the optimal state of problem (27) as

Y+ My=0 (x,1) € 2 x (0, 00),
y(x,t)=0 (x,1) € 022 x (0, 00), (28)
y(x, 00 =yx) xe,

where M := (A + wa;").
The following proposition is of utmost importance, as it allows us to ensure the uniform
exponential stabilization of the Riccati operators.

Proposition 4.1 Assume the coefficients a, b and p are bounded in €. Additionally, assume
that (4) and (7) are fulfilled. There exist two positive constants | and Cy independent of T
and the coefficients (a, b, p) such that

I1E@) — Ell 20 < Coe™™,

for every t > 0 and coefficients (a, b, p) in this class.
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The proof of the Proposition 4.1 relies on the following lemma, whose proof can be found
in Appendix A.4.

Lemma 4.5 Assume the coefficients a, b and p are bounded in ¢ and that (4) and (7) are

fulfilled. Then, there exist three positive constants Cy, C, and [, independent of T and the
coefficients under consideration, such that

[ 2 ; : .0 2
§||Eyo(')||Lz(Q) < (EYo(), yo( )2y = f_eL%go;Q) SR = Cillyo Ol 2 gy

and
19C, D20 < Cae™ 10O 20>
where y is the optimal state of (28).

Note that the last inequality guarantees that the semigroups generated by M and its
adjoint M* are uniformly exponentially stable.

Proof of the Proposition 4.1 Let us start by considering the optimal pairs (y, ¥) and (3, W)

of problems (26), and (27), respectively. Subtracting the equations of the optimal states and
integrating on (0, 7'), we have

T
A|wmo—&moﬁmb+Mawuo—ﬁmnmbﬁm

=—/@urwwnTm&uDMx (29)
Q

<Ny, T) = 56 D2l G Dllg)-

Now, applying Lemma 4.2 to the difference y(x, t) — y(x, t), there exists C > 0 independent
of T and the coefficients such that

T
SC(‘/0 ||y(',t)_§’(~,l)||iz(9)+||Xw(1//(.,t)—w(.’t))”iz(g)dt). (30)

Hence, combining (29)-(30) we get
T ~ ~
A 1yCt) = 3G D720 + oW G0 = ¥ C ) Tagdt < CIY G T2 q)-

Since &(t) = E}?(t), applying Lemma 4.2 for the difference v (x, 1) — 1/7(x, t), and Lemma
4.5, we deduce that

1 (-, 0) =9 (-, 0132
T

§c<f|wun—y«nﬁmb+Mawun—&unm;@m> 31)
0

SCIYC T2 <2CC1C3e > Iyoll7 -
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Finally, we conclude the proof by using the definitions of £ and £ on the left-hand side of
31). O

Returning to the original problem (1) with the original target y,, not necessarily the null
one, the following result enables the optimal control to be characterized in a feedback form.

Corollary 4.1 Assume the coefficients a, b and p are bounded in ¢ and that (4) and (7) are
fulfilled. The optimal control f of (1) is given by the feedback control law

f@ ) =Fx) = X [ET —1) (y(x,1) = (X)) + h(x, )], (32)
where h satisfies the following equation

—h (A X, ET —t)h=0  (x,)eQx(0,T)
h(x,1)=0 (x,1) €32 x (0, T), (33)
h(x, T)=—¥(x) xeQ.

Here v/ (x) is the stationary adjoint state.

Proof of the Corollary 4.1 Recall that when considering n € L?(S2), the function g defined by
E(T — t)n = q(¢) satisfies the system

u; + Au = —x,q (x,)eQx(t,T),
—q;+A*q=u (x,0)eQx(t,T),
u(x,t)=q(x,t)=0 (x,1)edxT),

ulx,)=nkx), qx, T)=0 xe€Q.

Then, the new states m =y —y and n = — 1 solve

m, + Am = —x,n (x,1)eQx(0,T),
—n,+A'n=m (x,1) e 2 x (0,T), (34)
m(x,t)=n(x,t)=0 (x,1) €2 x (0,T),

m(x,0) = yo(x) =¥(x), n(x,T) = —¢(x) x€Q.

Now, using the equation (33) and the definition of £ for every n € L2(2), the following
relation holds:

G0, n( N 2@ =mC,1),qC, 1)) 2@ + 1), 00) 2 (35)

Equation (35) can be obtained by multiplying the first equation of (34) by u, integrating over
(t, T) x 2, and integrating by parts in space and time:

n(, 0, 1)) 2@

T T
= —(W(')a u(-, T))L2(Q) +/ n(,s), Xwq (s S))LZ(Q)dS +/ (m(-,8),u(, S))L2(Q)ds-
(36)
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Multiplying by u the first equation in (33), integrating over (¢, T) x €2, and integrating by
part in space and time, we have

(h(, ), ()2

T
=—0),ul, 7)) 2@ +/ (h(-,8), Xq (-, 8)) 12 ds

T
—/ (X&(T = $)h (-, 5),u(-, 5))20)ds.

Taking into account that E(T —s)u(s) = q(s) forevery s € (¢, T), the above equality reduces
to

(h(, 1), n( N2 = —W (), ul, 7)) 12 (37

Multiplying by ¢ the first equation of (34), integrating over (¢, T) x €2, and integrating by
parts we get

T

T
(m('J)»CI('J))LZ(Q):f (m(',S),M('))H(Q)dS‘f‘/ (- 5), Xwq (s 8)) 2ds.  (38)

Thus, combining equations (36)-(38), we conclude (35). Returning to the original variables,
we have

WD =Yg =060 =3O, ET =D 2@ + RE D, 1)) 2. (39)

Since 7 is arbitrary, from (39) we obtain

/ (W(x, N =Y @) = ET = )(y(x, 1) = Y(x) = hix, t))n(X)dx =0, Vnel’(Q).

Q

This concludes the proof. ]
We are now ready to prove the main theorem.

Proof of Theorem 1.1 Since M* = (A* + X,,,E ), we can write equation (33) as

—h+ Mh+ ET —1)—E)xoh =0  (x,1) €2 x (0, T),
h(x,1)=0 (x,1) €9 x (0, T), (40)

h(x,T)=—v x €.

Denote by S(t) the C%-semigroup generated by M, and S*(¢) € £L(L?*(R2)) the adjoint of
S(t). Since L?(Q) is a Hilbert space, then M?* is the generator of the C%-semigroup S*(¢).
Thus, the solution of (40) is given by

T
hx, 1) = —S*(T — ) (x) +f S*(s — 1) ((E(T —5)— E)th(s)) ds.
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Using Proposition 4.1, Corollary 4.1, and Lemma 4.2 we obtain
T
IRl 2 (@) < Callyall 2 @pe 7" + CoCz/ e 0TI || (s) || 2 gy ds
t

T
< Cymax{1, Co} (nydum(me‘“”‘” +e / e“<'+s>||h(s>||Lz<mds) :
t

Applying Gronwall’s lemma, we have

T
D2 = Comaxil, Cotllyall2e ™ 7 exp | Camaxil, Co e M ent+s) g ¢
IR @) (Q) C {1, Co}llyall o) w(T=n C {1, Co} uT uli+s) g
t

—u(T—
< Csllyall e ",

(4D
for every ¢t € [0, T'], where
C; = Coymax{l, Cp}. 42)
On the other hand, we can observe that z = y — y satisfies
atMe=xo (E=ET =1)z=h)  (x.)e@xO.T),
2(x,1)=0 (x,1) €32 % (0,7T), (43)

2(x,0) = yo(x) = y(x) x € Q.

Then, the solution of (43) is given by
! A
2(x.0) = SO (o) =) + / St =)o ((E = ET = 0)2(x,) = h(x,5)) ds.
0
Now using estimate (41) and Lemma 4.2, we obtain
n t
212 < C2(lyoll 20y + Cllyall2@)e ™ + COCZ/ e M=) g =) lz(s)lL2)yds
0
t
+ C2C3/ e M=) =T =5) g ¢
0
= € (Uollzzie + Cllyall @)e™ + Callyalliz@e™ ™)
t
+ CoCze‘“(T")/ e eI 2(9) [l 20 ds
0

< Cs ((UIyoll 2y + Ivall 2@)e™ + llyall 2epe ™" ")

t
+ / e =) ||z(s)||Lz(Q)ds>,
0

where

Cy = Cymax{1, C, Cy, C3). (44)
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Applying Gronwall’s lemma again, we deduce
Iy, 1) =Yl L2
t
< c4((||yo||Lz<m + 1yall2@)e™ + ||yd||Lz<me‘“<T‘”> exp <c4 f e—““—”ds)
0

< Cs (Uyoll 2@ + 1yall2@)e™ + Iyall 2@e 7).

Finally, using the fact that the optimal control f of (1) is given by the affine feedback law
(32) and applying Proposition 4.1, we conclude

lfC, ) — 7(')”1}(9) SUET =Dl zz@plly 1) = YOl 2@ + 1A G Dl 2@))

— — (T —
< Cs (Uyoll 2@ + Iyallz@)e™ + Iyall 2 e ),

for every t € (0, T'), where

Cs =maX{(C0+(2C1)1/2||y0||L2(Q))C4,Cs}- U

Remark 4.1 (1) The constants Cy, Cy, C, and C in the previous proof are given by Propo-
sition 4.1, Lemma 4.5 and Lemma 4.2, respectively. The constant C of (10) is given by
C =2max{Cy, Cs}, with C; and C4 given by (42) and (44), respectively. For the con-
stant ;> 0, from (74) we ca observe that maxsc,1){—In(8)§} = 1/e. Therefore, we can
take u = 1/eC,, where C, is the controllability cost for some r < 1. These constants
are independent of 7" and the coefficients (a, b, p) in the class considered.

(2) In the previous lemmas, propositions, and theorems, we assumed that the coefficients
(a, b, p) are bounded in ¥. However, these uniform bounds on the coefficients are only
needed to ensure the uniform null control property. This observation directly implies
Theorem 1.2.

5 Numerical Simulations

In this section, we present some numerical experiments to confirm the uniform turnpike
property in the context of homogenization. Let us fix the time horizon 7 = 50 and the 1 — D
domain @ = (0, 1). Consider the optimal control problem

1 T
min JT = - 2||? dt e, t) — 13 dty,
f‘9€L2(0.T;(0,1)){ & (f) 2 A ”,f ||L2(0.1) + ||y ( ) ”LZ(O,I)

where y® is the solution of (16) with a(-) € L*°(R) a periodic function given by (14) satis-

fying (13),and b = p =0.
On the other hand, consider the corresponding stationary optimization problem

—e 1 —e _
min {m.f =5 (nf Ol2, +17°6) = 1||iz(0,1)) }

FeL20,1)

where y° denotes the solution of the rsteady state system (18). In this setting, the uniform
turnpike property, i.e. Corollary 3.2, holds.
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Norms of dynamic & stationary states Norms of dynamic & stationary states
0.03 k e=1.000 — @I — ¥l 0.03 4 e=o0.010 — Iy@I — ¥l
0.02 3 0.02
0.01 0.01 <
0 10 20 30 40 50 0 10 20 30 40 50
0.03 e=0500 — Iy®I — I¥ll 0.03 4 e=0005 — IyVOI — ¥l
0.02 0.02
\ ]
0.01 0.01 <
0 10 20 30 40 50 0 10 20 30 0 50
Time Time
(a) Optimal states with ¢ = 1 and (B) Optimal states with e = 0.01 and
e = 0.5, respectively. e = 0.005, respectively.

Fig. 1 Norm of evolutive and stationary states for different values of ¢

Uniform Turnpike

0.030

- C(eTH 4+ e7HT=1)
0.025

0.020

0.015

0.010 (

0.005 “ ,,
\ ¥

0.000

o
I
o
=3
=1
<

0 2 4 6 8 o 4 22 a4 46 48 50 475 480 485 490 495
Time Time

Fig. 2 Left: Illustration of the uniform exponential turnpike property for different values of ¢ with fixed
constants C = 10 and u = 4. The dashed black line represents the turnpike uniform bound. Lines of different

shades correspond to the quantity ||y () — y© 2 + lrew =7 ll12(g)» for various values of &. Right:
A zoomed-in view of the uniform turnpike property at the end of the interval (0, 50)

Consider the particular case
X . (XTC
a (—) — sin (—) 105, y)=x(@x—1),
e e

modelling a heterogeneous material, where the conductivity coefficient oscillates periodi-
cally between two different constant ones (= 0.5 and 1.5). As the frequency of oscillation
increases, materials mix leading to an homogenized homogeneous one in the limit.

In our numerical simulations the semi-discrete problem is dealt with the FEniCS library
in Python [17], a high-level interface based on finite elements. The backward Euler dis-
cretization in time with 168 elements, and the spatial discretization with 421 elements was
implemented, leveraging the standard Lagrange family of elements. We then solved the opti-
mal control problem with Dolfin-adjoint [23]. This procedure was performed for the various
values of the parameter ¢ € (0.005, 1). This is illustrated in Figs. 1 and 2.

In Fig. 1, the turnpike property is validated for a range of ¢ values. Figure 2 further
illustrates that, for multiple ¢ > 0 values, the uniform exponential turnpike (10) is main-
tained with fixed constants C, p > 0. These constants were obtained experimentally in our

numerical tests.
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Tubular Neighborhood

1 £=0.7000
\ == £C(e M +e TV 4 ||y,l|i2) l,

£=0.5000
£=0.4000
£=0.3000
£=0.2000
£=0.1000
£=0.0800
—— £=0.0600
—— £=0.0400
—— £=0.0200
— £=0.0100
__________________________ — £=0.0070
I~ ™~ — £=0.0050
\ — £=0.0030
‘l — £=0.0010
1 —_— -0

0.016

0.014

0.012

0.010

0.008

0.006

———
-

0.004

Time

Fig. 3 Tubular neighborhood, defined by the uniform turnpike constants, containing all the optimal states.
Lines of different shades represent different norms ||y (z)|| L2 of the optimal trajectories, corresponding

to various values of ¢. The norm of ||y'9(t)||L2(Q) with ¢ close to zero is almost on the limit trajectory

Let us analyze the homogenization singular limit problem, when ¢ — 0. We know that
the homogenized coefficient of (21) and (22), in this 1 — D example, is given by

_<L/;d)_‘_ /';d ‘
“=\iel loaw ™) T\ s (=) 05

&

In this case, a; ~ 0.86603. The limit optimal control problems (1) and (5) are solved, subject
to the homogenized equations (21) and (22) with the coefficient a;. The comparison of the
limit model with different values of ¢ > 0 is illustrated in Fig. 2.

From Fig. 2, we can also observe that the turnpike property still holds for the homoge-
nized system with the same constants C and p.

Finally, observe that the uniform turnpike property and Lemma 4.2, guarantee that

lyC, D2 <C (||y0||L2(s2) + ||yd||L2(SZ)) (e e T 4 lyall2))-

This shows that all the trajectories are contained in a tubular neighborhood, defined by the
turnpike constants and the norm of the target. This can be noticed in Fig. 3.

6 Further Comments and Open Problems

Summarizing, in this paper, we show that the uniform turnpike property is a consequence of
the uniform null controllability property. Although the uniform turnpike property has been
proved for a particular parabolic equation, this general principle remains valid for other
models, such as finite-dimensional ones or wave-type equations, as long as the uniform null
control property holds.

In the following, we indicate some interesting open questions related to our analysis.

(1) The analysis of the singular homogenization limit of the turnpike (Corollary 3.3) was
performed in 1 — D. This limitation is due to the lack of uniform controllability results
in higher space dimensions without W'-*-bounds on the coefficients of the principal
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part. The problem of null-controllability and homogenization of the multi-dimensional
heat equation is widely open. So is the case for the uniform turnpike property.

(2) It would be interesting to investigate similar questions for the singular limit of the equa-
tion

&V — AY + Y = Xof inQ x (0, 7),
y=0 on 32 x (0, 7), (45)
yx,0) =y(x), yx,0=y(x) inQ.

Observe that the behavior of this equation varies from hyperbolic to parabolic as ¢ — 0.
The uniform controllability of this model in the singular limit regime was proved by
Lopez, Zhang, and Zuazua in [22]. This result can be used directly to prove the uniform
turnpike property, following the same methodology of this article.

Similar questions can be more easily handled when the perturbation enters in lower
order terms, such as in

Yiu—Ay+ey=f inQ x (0, 7),
y=0 on Q2 x (0, T),
yx,0)=yo(x), y(x,0)=y(x) inQ.

In this example, following [24], in the presence of a control, the turnpike property holds
for each € € (0, 1) when the cost functional penalizes the state and control in suitable
energy spaces. Also, from [33], we know that the limit wave equation satisfies the turn-
pike property. The techniques of this paper allow to prove the uniform turnpike property
as e — 0.

Note however that, in both examples, it is necessary to assume that the controls acts
on a subset of the domain assuring the controllability to hold, which amounts to assume
the Geometric Control Condition.

(3) Consider the linear system with a stiff lower-order term
{u,+vx:O, (x.) eR xR, 6
€v +au, =—(v —gu)),

where ¢ is a small parameter, and a is a fixed positive constant. In the limit when ¢ — 0,
the system (46) can be approximated by the viscous conservation law

{u, —auy, 4 (gw), =0, (x,1)eR xR, @

v=—au, +gu).

System (46) constitutes a relaxation of (47), and was introduced by Jin and Xin in [15]
to approximate conservation laws. Note that the system (46) can be rewritten as follows

suy +u; —auy, +(gw), =0, (x,1) eR xR, (48)

The extension of the uniform controllability result in [22] to the nonlinear model (46)
constitutes an interesting open problem together with the uniform turnpike property in
the singular limit. The turnpike property for semilinear parabolic problems has been
analyzed in [25].
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(4) The turnpike property has been used in greedy algorithms for parametric parabolic equa-
tions in [13], exploiting the fact that the controlled parabolic dynamics is close to the
elliptic one.

On the other hand, in [16] the authors proposed a greedy algorithm for the Vlasov-
Fokker-Planck equation (VFP)

1
SYr‘Fny—(nyu:ng, X,UEQZ(O,I)XR

where Q is Fokker Planck operator, ¢ (¢, x, z) is a given parameter-dependent poten-
tial (the parameters z are random, but with known distribution), & > 0 is the so-called
Knudsen number and y = y(x, ¢, v, z) is the probability density distribution of particles
at position x with velocity v. The proposed greedy algorithm breaks the curse of di-
mensionality and allows obtaining better convergence rates than those obtained using
Monte-Carlo methods.

The boundary control of this equation has already been studied in [14], where it is
also proved that this control is uniform with respect to the Knudsen number.

Motivated by the above, it would be natural to analyze the turnpike property for the
VFP equation and whether this property is uniform with respect to the Knudsen number
or, even more, uniform with respect to the random parameters, making it possible to
analyze the singular limit when ¢ — 0. It would also be interesting to investigate the
implications from a numerical point of view as in [13].

(5) Inthe context of parabolic models, analyzing the property of approximate controllability
is also natural. It consists in driving the system arbitrarily close to any target in the phase
space L?(2). This property is uniform in the homogenization context [32], so it would
be natural to explore further the possible convergence in the context of the turnpike

property.
Appendix: Proof of Technical Results
Consider the operators A and .A* introduced in (8) and (9), respectively. If we consider the

coefficients (a, b, p) € L*(2) x (L*(2))" x L*°(2) (uniform) bounded, and assume (4),
then is straightforward to see that

do
and
a,
AV )20 + Gl By = D1y (50)

where C, is a positive constant such that

111700 ()
27+||P||L°0<9) <C,. (5D
ap

On the other hand, both Theorem 2.1 and 2.2 are proved by duality; that is by establishing
the observability inequality

T
||¢(~,0)||iz(Q>SCT/0 X (-, D dxdt, (52)
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where C7 is the controllability cost, and ¢ satisfies the equation

-+ AP=0  (x,1)eQx(0,T),
¢(x,1)=0 (x,1) €92 x (0,7), (53)
¢(x,T)=¢o x€Q.

Since Theorems 2.1 and 2.2 ensure uniform controllability, the cost of controllability C7 in
(52) is independent of the parameters (a, b, p), but dependent of the time horizon T and the
ellipticity constant ay. The inequality (52) will be useful in the following proof.

A.1 Proof of Lemma 4.2

We divide the proof into three steps, one for each inequality.
Step 1: Let us multiply the equation (2), by its solution y and integrate on 2

1d
52 (VDI g ) + AV DDz = (o f (1Y D)1

Then, applying (49) and the Young’s inequality with § > 0, we have

1d 610 2
52 (G ) +FIYC D3 g

< iII)(mf(-,t)llzz + éIIy(-,t)Ilzz +CollyC D320
=95 L@y L2(Q) L2(Q)

Now, integrating on the time interval (0, T') and applying Poincaré's inequality,

T
1y (. T 220 + (@C, — ) / Iy GO
0

1 T
<5 [ (1P Oy 205G g ) e+ 10O g
0
Finally, we conclude the inequality by taking § < aoC,, where C, is the Poincaré constant.
Step 2: Let I* = (0,1) C (0, T) and take ¥ = p + ¢ in the interval I*, where p and ¢
satisfy

—-pi+A*p=0 Qx I*, -+ A=y —y4 Q x I*,
px,t)=0 Q2 x I*, g(x,t)=0 02 x I*,
px,D=v(x,1) Q, gx,1)=0 Q.

Observe that p solves the system (53), and therefore, p satisfies the observability inequality

PG Oy = C [ Itup Dl gy,

with C independent of T and the coefficients (a, b, p). Let us consider the change of variable
G = qeC' where C, given by (51). Then § satisfies

—g+ A G+ Cg=e"(y—y)) Q2xI*,
qgx,t)=0 02 x I*,
q(x,1)=0 Q.
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Then, multiplying by ¢ the equation satisfied by ¢ and integrating on  x I* we obtain

lg ¢, 0)I5

- +/«a+Kﬁﬂ%%ﬂumB@m
[’.(

:/ () = ya(), G, 1) 2t
[*

=

e 2 81 s 2
281 f* ”y(?t) - )’d”Lz(Q) + E”q(vt)”LZ(Q)dt!

£

where we use the Young inequality with §; > 0. Then, applying (50) and Poincaré's inequal-
ity on the left-hand side, we have

Cr

e
g 0220, + @0Cp = 81) | g2 0 dxdr <
I*

1yCot) = yall2a g
81 Jox L@

provided 8; < apC,. We conclude that there exist Cs > 0 such that
19Ol + [ 106D gt <Cs [ 1360 = sullsg,

Finally returning to the variable v, we conclude that there exists a constant C > 0 indepen-
dent of T > 0 and the coefficients (a, b, p) such that

=2 (IpC. O gy +19¢. 022 )

<C [ WopnlPdr +Cs [ 1360 =l o dt
I* I*

sd(/nmw@m@®m+/umwnw@mm+/nﬂn»nw;®m>
I* I* I*

IA

T
0
Step 3: Let us multiply by ¥ the system satisfied by ¥ and integrate on £
@O T2y = TOL XV O 2@ =~ 17O 0)-
Analogously, multiplying by y the system satisfied by ¥ and integrating on €2, yields
@y ¥ 2@ =T, YO = ya(D 2@ = 1FO72g) = T, va (D) 12g)-
Then, combining the above equalities, we deduce

IFO 22y + 17O 20y = TO. YD 12y
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Now, using Young’s inequality on the right-hand side

IFOI2 0, + 17O < %uy(-)uiz(m + %nyd(-)n’iz(m.

Hence, we have

T2 + 17O, < 1940 122 (54)
Moreover, multiplying by y the system satisfied by y, and integrating by parts in €2, we have

(aVy, Vy)ﬂ(sz) =—(bVy, ?)LZ(Q) - (py, Y)LZ(Q) + (?, 7)L2(9)~
Then, using (4) and Cauchy—Schwarz’s inequality
ol V12 0, < 161 I VTl 20 [Tl 20 + 1Pl 17122,y + 1 200 |7 20

and thanks to Young’s inequality with § < 2ay/||b]| L), we have

12
171220

S||b|| 00
( 0 ” ”L ()
2

. bl 1 ,
5 ) IV31Z2q < (—” + 3+ ple=@ ) 1Fl2e +

26

Thus, combining (54) and the fact that the coefficient b and p are bounded in (L*°(£2))" and
L*>(K2), respectively, we deduce that there exists a constant C > 0 independent of 7 > 0
and the coefficients (a, b, p) such that

1T g + 17O g < ClyaO 2. (55)

On the other hand, consider ¢ € (0, T) with t an arbitrary positive constant. Observe that
¥ (x) satisfies

Y+ AY=Y—y  Qx(0,7),
Y(x,0)=0 32 % (0, 7),
Y, )=y Q.

Let us take ¥ (x) = p(x) + ¢ (x), where

-+ A p=0 Q2 x (0, 1), -+ Ag=Y—y4 Q2 x (0, 1),
px,t)=0 02 x (0, 7), q(x,t)=0 02 x (0, 7),
px,7) =9 Q, q(x,7)=0 Q.

Let us note that p solves the system (53), and therefore, p satisfies the observability inequal-
ity

T
1P 0220 < C / X0 PG D122 gydt,
0

equivalent to

1PO72) < CeTlXoP O 72 (56)
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Now consider the change of variable 1 (x, ) = ¢(x)e’“", with ¢ € (0, t). Observe that v
satisfies

i+ AN+ Cn=eG—y)  Qx(0,1),

n(x,1)=0 Q2 x (0, 1),
n(x,0)=1vy Q,
nkx,t)=0 Q,

Then, multiplying by n the equation satisfied by n and integrating on € x (0, t), we have
T
Ol +2 [ (@ 1C 0602
0

= 2/ @) = ya()) . 0) 2 )dt
0

Applying the inequality (50), Young’s inequality, Poincaré's inequality, and returning to the
variable ¢, we obtain

19O ey + CollaOIge, [ e
0

2tCy

I70) = ya O,
T

<e
- )

T
<mm+wmw@m@/‘f“m
0

Thus, factoring the left-hand side and taking § > O small enough, we find that there exists a
positive constant C, independent of the coefficients (a, b, p) such that

Then, as in Step 2, combining (57) and (56) we obtain
= Cc (I POI2g) + 1) = 3Ol )
= Cc (1T O g + 110d Ol g, + 1) = 5O )
< Ce (VO g, + 156 = 74O ag))
Then, using the characterization of the optimal control £,
O, < CUF IR g + 1F0) = 2022

Moreover, by multiplying by ¥ the system satisfied by 1, and performing the same estima-
tions as above for y, we have that

PR p—
(%— 5 ) IVl
- 2
1y = vall;2

16l L=@) | 1 v
§<_¢4:+5+wmmmﬂwm®+ 2

26

Finally, we conclude the proof by using (54) and the previous estimations.
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A.2 Proof of Lemma4.3

To prove Lemma 4.3, we divide the proof into two steps.
Step 1: Let (v, f, ) the optimal variables of problem (1). Then we have the inequality

T T
[ 1360 =g+ [ 1701 g
0 0 (58)

T
=060, ¥ 0) 2 — A 3a (), 1) = ya()) 2 (edt-

In fact, let us multiply the equation (2) by v, the solution of the adjoint system (24) and
integrate by part on space and time. Then, we have

T
— (0, ¥ 02 + / OG0, =Y (1) —a™ Y (1) 2 g)dt
0

T
:/ (f(!t)’ wa("t))Lz(Q)dt
0

Since ¥ solves (24) and the optimal control is characterized by f(x, 1) = —x, ¥ (x, 1),

T T
¢, 0, ¥, 0) 2 —/0 ||f('st)||iz(9)df Z/(; (y(x,0), y(x, 1) — ya (X)) 2y dt

T
= [ 10 = 0O gy + a3 = a2

Then we have

T T
[ 150 =3O gt + [ 1701 g

T
=0¢0),%¢0)29 — / 3a (), y(Co 1) = ya()) 2t
0

Step 2: Let us begin by noting that the operator £(7") maps the initial condition of the
equation (1) to the final state of the adjoint system (24). Therefore, based on the well-
posedness of the optimality system, £(T') is well-defined. Furthermore, £(T") can be ex-
pressed as a composition of two maps: the map yp — {y, ¥} and the map {y, ¥} — ¥ (0).
These individual maps are known to be linear and continuous according to [20, Lemma 4.2].
As aresult, the operator £(7) is also linear and continuous.

(1) From the inequality (58), with y; = 0 we deduce directly the variational characterization

(EM)yo. )2 = min  JTO(f).
feL2(0,T;Q)

(2) Let us prove that the limit

Jim (€T30, ) 2 9

@ Springer



Uniform Turnpike Property and Singular Limits Page250f33 3

is finite. For this purpose, observe that £(7) is bounded and increasing in T'. In fact,
take #; < 1, then, using the variational characterization, it is clear that £(¢;) < £(#,). On
the other hand, since the system (2) is uniformly null controllable at any finite time, then
for the time horizon T = 1, there exists a control gy € L>(0, T; Q) driving the system
to zero at time 1, i.e., y(-,1) = 0 a.e. in 2. Furthermore, there exists a constant C,
independent of the coefficients such that [ goll .2¢0.1.2) < Crllyoll 12(q)- Then the two-step
control

é(x7t):{go(x,t), ifre .0, )

0, ifte(1,T),

satisfies that [|2[l;2(.7.q) < Crllyoll12(), and the associated state satisfies y(x,?) =0
for every t € [1, T). Finally, since (y, f) is the optimal pair, we conclude that

EMYo()s o2 = min  J™() < ClyoOl2q)
feL2(0,T:Q)

which ensures that £(T') is uniformly bounded. Therefore, the limit (59) is finite.
A.3 Proof of Lemma 4.4

We divide the proof into two steps.
Step 1: Let us take a sequence of times 7,, — oo and consider the optimization problem

. To0py_ L fn 2 2
min J (ﬁl) - 2 ||fn(7 t)”LZ(Q> + ||)’n(, t)”LZ(Q)dt s (61)
0

fn€L?(0,T,:Q)

where y, is the solution of (2) with time horizon equals to 7,. Denote by (y,, f., ¥») the
triple state-control-adjoint optimal variables of the optimization problem (61), where ¥,
is the solution of (24) with time horizon 7,. Hereafter we extend by zero the functions
(Vn» fu» ¥y) in the interval (7}, 00).

Let us recall the infinite time optimization problem

A 1 [ .
min {J‘”’O(f)=§ f ||f(-,r>||iz(9)+||§(-,r>||§z(mdr}, (62)
0

feL2(0.00;9)

where y is solution of (2) with time horizon T = oo.
In the first part of the proof of the Lemma 4.4, our goal is to prove that

s Vs fo) = (5,9, ), stronglyin (L2(0, 00; )’

First, using the two-step control (60), we observe that the problem (62) is well-defined.
Consequently, the optimal variables (¥, f.) are unique and satisfy

i+ AP = —xoVr (x,1) € 2 x (0, 00),

= A =5 (x,1) € 2 x (0, 00),

.ty =9P(x,1)=0 (x,1) € 32 x (0, 00), (63)
F(x,0) = yox), P(x.0) 570 xeq,

f: _Xw& (x,1) € 2 x (0,00).
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Applying Lemma 4.2 to the inequality (58) when y,; = 0, we conclude that there exists a
positive constant C independent on 7,, for all n such that

o0
A|munﬁmﬁmeum@®msc (64)

Then, if we multiply by 1 the equation satisfied by ,,, integrating by parts, and using the
inequality (64), see deduce that there exists C > 0 independent of » such that

oo
2
Anwumwﬁmsc

Carrying out the same procedure for y,, we have

* 2
/0 1y G DIl a1 < C-

Therefore, there exist two function & and 8 in L2(0, oo; HO1 (f2)) such that y, = « and ¢, —~
B weakly in L2(0, oo; HO1 (2)). Now take € L(0, oo; HO1 (£2)), multiplying the equation
satisfied by y,, and integrating on (0, co) x 2, we get

/ (()’n)tJI)LZ(Q)df'i‘/ (Vyn,a(x)Vn)L2<g>dt+/ (VYu, b)) L2qdt
0 0 0

+A<ﬁmumy@m=—A(uwnmm@w

We deduce that (y,), converge weakly to «;, in L*(0, oo; H~'(R2)). Furthermore, from the
uniqueness of the optimal variables of the problem (62), necessarily y = «, Y =B, and
f— fin L*(0, 00; H} (R)).

Now, in order to obtain strong convergence, we use the structure of the functionals. Let
us denote

jo= inf  JWO(f), and j= inf  J®O(f).
feL2(0,T,:Q) feL2(0,00;Q)

Since the functional is lower semicontinuous and convex, by the weak convergence, we have
that

j <liminf j,.
n—o0
On the other hand, since f, and f are the solutions of j, and j, respectively, then

j=J%%F) =limsup J°(f) > limsup J ™ °(f,) = limsup j,.

n—0oQ n—o0o n—oo
Therefore, j, — j as n — oo, ensuring the strong convergence of y,, ¥, and f, to v, 1,@ and
£ in L2(0, oo; 2), respectively.

Step 2: From the strong convergence, we can pass the limit in the inequality (64) to
obtain

o0
| 15601 gy N s g < (65)
0
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Now, recall the operator E(0) : L2(2) — L*(S2) defined as E(0)yo(x) := ¥ (x, 0). In the
same way as the operator £, we can check that £ is well-defined, linear, and continuous.
Also, if we restrict the problem (63) to the interval, (s, 00) we can define the operator
E(s)$(x,s) := ¥ (x,s), for each s € (0, 00).

Since the coefficients of the equation (63) do not depend on the time variable, E is
constant with respect to s. That is, E(s))?(x, s) = E(O)&(x, s) for all $(x, s) and s € (0, 00).

Let us consider the sequences (y,, ¥,) of optimal pairs of the functional J7. Then,
from the first part of the proof, we have that v, — 1. Therefore, using the definition of £
and E , we obtain

Et)yy — Eyo strongly in L*(2), whent — oo,

for any y, € L*(S2). Finally, since f,(x,t) — f (x, t) and the characterization of the station-
ary optimal control, we obtain that f(x,1) = —x, Ey(x, ).

A.4 Proof of the Lemma 4.5

First, observe that multiplying the system (63) by ¥ and integrating on €2, we have that

d{ - . L )
E((Ey(" 0. 5, rmz(m) = X EFC. D2 — I DIP2i, <0. (66)

Let us denote the operator M := (A + Xwé ). We divide the proof into two steps.
Step 1: We claim that

lim [ sup  (ESC,0,5¢.0) 2@ | =0, (67)
720 \Iyoll 2 gy <!

Observe that from (66) the function defined by

1(t):= sup (EFC,0), 50120,

lIyoll 2(g) =1

is non-increasing. Hence, it admits a limit as # — oo. To prove (67), observe that the operator
M is a generator of a Cy-semigroup S(¢) (since E e L(L*(R2))), which depends of the
coefficients (a, b, p).

Let us consider the sequence of times #, — 00, and the sequence of initial condition y;
such that the primal solution of (63) with initial condition y{, given by ¥, (x, 1) = S(#)yg (x),
satisfies

1 A N
l(tn) - ; = (Eyn(7 tn)7 yn(" tn))Lz(Q)'
Note that the sequence z,(x, 1) = y,(x, t +t,) satisfies
(Zrl)t+MZ11 =0 ()C,l) € x (_tnv OO), (68)

which is the same equation satisfied by y,. Then extending by zero z,, in the interval
(—o00, —t,), we can apply Lemma 4.2, and the same arguments of the (first part) proof of
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the Lemma 4.4, to conclude that there exists z such that z, — z strongly in L*(R; ). Thus,
z satisfies the equation

z+Mz=0, (x,t)e QxR

Observe that ¢, + ¢ < t, for every ¢ < 0. Then, using the definition of /(¢) and its monotone
character, we have

1(t) = % < EFuCot), Da Gty < EFuCoty +0), 5oty +0) 29 <UE 1),
for all # < 0. This implies that (Ez(-, 1),z(-,1))12(q is constant in (—o0, 0). Moreover,
(E2(,1),2(,0) 2@ = Jim 1(1,).
Since z and y(-, r) satisfy the same system, we apply (66) to z, obtaining
IXoE2C 052 =112, D2 =0, Vi€ (=00,0), Ve>0,

and thus z(-, t) = 0 for every t € (—o0o, 0). Consequently, (Ez(-, 1),z(-, 1)) 12(q = 0. There-
fore,

lim (1) =0,

concluding (67).

Step 2: Let us prove the uniform exponential decay of y(x, ¢). To this end, we first prove
that E is uniformly continuous. Note that, due to (67), we can integrate (66) in the time
interval (0, 0co). Obtaining the following variational characterization

(Eyo(), yo()2@ = min  J®O(f)>0. (69)

feL2(0,00;Q)
The above implies that E is positive semi-definite. Since the uniform null controllability
holds, the system can be steered to zero at any finite time. Then, we can use again the two-
step control given by (60) (in this case with T = oo). This guarantees that there exists some

C, > 0, independent of the coefficients (a, b, p), such that

min  J*®?° <C, Mg o 70
Fel2(0.00:) (f) = ||}’0( )||L2(Q) ( )

On the other hand, if we multiply by U the equation satisfied by v, integrating on Q2 X
(0, 00), integrating by parts and applying (69), we have

o0 o0
19C, 0) gy +0C) /0 105G 1) g dt < /0 15 s g .
Then, using the previous estimation, the definition of E and (70), we conclude that

(o]
N P ~ 2 . 00,0 2
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Thus, E is uniformly continuous. Also, we have

A 1 [
Eyo(), yo(: = min J®(N) > —/ V(s D172y d1
(Eyo(), () 120 o in (Nz3 | 13 D72

I
= EHW(»O)”Lz(Q) = E”Eyo()”LZ(Q)'

Let us prove that there exist two positive constants C and u, independent of the coefficients
such that

9GOl 2@ < Ce ™ Iyl 2@ (72)

From (71), we obtain

t
15C. 01220 + fo 15C.)22yds < Crllyolag, foreveryr=0.  (73)

Also we know that y(-, t) = S(¢)yo, where S(¢) is the Cy-semigroup generated by M. There-
fore, we have

IIS(I)IIE(Lz(Q)) <C, foreveryr=>0.

The above inequality implies that there exists v > 0 independent of the coefficients (a, b, p)
and T such that

IS 2 < Cre™"  forevery 1 >0.
Furthermore, from (73) we deduce that
t
/ 1S@)y0l172)dt < Crliyollsg, forevery 0.
0

Consequently, we get
t t
S O0l2ey = [ ISO0ds = [ ISOI 4201 = 513005
0 0

t
=2 [ 1s6mlids < ol o,
0

for all + > 0. Then we have that

/1
IS 22y < C- " for every t > 0.
Hence, for f = C%/8 > 0 with § € (0, 1),

||S(B||£(L2(Q)) < 5 < 1.

On the other hand, we know that every ¢ > 0 can be written as ¢ = mf + s, where m € N and
s € (0, 7]. Thus,

SOl 22y < Cr||5(ﬂ||Z(Lz(Q))€us <8871V = Ce™™,
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and we conclude (72) taking

—1n(8)8

>0, and C=C,6"'e", (74)

which are independent of T and the coefficients. Finally, denote by S*(¢) the adjoint of the
semigroup S(¢). Since L?(2) is a Hilbert space, S*(¢) is generated by M*. Furthermore,
IS* N 22y = 1S@l £(22(q))- This concludes the proof.

A.5 Convergence of the Optimal Variables in the Homogenization Context

Proposition A.1 Assume that a € L*°(R) is a periodic function given by (14) satisfying (13)
and b= p =0. Denote by (y, f) and (3, f) the optimal pairs state-control of the optimiza-
tion problems (1) and (5) subject to the equations (21) and (22), respectively. Then, we have
that

fe— f stronglyin L*(0,T;S), and y°—y stronglyin C([0,T]; L*(Q)),
as ¢ — 0. Moreover, for the stationary optimal control variables, we have that
=7, and ¥ —7, stronglyin L*(Q),
as e — 0.

We denote by (f°, y°) and (78, %) the optimal variables associated to (15) and (17)
respectively. Also, denote by y" the solution of the homogenized parabolic equation (21),
and 7" the solution of the homogenized elliptic equation (22).

We will make use of the following classical results of homogenization theory, whose
proofs can be found in [2, 3].

Lemma A.1 Assume that Q = (0, 1), a, € L*(R) is a periodic function of period 1 given
by (14) satisfying (13). Let f¢ be a sequence of controls in L*>(0, T; Q). Denote by y® the
solution of (2) with right-hand side f¢. Further, let y" be the solution of the homogenized
parabolic equation (21). Then, the following properties hold:

(1) if f¢ converges to f" weakly in L>(0, T; Q) as s — 0, then y* satisfies
y° A y" weakly-*in L>(0, T; L*()),

ase— 0.
(2) if f¢ converges to f" strongly in L*(0, T; Q) as € — 0, then y* satisfies

y&— yh strongly in C([0, T]; Lz(Q)),
as e — 0.

LemmaA.2 Assume that 2= (0, 1), a. € L*(R) is a periodic function of period 1 given by
(14) satisfying (13). Let fg a sequence of controls in L*(2) such that converge weakly in

L*(Q) to 711 as € — 0. Then, y° the solution of (6) with right hand side ?8 satisfies
¥ =", weakly in Hy (),

as e — 0.
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Let us start by observing that, from the uniform convexity of J7, we have that £¢ and y*
are uniformly bounded in L*(0, T; Q). Then there exist f; and y; in L*(0, T; Q) such that

ff— f;, and y*—y weaklyin L*(0, T; Q),
as & — 0. In particular, using Lemma A.1,
yv© A y; weakly-* in L>®(0, T; L2(2)) as € — 0.

Moreover, y; is the solution of the limit system (21) associated with f;. Let us prove that
y; =y" and f; = f". From the lower semicontinuity of the functional J7, we have

JT () <timint 7 (f). (75)

On the other hand, for every g € L%(0, T; ), we deduce

limiélfJT(fS) < limi(?fJT(ys(h), h), (76)

where y®(g) is the state associate to g. Then, since g is a constant control, using Lemma
A.1, we obtain y*(g) — y"(g) strongly in C([0, T1; L?>(R2)) as & — 0. Thus,

liminf J* (y*(3), ) = I (2).9)=7"() (77)
Since (75), (76) and (77) hold, we obtain
JT(f) <JT(g) forevery g e L*(0,T; Q).

Then, we conclude that f; = f" and by the uniqueness, y; = y". Now, to conclude the
strong convergence, using the weak convergence and the weak semicontinuity of J7, we
have

timinf J7 (v (f%), ) =TT OGN, 1) = limsup ST, )
&= e—0

> limsup J" (y* (), f©).

e—0

Thus, we deduce
lim JT(f) = J" (),
E—>

and we conclude the strong convergence.
Finally, let us prove that y — y and f — f strongly in L?(£2). From the strict convexity
of the functional J;, we have that there exist f;, y; € L?(S2) such that

7~ f, and F —y,, weaklyin L3(S).

From Lemma A.1, we know that y; is solution of (22). In the same way as above, combining
the weak convergence, we can derive (75), (76), and (77) for the functional J°. Therefore,

we obtain that y, =" and f, = 7h. Furthermore, we have
. Py s 7"
lim J* (F) = J* (7).
This proves the strong convergence in L2(S2).
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