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ABSTRACT: This paper proposes a hybrid control framework
based on internal model concepts, sliding mode control method-
ology, and fractional-order calculus theory. As a result, a modified
Smith predictor (SP) is proposed for nonlinear systems with
significant delays. The particular predictive approach enhances the
sliding mode control (SMC) controller’s transient responses for
dead-time processes, and the SMC gives the predictive structure
robustness for model mismatches by combining the previous
methods with fractional order concepts; the result is a dynamical
sliding mode controller. A numerical example is considered to
evaluate the performance of the proposed approach, where a step
change, external disturbance, and parametric uncertainty test are
performed. A real application in the TCLab Arduino kit is
presented; the proposed method presented good performance with a little amount of chattering, and in the disturbance rejection
case, the overshoot increased with an aggressive response; in both cases, better tuning parameters can improve the process response
and the controller action.

1. INTRODUCTION
Chemical processes, which originated in the petrochemical
industry, now have a wide range of applications in
biomedicine, the environment, materials, and technology. In
particular, they contribute to develop essential medical
solutions such as antibiotics and vaccines, and advances in
semiconductor materials are critical for modern electronics and
computing.1 These processes can be classified according to
purpose, reaction type, and operation mode.2 The main
categories include batch processes utilized in specialty
chemical manufacturing, beer brewing, and continuous
processes commonly found in oil refining and pharmaceutical
production. Catalytic processes are vital in the hydrogenation
of ammonia and vegetable oil, while polymerization processes
are fundamental in plastic production.3 Separation processes,
including distillation and membrane filtration, are essential for
purification.4 Combustion processes are prevalent in power
generation and internal combustion engines. Redox reactions,
such as corrosion and electroplating, are significant in various
metallurgical and metal-mechanics applications.5 Lastly,
biochemical processes such as fermentation are employed in
green industries to produce fuels, chemicals, plastics,
pharmaceuticals, and food products.6 This hierarchical
organization provides a structured understanding of the diverse
applications of chemical processes in different industries and
fields7,8

Our primary interest is to investigate control strategies that
account for time delays. Dead time is ubiquitous in control
applications, and elevated dead time is frequently observed in
thermal and other engineering systems, such as chemical,
biological, and teleoperation processes.9 Recently, various
approaches have been specifically devised for the control of
chemical processes with time delay, which is the main focus of
this work.10−15 The two main origins of delays are physical and
mathematical. The first is caused by the transport of materials
or fluids over long distances, the processing of measurements
with measurement devices, and the actuation of the final
control elements. The second is caused by order compensation
in high-order systems represented by low-order models.16 As a
result, dead times result in late disturbance detection and lower
stability margins of the control system.17 Therefore, time
delays significantly increase the complexity of system analysis
and control.18

A dead-time compensator (DTC) is a control structure with
an internal model that can deal with long dead times. In the
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literature, the DTC was called the Smith predictor (SP); see,
e.g., refs17,18. DTCs are now integrated into control systems as
standard modules.18 The DTC structural design of a control
system requires explicit or implicit use of a process model.
Unavoidable modeling mistakes result in a mismatch between
the model and the actual plant. Consequently, the controller
designed for a given model may operate significantly differently
when deployed in the actual process, imposing severe
limitations on its attainable performance. The development
of controllers capable of handling model-plant mismatches is
one solution to this challenge.16,18,19

The sliding mode control (SMC) methodology, commonly
referred to as variable structure control (VSC), is a nonlinear
model-based control method.20 The design of the SMC
consists of two phases. In the initial phase, a customized
surface must be designed. While on the sliding surface, the
plant’s dynamics is constrained to the surface’s equations and
are robust to plant uncertainty and external perturbations. In
the second stage, a feedback control rule is developed to
ensure convergence of the trajectory of a sliding system;21

therefore, the sliding surface must be achieved in a finite
amount of time.

There has been a growing interest in fractional calculus as a
powerful tool for more precise modeling of real-world
processes in recent years. Fractional calculus is a mathematical
analysis tool used to study integrals and derivatives of arbitrary
order, including fractional and real. Fractional derivatives and
integrals accurately describe and model many real-world
phenomena in systems and various situations.22,23 In recent
decades, fractional integrals and derivatives have been used in
various scientific contexts. Using fractional calculus to design
control systems results in more robust controllers than
controllers of integer order.24

Consequently, differential equations based on fractional-
order calculus (FOC) are broader mathematical tools than
integer-order equations.25 This is because fractional calculus-
based differential equations employ a real-valued derivative or
integration operator instead of simply depending on an
integer-valued differentiator or integrator. Therefore, the
application of fractional-order models to real industrial control
problems is expected to positively impact industrial processes
in terms of improved performance.

Fractional-order sliding mode control (FOSMC) has
recently found many applications in integer-order systems.
Machado et al.26 conducted pioneering work on fractional
variable structure controllers and implemented the method on
a mechanical manipulator. Aghababa et al.27 proposed a
fractional integral type sliding surface and employed a
fractional SMC to stabilize indeterminate fractional-order
chaotic systems with model uncertainties and external
disturbances. Delavari et al.28 designed a sliding surface
proportional to the derivative and a fuzzy fractional-order
sliding mode controller for nonlinear systems.29 introduced an
adaptive fuzzy FOSMC for a high-performance servo-actuation
system subject to aerodynamic stresses and uncertainties. Qing
et al.30 studied the problem of stabilizing a class of
nonautonomous nonlinear systems. As an illustration, the
method was used as a fractional guidance law with an impact
angle constraint for a maneuvering target. The simulation
results demonstrated the applicability and efficiency of the
proposed method.

The use of FOSMC in chemical processes is still a relatively
new area of research. However, previous studies suggest that

FOSMC is a promising control technique. Several studies have
investigated the use of FOSMC for chemical processes. In
general, these studies have shown that FOSMC can improve
the performance and robustness of control systems for
chemical processes; from them, we can highlight.31−36

Therefore, the future of FOSMC for chemical processes is
promising, and it is becoming a more widely used control
technique for chemical processes as the theory of fractional
calculus and sliding mode control continues to develop.

This paper aims to establish a framework that merges the
internal model control structure with sliding mode control
methodology and fractional-order calculus theory. As a result, a
modified SP is proposed for nonlinear systems with long
delays. Therefore, the novel predictive approach improves the
transient response of the SMC controller for dead-time
processes, and the SMC gives robustness to the predictive
structure for model mismatches. Furthermore, using the
fractional reduced-order model of the actual process allows
us to synthesize the controller law using an equivalent control
procedure.20 Two systems are tested as proof of concept: a
nonlinear variable delay system and the TCLab kit.37

The contributions of this study can be summarized as
follows:

• A generalization of the sliding surface allows for an
expression specified as a product of monomials.

• Design of U t( )eq from the combination of the internal
model and the concepts of sliding mode control
considering a fractional sliding surface.

• The resulting control law is a dynamical sliding mode
control with its respective stability test.

• Applicability to a laboratory prototype and to obtain
information on practical issues related to its implemen-
tation.

To our knowledge, it is the first time that the concepts of
fractional calculus have been used in the hybrid proposed
controller approach. The resulting approach conducts a
dynamic sliding mode controller (DSMC) design to provide
a better transient and steady-state response without affecting
the robustness of the controller.

This document is organized as follows. Section 2 presents
the theoretical background, including the control fundamen-
tals, definitions, and properties of fractional calculus necessary
to develop this work. The synthesis of the controller starting
from a fractional reduced-order model of the real process is
presented in Section 3. In Section 4, some aspects of the
stability of the controller are discussed. The results of two
numerical examples and the experimental results are shown in
Section 5 to analyze the performance of the proposed
controller. Finally, conclusions are drawn in Section 6.

2. BACKGROUND
This section is divided into two subsections. First, several
fundamental concepts about control are discussed, and then, in
the second, fractional calculus basics are included.
2.1. Control Fundamentals. 2.1.1. Dead-Time Compen-

sator. The classical structure of SP presented consists of two
parts: the first is the controller, which is usually of PID type.
However, there is the possibility of designing more robust
controllers.38 On the other hand, there is a prediction phase
composed of the process model without dead time. Thus,
controller tuning should be performed on this model.17
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The block diagram for the original SP is shown in Figure 1,
where GC(s) is the transfer function of the controller, usually a
PI or PID controller.18GP(s) corresponds to the process being
controlled.

The parallel connection to GP(s), is a reduced-order model
representation of the plant that can be described as a first-order
plus dead-time (FOPDT) model of the process divided into
two parts, G s( )m and +G s( )m , respectively. The first corresponds
to the dynamic part of the model that is fed back to the
controller; this part is dead-time free. The second part
corresponds to the delay part. However, the model is not
perfect, so a feedback signal em(s) corresponds to the difference
between the process and the output of the model and is used
as a correction.
2.1.2. Sliding Mode Control. The SMC is a controller of

variable structure created utilizing nonlinear control techni-
ques. It is a robust control that reacts appropriately to
nonlinear systems working under unknown conditions. It is
also immune to changes in modeling parameters. The SMC
design process entails two fundamental phases:

• Stable Sliding Surface Formulation: The initial step
involves formulating a Lyapunov-stabilized sliding sur-
face that serves as a specific trajectory. The choice of this
sliding surface is a critical decision, dependent upon the
system’s inherent dynamics and the stipulated control
objectives.

• Feedback Control Law Synthesis: A feedback control
law is systematically synthesized in the subsequent phase
to induce convergence of the system’s trajectory toward
the aforementioned sliding surface. The control
objective is to achieve finite-time convergence, and the
motion of the system along this surface is denoted as the
sliding mode. The resultant feedback controller typically
comprises two distinct components:

• High-Frequency Dynamics Controller: This controller
component propels the system from its initial state to
the sliding surface; this component often employs high-
frequency switching dynamics to navigate the system
toward the sliding surface expediently.

• Low-Frequency Dynamics Controller: The low-fre-
quency controller assumes control when the sliding
surface is reached. This component obliges the process
variable to move through the sliding surface to the
desired state or trajectory, resulting in stabilization
around the desired operating point.

Consequently, the complete SMC design methodology
unfolds as follows.

• Selection of a stable sliding surface: Determine a suitable
stable Lyapunov sliding surface based on the intrinsic
dynamics of the system and the specified control
objectives.

• Synthesis of the Feedback Control Law: Systematically
design a feedback control law to facilitate the system’s
trajectory toward the sliding surface and ensure stability.

• Establishment of Convergence Criteria: Ensure that the
system achieves the Lyapunov stable sliding surface
within a finite time, elucidating the associated con-
vergence criteria and stability conditions.

On the other hand, there are several variations of SMC;39 in
this work, we use one of them, called dynamic sliding mode
control (DSMC). Unlike traditional SMC, DSMC incorporates
additional dynamics into the system, providing enhanced
control performance. One notable advantage of DSMC is its
reduced susceptibility to finite-frequency and amplitude
oscillations, commonly known as chattering, a drawback
associated with the discontinuous function inherent in
SMC.40−42 DSMC achieves this without smoothing functions,
ensuring that the controller’s performance remains unaffected.
This novel control alternative has attracted attention in
automatic control engineering, representing a significant
improvement over traditional SMC methods.19,20,43 Continued
studies further explore the potential and applicability of
DSMC, solidifying its place as an innovative and promising
approach in advanced control systems.

Interested readers are encouraged to consult20,39,44 as key
references for a more in-depth understanding of SMC.
2.1.3. Process Model Identification Methods. This section

shows the two models used in this work, an integer- and a
fractional-order model. The integer order model is the
conventional FOPDT model,45 which is as follows:

= =
+

G s
Y s
U s

Ke
s

( )
( )
( ) 1

t s

I

0

(1)

where K ∈ is the process gain, τ > 0 is the time constant, and
t0 ≥ 0 is the apparent dead-time. This model has been widely
used in practice to capture the essential dynamic response of
industrial processes for control design.46

On the other hand, the fractional-order model considered in
this paper is proposed in ref25, which can be viewed as a
generalization of the standard FOPDT model.

= =
+

G s
Y s
U s

Ke
s

( )
( )
( ) 1

t s

F

0

(2)

with α and β ∈ +. The transfer function (eq 2) becomes the
fractional first-order plus dead-time (FFOPDT) model for β =
1.47

For this work, the conventional parameters of the FOPDT
model are obtained using the reaction curve method.16 For the
FFOPDT case, the parameters will be determined using the
method proposed by Gude in ref48 which employs three
symmetrical points (25−50−75%) on the process reaction
curve. In most cases, the FOPDT and FFOPDT model
parameters are close. For the particular test cases, we see that
using three asymmetrical points on the reaction curve of the
process to determine the FFOPDT model, as proposed in
ref49, has a small effect on the parameters. There are other
recent identification procedures that are also based on the
process reaction curve. The approach proposed in ref50 is

Figure 1. Smith predictor scheme.
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based on the asymptotic property of the Mittag-Leffler
function and the hybrid approach described in ref51 combines
methods based on the optimization of one variable with the
estimation of the remaining model parameters by analytical
methods.
2.2. Fractional Calculus. 2.2.1. Definitions of Caputo

and Riemann−Liouville Derivative and Their Connection.
Definition 1. The Riemann−Liouville f ractional integral of order
α > 0 is given by (see refs22,52−54)

= >+I h x
h t

x t
dt x a( )( )

1
( )

( )
( )

,a
a

x

1 (3)

We denote by +I L( )a 1 the class of functions h, represented by
the fractional integral (eq 3) of a summable function, that is,

= +h Ia , where φ ∈ L1(a,b). A description of this class of
functions is given in22,54 (L1(a,b) space can be defined as a
space of measurable functions for which the absolute value is
Lebesgue integrable).

Definition 2. Let +D h x( )( )a denote the f ractional Riemann−
Liouville derivative of order α > 0 (see refs22,52−54)

=

= [ ] + >

++D h x d
dx s

h t
x t

dt

s x a

( )( ) ( )
1

( )
( )

( )

1, ,

a
s

a

x

sRL 1

(4)

where [α] denotes the integer part of α and Γ is the gamma
f unction. When 0 < α < 1, then (eq 4) takes the form

=+ +D h x
d

dx
I h x( )( ) ( )( )a aRL

1

(5)

Example 1.

=
=

+
+

+D x a

x a

( )

0, 1,

( 1)
( 1)
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aRL
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ooooo

with α ∈ (0,1), a > 0, k ∈ , and γ > −1. (See refs54−56)
Definition 3. Let α ≥ 0 and m = [α]. Then, we can def ine the

operator +Dac by =+ +D f I f: ( )ac a
m d

dx
m , when [ ]f L a b( ) ,d

dx
m

1

.
Example 2. =+D x a( ) 0ac if { }m0, 1, 2, ..., 1 .
Lemma 2.1. Let α ≥ 0 and m = [α] + 1. Suppose that f is such

that +Dac and +DaRL exists. Then

=
+=

+ +D f D f
x a
k

d
dx

f a
( )
( 1)

( ) ( )ac RL a
k

m k
k

0

1

Proof 1. (See22,53,54)
consequently, we have the following lemma:
Lemma 2.2. Let 0 and = [ ] +m 1. Suppose that f is

such that +Dac and +DaRL exists.

Then = =+ + +D f D f D fac RL a a . If and only if =f a( ) ( ) 0d
dx

k for
all k = 0, ...,m-1.

Proof 2. As a consequence of the previous lemma
Other properties connecting both derivatives

Lemma 2.3. Let α ≥ 0 and m = [α] + 1. Suppose that f is such
that +Dac and +DaRL exists

=D
d
dt

f t
d
dt

D f t( ) ( )a acRL

Proof 3. It follows by direct calculation, using the def initions 1,
2 and 3

The semigroup property for the composition of fractional
derivatives does not hold in general (see ref53). In fact, the
property:

= +
+ + +D D h D h( )a a a (6)

holds whenever

= =+h a j s( ) 0, 0, 1, ..., 1j( ) (7)

and [ ]h AC a b( , )s 1 , h L a b( , )s( )
1 and s = [γ] + 1

(ACs([a,b]) denotes the class of functions h, which are
continuously differentiable on the segment [a,b], up to order s
− 1 and h(s‑1) is absolutely continuous on [a,b]).
2.2.2. Behavior at the Boundaries 0+ and 1−. Consider the

real Riemann−Liouville fractional polynomials defined for α ∈
(0,1) and >+a 0j as (see:22,54,56,57)

=
+

=
+x a

m
m j:

( )

( ) (( 1) )
, , 0, 1j

m j j
m

,
( 1) 1

0

Using the definition 2, (eqs 6 and7). Then we have
[ ] =+Da j

m
j

m, , 1
j
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[ ] =
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!
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m
j j

m

1

, 1

j

l
m
oooo
n
oooo

[ ] =
+ +D(ii) lim 0.a j

m

0

,
j

Remark 1. Note that in this example, polynomials act by
decreasing the degree and play the role of a constant in this
derivative.

In order to guarantee the stability the systems, we will make
use of the two-parameter Mittag-Leffler function. This function
is defined classically as

Definition 4. Let z ∈ and α > 0. The two-parameter Mittag-
Lef f ler f unction is given by

=
+=

+
E z z

k
z( )

( )
,

k

k

,
0 (8)

Remark 2. Note that >E z( ) 0, for all z ∈ + and when β =
1, then =E z E z( ) ( ), . This f unction is uniformly convergent
over (see22,53,54,58)
2.2.3. Laplace Transform of Fractional Derivatives.

Definition 5. The Laplace integral transform of Riemann−
Liouville and Caputo f ractional derivative of order α ∈ (n1,n],
n is given by (see22,53):

=
=

+
+ +D f s s F s D f s( )( ) ( ) ( )(0 )RL

j

n
j j

0
1

0RL
1

=
=

+
+D f s s F s f s( )( ) ( ) (0 )c

j

l
j j

0
0

1
( ) 1
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where = { }F s f t( ): ( ) represents the Laplace transform of the

f unction f, l = [α] and = |+
+f f t(0 ) ( )j d

dt t
( )

0
j

j , j = 0,···,l −1. If α
∈ (0,1) then

= +
+D f s s F s f s( )( ) ( ) (0 )c 0

1
(9)

and if α ∈ (1,2) then

= + +
+D f s s F s f s f s( )( ) ( ) (0 ) (0 )c 0

1 2
(10)

3. CONTROLLER SYNTHESIS
This section presents the controller design. As can be seen in
Figure 2, the proposed approach has a fractional dynamical

sliding mode controller as the main control; therefore, starting
from a fractional reduced-order model of the actual process
and considering its dead-time-free model part with the SMC
procedure, the DSMC-F is obtained.

Different sliding surfaces have been suggested in the
literature.20 A way to obtain the sliding regime that guarantees
that the state will advance toward its reference is to use the
sliding surface as suggested in refs21,44.

[ ] = +e t
d
dt

e t dt( ) ( ) ( )n
(11)

where , e(t) the difference between the reference R(t)
and the controlled variable X(t); =e t R t X t( ) ( ) ( ). σ(t) is
the sliding surface; the designer chooses it, defining the
dynamics of the closed-loop system. The objective of the
control is to keep the sliding surface at zero. In this paper, we
are using a PID surface, where n depends on the order of the
system and λ is an adjustable parameter.21,44

Remark 3. We assume that in practical cases, due to the
physical nature of the process in Figure 2, the f unction e(t) is a
locally integrable f unction even if the reference is created by a
Heaviside type f unction, and so eq 11 makes sense. This property
of e(t) is critical in practical applications of the integral and
f ractional control laws.

For example, when n = 2, then (eq 11) becomes the
following equation:

[ ] = + +e t d
dt

d
dt

e t dt( ) ( )
2

2 1 0
i
k
jjjj

y
{
zzzz

(12)

with this idea, we can define the following fractional sliding
surface version:

D e fi n i t i o n 6 . L e t , , = [ + ]m ,
[ ]e t AC a b( ) ( , )m 1 and e L a b( , )m( )

1 . Then, the f ractional
sliding surface, σα,β, is def ined as

= + + ++
+ + +e t D D D I e t( )( ) ( )( )( ), 0 1 0 2 0 0

1
(13)

where , ,0 1 2 and =I e t e t dt( ) ( )1

In general, the fractional sliding surface version is given by
De fi n i t i o n 7 . L e t i , m = [ α + β ] ,

[ ]e t AC a b( ) ( , )m 1 and e L a b( , )m( )
1 . Then, the general

form for a f ractional sliding surface, Sα,β, is def ined as

=
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such that =+
+

D f f0 0 0
0 and i , for =i m0, ...,

From Figure 2, the model for design purposes is as follows:
Definition 8. Let P(s) be a f unction where α ∈ (a,b) such that

= =
+

P s
X s
U s

K
s

( )
( )

( ) 1 (15)

Let α > 0 define the fractional transfer function without dead
time as

[ + ] =s X s KU s1 ( ) ( ) (16)

On the one hand, α ∈ (0,1], then it is possible to use (eq 9)
for any inversion in the LHS. On the other hand, if α ∈ (1,2],
the inversion of the first term can be obtained with (eqs 9 and
10) for the following terms. However, if the function X−

satisfies the conditions of Lemmas 1 and 2, then

+ =+D X t X t KU t( )( ) ( ) ( )c 0 (17)

Let us define the fractional sliding surface according to (eq
17). We assume the conditions of Lemmas 1 and 2. Let α > 0,
m = [α]+1, [ ]e t AC a b( ) ( . )m 1 and e L a b( . )m( )

1 . Then,
the fractional sliding surface σα is defined as

[ ] = + = +e t t e t dt t I e t( ) e ( ) ( ) e ( ) ( )1
(18)

Remark 4. In the classical sense, our operator converges σα to (eq
11) when n = 1 and α approach 1− which means that in the limit
process, all classical results that are known are recovered. The
binomial theorem can be used to generalize n. Only emphasizing
the f ractional calculus for parameters of outer intervals (0, 1) is
much more dif f icult to compute. Additionally, we can write

Remark 5. Note that the conditions of Lemmas 1 and 2 allow
us to commute the classical integral operator I1 into the f ractional
sliding surface operator in (eq 18), that is,

+ = ++ +D I I D( ) ( )1 0 0
1 1

1 0 0 (19)

We used the result of Remark 4 followed by applying the
Fundamental Theorem of Calculus. The following theorem
shows how we can construct the equivalent fractional control
law Ueq .

Theorem 3.1. Let α > 0, t ≠ a, m = [α] + 1,
e t R X AC( ), , m 1 ([a,b]) and R(t), X t L a b( ) ( , )1 .
Then, the equivalent f ractional control law U t( )eq based on
f ractional sliding of the surface is

= + ++ +U t
K

I D R I D e
X

( ) ( ) ( )eq
1

0
1

0

Ä
Ç
ÅÅÅÅÅÅÅÅ

É
Ö
ÑÑÑÑÑÑÑÑ (20)

Proof 4. Let =e t R t X t( ) ( ) ( ) and =t R t X te ( ) ( ) ( )
. For simplicity we can consider =+ +D D0 RL 0 . First, we apply the

Figure 2. Proposed robust deadtime structure.
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operator d
dt

to the f unction te ( ) to obtain =t R Xe ( )d
dt

.

Where =R dR
dt

and =X dX
dt

and, as a consequence

= [ ] = + =d t
dt

R X e
e ( )

0.

We get the following by applying the operator (eq 5) and lemma 3
to the previous expression.

= + =+ + + +D D R
d
dt

D X D e 0.c0 0 0 0 (21)

From (eq 17), we can rewrite (eq 21) as

= + =+ + +D D R KU X D e1
( ) 00 0 0

Finally, we obtain the derivative of U and, consequently, the proof
of the theorem.

= [ + + ]+ +U t
K

D R D e X( )
1

( )eq 0 0 (22)

Remark 6. If R: such that R = c, where c . Then
α = 0 and, consequently, =+D R 0a .

The derivatives of the reference value can be ignored in21

without affecting the control performance, which allows a
simpler controller.

Once the continuous or equivalent part of the SMC, based
on the fractional reduced order, has been obtained, a
discontinued part is added to obtain the total fractional
order SMC law for the deadtime compensator; it can be
represented as follows:

= +U t U dt U dt( ) eq t D t( ) ( ) (23)

Then,

= +U t U t K I t( ) ( ) (sign( ( ))Deq
1

(24)

4. STABILITY ANALYSIS OF CONTROLLER
In this section, we use the Mittag−Leffler stability theorem and
we get the asymptotic stability of the corresponding systems.

Theorem 4.1. (See Theorem 5.1 in59). Let x = 0 be an
equilibrium point for the system

=+D x t f x t t t( ) ( ( )),0 0

where 0 < α ≤ 1 and I be a domain containing the origin
f C I( )1 . Let [ ×V t x t I( , ( )): 0, ) be a continuously
dif ferentiable f unction and locally Lipschitz with respect to x such
that

i) || || || ||A x V t x t B x( , ( ))a b

ii) || ||+D V t x t F x( , ( )) ab
0

where t x I0, , A B F a(0, 1), , , , and b are
arbitrary positive constants. Then x = 0 is Mittag−Lef f ler stable.
If the assumptions hold globally on , then x = 0 is globally
Mittag−Lef f ler stable.

In particular, considering the following function for
(0, 1) and m 0

=
+

+x t
m

:
( ( ))

( ) (( 1) )
m

m
,

( 1) 1

note that, this function satisfies: Φα,m = 0 in x = 0, Φα,m = 0 in x
≥ 0 and is locally Lipschitz any interval of . Finally

=+D 00
,0 , see55−57). Our candidate of V can be

=V t x t E( , ( )) ( ),0
,

,0
(25)

where Eα,β is the Mittag-Leffler function defined in (eq 8).
This function satisfies
(i) < || ||V t x t B x0 ( , ( )) b for x I and any B .
( i i ) = || ||+D V t x t V t x t F x( , ( )) ( , ( )) ab

0 f o r a n y
F a b, , , see ref 22

in consequence, x = 0 is Mittag−Leffler stable, using the
Remark 4.4 in ref59 (Mittag−Leffler stability and Generalized
Mittag−Leffler stability imply asymptotic stability) we
guarantee asymptotic stability of our system.

Example 3. An explicit and particular form of the f unction (eq
26)

= +

=

V t x t
t t

t

( , ( ))
( )

1
( ) (2 ) ( )

( ( )) ( ) ((2 ))

1

2

1

2

2

Ä

Ç
ÅÅÅÅÅÅÅÅÅÅ

É

Ö
ÑÑÑÑÑÑÑÑÑÑ

(26)

ϵ represents the truncation error of the series.
4.1. Connection Between a Lyapunov Function and

the Sliding Surface. Consider eqs 17 and 20, as following

+ =+D X t KU t( 1) ( ) ( )c 0

and

= + ++ +U t
K

I D R I D e
X

( ) ( ) ( )eq
1

0
1

0

Ä
Ç
ÅÅÅÅÅÅÅÅ

É
Ö
ÑÑÑÑÑÑÑÑ

On the other hand, using =t R t X te ( ) ( ) ( ), then we have
for σα[e(t)], the expression

[ ] = +e t R X I e t( ) ( )1

in consequence:

[ ] = ++ + + +D e t D R D X I D e t( ) ( ( ))c c c c0 0 0
1

0

Using lemma 2.3 and algebraic manipulations, we get

+

= [ ] + +

+

+ +

D X t

D e t D X
X

U

( 1) ( )

( )

c

c c D

0

0 0

Ä
Ç
ÅÅÅÅÅÅÅÅ

É
Ö
ÑÑÑÑÑÑÑÑ

Then

[ ] =+D e t U( )c D0

Using lemma 2.3, we obtain that

[ ] = [ ]+ +
d
dt

D e t D
d
dt

e t
d
dt

U( ) ( )c D0 0 (27)

Finally, as we expect

= < <+ +V D V Dlim lim( )( ) 0.c
1

0
1

0

5. RESULTS
In this section, numerical simulation and experimental
examples are presented to analyze the performance of the
proposed controller. The first example is a nonlinear mixing
tank process, and the experimental results are based on a
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thermal system called TCLab. The performance of the
proposed controller is measured using the following indices:
Integral Absolute Error (IAE), Integral Square Error (ISE),
Total Variation of Control Action (TVu), Maximum Over-
shoot (MO%) and Settling Time (ts).
5.1. Mixing Tank Process. The mixing tank process is a

nonlinear system21,60 and consists of the simultaneous entry of
the hot flow W1(t) and the cold flow W2(t) into the process
with temperatures T1(t) and T2(t), respectively, as shown in
Figure 3. The output T4(t) is the temperature of the mixture

measured at a point 125 ft downstream of the mixing tank. The
Fail-Closed (FC) actuator regulates the cold stream to
maintain the desired temperature T3 within the mixing tank.

The transportation lag or delay time21 is described as
follows:

=
+

t
LA

W t W t( ) ( )0
1 2 (28)

where A is the cross-section of the pipe, L the length of the
pipe, ρ the density of the contents of the mixing tank and
W1(t) and W2(t) the variables of the hot and cold inlet flow,
respectively.

Taking into account the delay between the tank and the
sensor location, T4 gives the following:

=T t T t t( ) ( )4 3 0 (29)

Since, the delay can change depending on flow values, the tank
mixing system is considered a process with variable time delay
which is difficult to control.

To determine an approximate model of the nonlinear mixing
tank process, the reaction curve identification method is
used.18 From the steady-state values considered as operating
points in Table 1, a change of 10% in the input variation u(t) is
applied as shown in Figure 4.

The mixing tank process can be characterized using an
approximate FOPDT model estimated by using the reaction
curve method as

+
G s

e
s

( )
0.82

2.2273 1I

s4.206

(30)

For the fractional model approximation, the method of ref48 is
used to obtain the parameters of the FFOPDT model:

+
G s e

s
( )

0.82
2.2627 1

s

F

4.1418

1.01 (31)

It can be seen that the controllability ratio ( = 1.83t0 )
corresponds to the difficulty in controlling a process.45 In
addition, it is considered a process with a long time delay.

To validate the approximate models obtained (FOPDT and
FFOPDT), the MSE is used, thus MSEFFOPDT = 1.5958 × 10−7

and MSEFOPDT = 2.1405 × 10−7. In this case, it can be seen that
the FFOPDT model presents a lower MSE value.

The performance of the proposed controller is compared
with the IM-SMC controller presented in61 and the SMC
controller presented in.21 The parameters of the proposed
controller are λ = 0.0544 and KD = 0.0001.

The control objective of the mixing tank process consists in
maintaining the measured mixing temperature T4(t) and W2(t)
despite disturbances in the hot flow W1(t) and W2(t).21 Figure
5a shows the perturbations performed on the hot flow W1(t)

and W2(t), where four changes of −50 [lb/min] are made at
times 160, 360, 600, 900 [sec] respectively. Furthermore, this
change in W1(t) and W2(t) modifies the time delay from 3.6 to
4.9 [sec], as can be seen in Figure 5b.

Figure 6 shows the closed-loop responses of the mixing tank
process to external disturbances, where it can be seen that the
three controllers are capable of maintaining the output of the

Figure 3. Mixing tank process.

Table 1. Steady-State Flow Values of Mixing Tank Process

variable value variable value

W1 250 lb/min T1 °250 F
W2 191.17 lb/min T2 °50 F
set point °150 F T3 °150 F

Figure 4. Open loop output response for mixing tank process.

Figure 5. (a) Inlet hot flow variation and (b) time delay variation.
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process at the desired reference and rejecting the effect of
disturbances. Furthermore, for the proposed controller, the
process output does not exhibit overshoots in the presence of
the first two disturbances. Since our approach adopts a DSMC
scheme, it does not incorporate a smoothing function in the
discontinuous segment. Consequently, its response tends to be
slightly more aggressive than that of the IM-SMC, with an
overshoot smaller than 1.5% in the last two disturbances. The
IM-SMC experiences a slight performance degradation as the
delay increases.

The control actions for the external disturbance test are
shown in Figure 7, where it can be seen that the controllers
remain within the range allowed by the control action.

Table 2 shows the performance metrics of the controllers for
the external disturbance test. Note that the indices IAE, ISE,

and TVu are the global values corresponding to the four
disturbance tests, while ts and MO% correspond only to the last
test. This table shows that the IM-SMC controller presents the
lowest values of IAE, ISE, and MO%. In addition, the SMC
controller does not present MO% but presents the highest

values of IAE, ISE, and ts. On the other hand, the values of TVu
are very similar for the three controllers. Finally, although the
proposed controller has a value of MO% = 1.26, this is very
small. Thus, it can be seen that the proposed and the IM-SMC
controllers have the best performance results compared to the
SMC. It is important to mention that our approach does not
have tuning equations, and the little difference compared with
the IM-SMC can probably be solved using fine-tuning.
5.2. TCLab Experiments. In this part, a Temperature

Control Laboratory (TCLab)37,40,62 is used for experiments
that involve changes in the set point and external disturbances.

The TCLab is handled via a personal computer using a data
acquisition system to conduct experimental tests. Furthermore,
to carry out the external disturbance test, a fan is placed on top
at a distance of 1.5 [cm] from the TCLab, which is connected
to a 5 [v] power source, as shown in Figure 8.

The experimental results are performed on Matlab 2019b
software on an Intel (R), Core (TM) i7−7500 U @ 2.9 GHz
PC, with a sample time of Ts = 0.1[sec].
5.2.1. Model Validation of TCLab Arduino Kit. Since the

TCLab Arduino kit does not have a long time delay, the
software added an artificial time delay of 200[sec]. To obtain
an approximate model of the TCLab, the reaction curve-based
identification method46,63 is used, where a change of 40% in
the input is applied to the open-loop system, as shown in
Figure 9.

The TCLab can be approximated with a FOPDT model by
using the reaction curve method as follows:

+
G s

e
s

( )
1.112
185.771 1I

s222.125

(32)

Figure 6. Temperature responses for external disturbance.

Figure 7. Control actions for external disturbance.

Table 2. Performance Metrics of the Controllers for Mixing
Tank Process

controller IAE ISE TVu MO% ts [sec]

proposed 5.23 0.23 24.09 1.26 163.5
SMC 9.89 0.30 23.12 0 320
IM-SMC 3.58 0.16 23.61 0.1 82.5

Figure 8. TCLab Experiment test.

Figure 9. Open loop output response for TCLab process.
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For the fractional approximate model, the method49,50 is
used to obtain the parameters of the FFOPDT model:

+
G s e

s
( )

1.112
150.8 1F

s220.974

0.9742 (33)

It can be seen that the controllability ratio is > 1t0 . Thus,
this process presents a dominant time delay that can be
considered difficult to control.

To validate the estimated models, the MSE is used,
therefore, MSEFFOPDT = 3.2136 × 10−5 and MSEFFOPDT =
1.034 × 10−4. Here, it can be seen that the FFOPDT model
presents a lower MSE value.

The performance of the proposed controller is compared
with the IM-SMC controller presented in.61 The parameters of
the proposed controller are λ = 0.0123 and KD =0.1 × 10−6

5.2.1.1. Step Change Reference Test. In this part, two
reference changes are applied to the system. A temperature
change to 60 [°C] is first performed at t = 0 [sec] and a
reference change to 40 [°C] is second performed at t = 2500
[sec], as shown in Figure 10.

The results shown in Figure 10 illustrate a better
performance obtained with the proposed method, exhibiting
a better settling time than that obtained using the IM-SMC
technique. Figure 11 shows the control signal for the step
reference change test. Although the control signal of the
proposed controller exhibits a slight chattering effect compared
to that of the IM-SMC controller, the performance for
reference tracking is better in the proposed controller.

Table 3 shows the performance metrics for the controllers in
the reference changes test. Note that IAE, ISE and TVu indices

are the global values corresponding to the two step changes in
reference, while ts and MO% correspond only to the first test.
In this table, it can be seen that the proposed controller
provides the lowest value of IAE at the cost of a higher value of
TVu. Observe that the IM-SMC controller is not capable of
reaching the reference. Instead, the proposed controller
achieves the reference by exhibiting a small overshoot MO%.
5.2.1.2. Disturbance Test. In this test, a step change of 60

[°C] is applied in the reference at t = 0 [sec]. Then, a
disturbance is included in t = 2500 [s] during 200[sec]. Figure
12 shows a better settling time for the proposed approach, but

the overshoot is larger than the IM-SMC. The proposed
controller action, which is shown in Figure 13, presents a

reduced chattering value with more aggressive changes than
IM-SMC. In this experiment, some small changes occur
around the ambient temperature, and the proposed approach
rapidly returns to the set point.

Table 4 shows the performance metrics of each controller
for the external disturbance test. It can be seen that the
proposed controller presents the lowest value of IAE and ts. In

Figure 10. Temperature response for Step change reference test.

Figure 11. Controller response for Step change reference test.

Table 3. Performance Metrics of the Controllers for Step
Change Reference test on TCLab

controller IAE ISE TVu MO% ts[sec]

proposed 2.15 × 104 7.93 × 106 2.34 × 104 5.66 2156
IM-SMC 8.61 × 105 1.73 × 106 7461 − −

Figure 12. Temperature response for disturbance test.

Figure 13. Controller response for disturbance test.
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addition, the IM-SMC controller is not capable of reaching the
reference then external disturbance occurs. However, the IM-
SMC controller presents a lower value in the ISE index.

6. CONCLUSION
This paper introduced several enhancements. First, a novel
control approach was developed by combining the Smith
predictor, sliding mode control, and fractional calculus
concepts. Additionally, a free dead-time term was incorporated,
making controller synthesis simpler. The resulting proposed
approach is a fractional-order dynamic sliding mode controller,
to our knowledge, for the first time.

Considering performance indicators, the results showed
adequate performance in the simulation of the nonlinear
example with disturbances and parametric changes compared
to other SMC approaches. Furthermore, the approach
demonstrated good performance in a real TCLab kit
application, involving changes in the set point and external
disturbances with minimal chattering. Our controller proposal
uses a fractional model in the design, resulting in a dynamic
controller. Although the dynamic version of the sliding mode
controller effectively reduces chattering, it does not entirely
eliminate it; meanwhile, in the IM-SMC case, it employs a
smoothing function, a sigmoid one, in the discontinuous part
to eliminate chattering.

However, some limitations were also identified. In the
disturbance rejection test, a fast response led to a slight
increase in overshoot. Improving the tuning parameters,
exploring the use of optimization algorithms for this purpose,
and adding a set point filter or other methods to reduce the
overshoot peaks could enhance the response of the process and
the action of the controller.

In summary, the new control approach shows promise by
combining several methods and demonstrating good perform-
ance, but further tuning is needed to optimize the parameters
and improve the response by reducing overshoots. Optimizing
fractional parameters is one key to future work.

Finally, this paper balanced mathematical rigor with practical
implementation. We are aware that many mathematical details
were left out for simplicity, but do not affect the development
of the theory or the implementation itself. We continue to
work to improve our presentation to achieve the best possible
balance.
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