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ABSTRACT

Classifier ensemble pruning is a strategy through which a subensemble can be identified via optimizing
a predefined performance criterion. Choosing the optimum or suboptimum subensemble decreases the
initial ensemble size and increases its predictive performance. In this article, a set of heuristic metrics
will be analyzed to guide the pruning process. The analyzed metrics are based on modifying the order of
the classifiers in the bagging algorithm, with selecting the first set in the queue. Some of these criteria
include general accuracy, the complementarity of decisions, ensemble diversity, the margin of samples,
minimum redundancy, discriminant classifiers, and margin hybrid diversity. The efficacy of those metrics
is affected by the original ensemble size, the required subensemble size, the kind of individual classifiers,
and the number of classes. While the efficiency is measured in terms of the computational cost and the
memory space requirements. The performance of those metrics is assessed over fifteen binary and fifteen
multiclass benchmark classification tasks, respectively. In addition, the behavior of those metrics against
randomness is measured in terms of the distribution of their accuracy around the median. Results show
that ordered aggregation is an efficient strategy to generate subensembles that improve both predictive

Classifier complementariness

performance as well as computational and memory complexities of the whole bagging ensemble.

© 2021 The Authors. Published by Elsevier Ltd.
This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/)

1. Introduction

The use of multiple classifier systems (MCSs) [1,2] is an al-
ternative to individual models that generally elevates the predic-
tive accuracy of the classification tasks, by exploiting the strengths
of individuals. Conceptually, a set of learning models that solve
the same problem are consolidated to generate a better compos-
ite global model. While the limiting accuracy of an ensemble is
achieved by generating a large pool size of classifiers [3]. Clarifying,
as involving more classifiers in the classification task may provide
more discriminating power with an equal or weighted contribution
of each classifier to the final decision [4]. For that, the increasing
size of the ensemble hardly copes with the increasing demand to
speed up the decision and to save computational resources.
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It has been reported that complementary members, in decision
space, are desirable to produce robust systems [5]. This comple-
mentary behavior returns to the diversity of the formed ensemble
with inductive biases. Bagging ensembles [6,7] achieve a reason-
able diversity level by creating different bootstrap samples to train
each base model independently. Moreover, the non-sensitivity of
bagging and robustness under diverse noise conditions makes it
more attractive [8]. To properly measure the diversity, the correct
and incorrect predictions of individual members should be consid-
ered [9]. In bagging, an independent set of classifiers are generated
in random order, the final decision is made by a simple majority
voting rule. While, it has been demonstrated that reordering the
generated pool and selecting the first subset of classifiers impacts
the ensemble size and the composite accuracy positively [4,10-12].
The first subset of classifiers from the ordered list is expected to
perform better than aggregating the whole list.

On the contrary, for sequential ensembles, such as Boosting,
changing this order is not so much influential, as individual mem-
bers are generated in sequential style by the learning algorithm
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[10,13]. The sequential mechanism of boosting encourages the
complementariness among ensemble members, by focusing on
previously misclassified samples. However, in boosting the perfor-
mance is more sensitive to noisy samples [8] and sometimes over-
fitting can be observed for large pool size [14]. The main challenge
is to design a consolidated ensemble by incorporating ensemble
selection techniques.

Ensemble Selection (ES) has been known in the literature as
ensemble pruning [15], ensemble thinning [16] and ensemble re-
duction [17,18]. The selection can be considered as an intermediate
process between building the ensemble and aggregating the deci-
sions. Specifically, ES is the strategy of optimizing and selecting the
number and the type of individual classifiers in-advance. Collect-
ing the decisions from a reduced number of models speeds up the
classification systems and relieves memory storage. In the litera-
ture, the selection process can be performed offline (static selection
[19]) or online (dynamic selection [20]). In offline selection, the se-
lected subset of classifiers is determined during the training stage
of the system; on the other hand, the base classifiers in the online
selection are selected on the fly based on the competence over the
local region of the query sample. Without debate, dynamic selec-
tion techniques can outperform the static selection methods as ex-
perimentally been proved in [20] since the selection is optimized
for each test sample independently. The rational in dynamic se-
lection is that each member is an expert in a different local re-
gion inside the feature space. However, in the dynamic selection,
there is a computational overhead for selecting the subensemble
for each test sample. Besides, those techniques do not save mem-
ory space as all individual classifiers have to be retained in mem-
ory. Additionally, the dynamic selection is affected by the outlier
instances around the query sample in the feature space [21]. Due
to the mentioned pitfalls, the static selection strategies became an
interesting topic in the area of MCSs.

The contribution of this paper can be highlighted in the follow-
ing points:

1. Focusing on static ensemble selection as an active research
topic in MCSs.

2. Analyzing the effectiveness of different heuristic metrics to re-
order the randomly bagging ensembles.

3. Separate analysis of those metrics over binary and multiclass
classification tasks.

4. As far as we know, this article is the first to group recent
and efficient heuristic metrics for reordering bagging ensem-
bles since they were analyzed by Martinez-Muifioz et al. [10] in
2009.

This work is organized as follows: In Section 2, we present
the main notations to be used and review the related work. The
heuristic metrics in detail are introduced in Section 3. While
the experimental results with statistical analysis are presented in
Section 4. The list of applications and sample areas are introduced
in Section 5. Finally, the conclusions and future works are pre-
sented in Section 6.

2. Notations and related works

This section presents the main concepts of static ensemble se-
lection and we highlight the importance of choosing a good heuris-
tic for ordering the base classifiers of the ensemble. The mathe-
matical notation used in this article is summarized in Table 1.

MCSs are composed of three stages: (1) Forming, (2) Selection,
and (3) Aggregation [20]. The selection process is optional as it is
not embedded in many ensemble systems. However, it has been
proved that the generalization performance of a subensemble re-
ports superior results over the traditional combination approaches,
such as majority voting of the whole ensemble [10,22]. Pruning
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Table 1
Mathematical notation to be used in this article.
Symbol Meaning
Y The base classifier, k = {1,2, ..., T}.
T The ensemble size.
T The subensemble size.
Dpr The pruning set, Dpr = {(%;,y1).i=1,2,..., N}.
N The size of the pruning set.
X; Attribute vector values, x; =[x, ..., x@].
Vi The true class label, y; € {c1, ¢, ..., cm}-
M Number of classes.
Su The subset of selected classifiers at iteration u.
Ly The left subset from T at iteration u.
Vey The number of votes for specific class.
P The selection percentage of the subensemble.

down the redundant models reduces the memory burden [17]. Fur-
thermore, ES is a proven mechanism to enhance the efficiency and
elevate the efficacy of classification ensemble systems [4,10,11,15].
However, it is not trivial to find the optimal subset of classifiers
from a large ensemble as the complexity grows exponentially with
the size of the pool. It is known that ES is a combinatorial search
problem in which, from a pool size T, 2T — 1 nonempty subsets
need to be evaluated in order to find the best subensemble [23-
25].

To handle this complexity, several attempts ranging from op-
timized search [17,26], clustering techniques [27-29], and greedy
algorithms [10,13,30,31] have been applied over decades. For
optimization-based pruning, meta-heuristic techniques as genetic al-
gorithm with expensive computational cost has been applied to
find near-optimal solution [26]. The optimization function can be
the diversity metric [32,33] to return diverse subset, or accuracy
metric [34] to reduce the general ensemble error of a particular
combination method. In addition, the idea of feature selection has
been extended to the domain of ensemble reduction by transform-
ing classifier predictions into artificial features to be reduced and
selected by the harmony search algorithm [17]. Recently, the firefly
algorithm has been modified to adapt to the area of ensemble se-
lection by focusing on discriminant base classifiers [18]. Clustering-
based pruning uses clustering techniques as non-supervised meth-
ods to group similar classifiers together. A representative classifier
from each of the formed cluster is selected to obtain a highly di-
versified ensemble. This methodology may suffer from cluster in-
stability as mentioned in [27], whereas an alternative solution is to
use hybrid clustering techniques [28] to aggregate different cluster-
ing results (consensus clustering).

Greedy algorithms and heuristic metrics have been proved to
be convenient techniques that return near-optimal subsets in fast
time. These algorithms start with an empty (or full) initial en-
semble and explore different subsets by iteratively expanding (or
shrinking) the initial ensemble by an individual classifier. Those
techniques comprise dissimilar heuristic measures as: ensemble di-
versity [15], ensemble margin [11,35], margin hybrid diversity [12],
discriminating classifiers [4], ensemble error [13], complementari-
ness of misclassification [35], and relative accuracy with minimum
redundancy [4]. In [36], since no widely accepted definition to
measure the ensemble diversity exists, five pairwise diversity mea-
sures are combined to obtain efficient pruned ensembles. In the
literature, those techniques are popular and well known under the
name of ordering-based ensemble pruning with the following mer-
its:

- The ordering strategies return subensembles that are close to
optimal solution (Efficacy) [10].

- Pruning strategies based on base classifier reordering can be
easily adjusted to adapt to any given storage and computa-
tional restrictions (Flexibility) [4,12].
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Table 2

Heuristic metrics to guide the ordered bagging ensembles.
Name Heuristic Measure Year Ref.
RE Reduced Error 1997 [13]
cC Complementariness of Misclassification 2004 [35]
MDSQ Supervised Ensemble Margin 2009 [10]
EPIC Diversity Contribution of Individuals 2010 [15]
UMEP Unsupervised Ensemble Margin 2013 [11]
MDEP Margin & Diversity 2018 [12]
MRMR Max. Relevance & Min. Redundancy 2018 4]
DISC Discriminant Classifiers 2018 [4]

- The time complexity of those strategies is low, in comparison
with exhaustive or optimization-based search methods (Effi-
ciency) [10].

Since the practical analysis of the power of greedy search meth-
ods in [10], many research efforts have been directed to pro-
pose new heuristic measures to guide the selection of subensem-
ble [4,11,12,15]. Till now and related to our knowledge, no arti-
cle has considered the analysis of all those promising metrics to-
gether. This research covers that gap by comparing all these new
techniques with the best performing techniques found in [10] and
against other popular baseline metrics [13,35]. Table 2 shows the
heuristic metrics to be analyzed in this article over 30 datasets,
divided into two parts: one composed of 15 binary datasets and
other of 15 multiclass datasets.

3. Ordered aggregation

In bagging, the base classifiers are generated independently
based on different bootstrap samples from the training data. The
prediction accuracy of the ensemble is positively correlated with
the number of aggregated models. Notwithstanding, the accuracy
of the ensemble levels off after some point. After this point the in-
clusion of further models becomes useless. As shown in [10,35],
the general accuracy (error) can be maximized (minimized) by
changing the order in which the classifiers are aggregated. The au-
thors proved that the first 20% from the modified ordered bagging
ensemble was sufficient to speed up the classification decision, to
save memory storage, and to get an improved composite predic-
tion. The core component in the ordering strategies is the heuristic
metric used to give the ordering process. That metric exploits the
aggregation relationship between the classifiers based on maximiz-
ing (minimizing) specific measure as in greedy search [4,13,35],
or rank the significance of each base classifier in one batch as in
[11,12,15]. Those metrics require a selection/pruning set composed
of labeled samples, Dy, to validate and guide the ordering process.
For that, the pruning set can be an independent part, not used for
training, or can be sampled from the original training. Finally, the
predictions of the selected classifiers are aggregated by unweighted
voting as:

T

W (%) = argmax [ (%) = yi] (1)

YieM k=1

where [] denotes Iverson’s bracket and T represents the
subensemble size.

In greedy search, the set of classifiers that are expected to
perform better are aggregated first. Sequentially a new subset
Sy is constructed from S, ; by incorporating a single classifier
from L,_1; Su=Sy_1UV¥y | Yrely_q, where T=S,UL, and u =
{1,2,3,..., T}. Such that the single classifier selection from L,_; is
guided upon a heuristic measure to optimize the augmented en-
semble S,. The number of iterations, T, can be controlled in ad-
vance to meet the computational restrictions.
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Furthermore, some metrics are proposed to rank all the classi-
fiers in one batch without the sequential search. While, the prop-
erties of base classifiers, an individual’s accuracy, are not effective
to determine this rank [35]. The generated ensemble needs to con-
sider the contribution of both the performance and the diversity
of the individual learners to the ensemble [12,15]. It has been con-
firmed that the weakness of individuals can be compensated by
the consensus of correct peers over different samples. Following
those ideas, we discuss the heuristic metrics that are shown in
Table 2 for reordering bagging ensembles.

3.1. Reduce-Error pruning

Reduce error pruning (RE) was firstly proposed in [13]. The clas-
sifier with the highest (lowest) accuracy (error), as estimated on
the pruning set Dpy, is stored in S; as the initial subset to be ex-
tended. The sequential addition of more classifiers, one at a time,
is performed to get as much (less) accuracy (error) as possible
for the combined ensemble. This heuristic incorporates into the
subensemble the classifier s, as:

sy=argmax Y [Us, oy &) =i (2)
k (%;,Yi)€Dpr

where the index kelL,_; and S, =S,_1U{sy}. That metric has
been applied in many articles as a baseline for comparison
[4,11] with superior performance over the unpruned ensemble [10].

3.2. Complementariness measure

Complementariness measure (CC) was proposed in [35], and it
considers the complementariness between the incorporated mod-
els. The first subset, Sy, is initialized by selecting the classifier with
the highest accuracy on Dy. Then, the classifier to be nominated
is the one with the highest prediction accuracy over the set of in-
stances that are misclassified by S,_1:

Su = argmax Yo [ s @) # i A Y = yi] 3)
(%;,y1)€Dpr

where ke L, and S; =S,_1 U {sy}. With this heuristic, the en-
semble decision is expected to be shifted towards the correct clas-
sification. However, this metric concentrates only on the misclas-
sified samples with no restriction to preserve the previous correct
decisions.

3.3. Supervised ensemble margin

Margin distance minimization (MDSQ) is introduced in [10,35],
where the decision space of the individual members over the se-
lection set, Dy, is transformed into signature vectors. The signature
vector of classifier k, r®, is defined by an N-dimensional vector
whose ith component is calculated as:

r® = 20y @) =yl - 1. (%) € Dpr “)

The ensemble signature vector, (R), is defined as the average
sum of all r® as:

T
(R)y=T"1) 1 (5)
k=1

The subensemble whose average signature vector (R) is in the
first quadrant, that is all the components are positive, correctly
classifies all the examples in Dy, The objective is to select a
subensemble whose (R) is as close as possible to a reference vec-
tor, O, placed somewhere in the first quadrant. Hence, the refer-
ence vector is mathematically represented as:

0;=q with i={1,2,...,N} and 0<q<1 (6)
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The promoted classifiers are the ones with the minimum dis-
tance between their (R) and O, and can be selected sequentially by
minimizing:

u—1
Sy = argmin d(O, T-1 (rac) + Zr(r)>> 7)
k t=1

where k € L,_1 and d(O,(R)) is the distance, usually Euclidean dis-
tance is used. The constant g should be sufficiently small, 0.075,
to progressively focus on hard examples to be classified. There-
fore, a subensemble with a large number of small positive val-
ues in (R) is preferred. By contrast, if the value of q is close to
1 the effectiveness of the method will be diminished as the se-
lection will be guided upon the easy samples. In this article, the
modified version of this metric is applied with a moving reference
point ¢ = Zx/ﬂ/T as it was discussed in [10].

3.4. Maximum relevance & minimum redundancy

Maximum Relevance & Minimum Redundancy pruning (MRMR)
was recently proposed in [4]. It is inspired by the popular algo-
rithm mRMR [37,38] for reducing redundancy in the feature se-
lection problem. The metric involves two relationships; one is be-
tween candidate class and the component class, and the other is
between the candidate class and the target class. The candidate
class represents the class label output of kth classifier to be in-
cluded, while the component class represents the class label out-
put of the composite ensemble. The classifier with the highest ac-
curacy, estimated on the pruning set Dy, is stored in S; as the
initial subset to be extended. The next kth classifier to be incorpo-
rated, s, is selected according to:

Su = argmax (WY Y) — % > I ¥ (8)

VieSu1

where I(m,n) is the mutual information of variable m and n; Y
is the target class; ke L, and S, =S,_1 U {sy}. The classifier to
be selected is the one with the maximum relevance with the tar-
get class, I(Y;Y), and simultaneously with minimum redundancy

with Sy_1, 715 Xy, [V ¥).
3.5. Discriminant classifiers

Discriminant classifiers pruning (DISC) has also been proposed
in [4]. The good classifier to be incorporated is the one to compen-
sate the current subensemble, S,,_1, taking into account the follow-
ing two assumptions.

- Assumption (1): Regarding the samples correctly classified by
Su_1, a good candidate is expected to do the same decisions
on as many of such samples as possible.

- Assumption (2): In relation to the samples misclassified by
Su—1, a good candidate is expected to classify correctly as
many of those instances as possible.

The first assumption relates the candidate classifier and the
composite ensemble, while the second assumption represents how
the candidate classifier relates to the target. This metric concen-
trates on finding the most discriminant classifier, which is relative
to both S,_; and Y. The instances are divided into two parts; {mis}
represents the misclassified set by S,_;, while {cor} represents the
set which is correctly classified by S,_;. The incorporated classifier
is selected as:

mis i 1 cor,
Su= arglinax I 5 Y™) + -1 Z 1 ) (9)

VieSu1
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where k € L,_; and Sy = S,_; U {sy}. The first term I(y,™; Y™5) is
the mutual information that ¥, can gain from the true labels Y
according to the mislabeled instances by S,_;. Whereas the second
term ;g Yyes, o 15 Yfn) s the average mutual information
that v, can gain from all i; members of S,_; related to the correct
classified samples.

3.6. Diversity contribution of individuals

Ensemble Pruning via Individual Contributions (EPIC) is intro-
duced in [15]. The classifier which is more diverse to the group,
over the decision space, receives a higher rank to be in the ordered
list. Each classifier divides the samples into four groups based on
its decision as:

1. Correct, but ensemble prediction is incorrect.
2. Correct and ensemble prediction is correct.

3. Incorrect, but ensemble prediction is correct.
4, Incorrect and ensemble prediction is incorrect.

Samples in the group (1) are more critical as the individual
classifier can contribute to change the ensemble decision. Samples
in the group (3) are less harmful to the ensemble, for that the clas-
sifier contribution is low. The individual contribution of each clas-
sifier, IC;, is measured Vx; based on the above groups and accord-
ing to:

N
IGo=3" (“la (2Vfae = V) ) + Bua ViR + 6 () = v = vy )
i=1
(10)
Where:
1 if Y (%) =y; A Y (x;) is in the minority voting;
o =
“~ 1o otherwise.
8 1 if Y (%) =y; A Y(x;) is in the majority voting ;
=10 otherwise.
O — 1 if Y () #yi;
k=10 otherwise.

Where vr(,iz,x, v_S,_)c are the number of votes for the top two

classes over sample x;. While szﬁ,i @) denotes the number of clas-
sifiers that agree with the prediction v (x;) (including itself) and
v}f) denotes voting of the correct prediction over sample x;. The
classifiers which have more samples in the minority group, group
(1), bring more diversity contributions to the ensemble and con-
tain more useful knowledge for constructing subensembles [15].

3.7. Unsupervised ensemble margin

Unsupervised Margin based Ensemble Pruning (UMEP) has been
proposed in [11] with the focus on classifier properties to correctly
classify the hard patterns. The innovation of this metric is based
on measuring the margin of x;. The larger the margin of x; the
more certain its classification is. As in boosting [39], the idea of
this method is to focus on low margin instances. The absolute mar-
gin of x; can be measured from ensemble decisions as:

(Vmax = Vsec)
M
Zi:l (UCi)
This measure considers only the difference between the votes
of the top two classes (Vmax, Vsec) over the sample x;. For that, it
is an unsupervised measure that does not require the true class la-

bel. Here the margin takes a value in the interval [0,1]. The set of
samples, X; € Dy, that are classified correctly by each classifier will

margin(x;) = (11)
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Table 3
Characteristics of the selected datasets for experimentation, sorted by samples and classes.
DataSet #S #F #C R DataSet #S #F #C R
Breast-cancer 286 9 2 0.42 Wine 178 13 3 0.676
SPECTF 349 44 2 0.37 Newthyroid 215 5 3 0.2
Ionosphere 351 33 2 0.56 Cmc 1473 9 3 0.529
Wdbc 569 30 2 0.594 Lymphography 148 18 4 0.025
Indian Liver Patient (ILP) 583 10 2 0.401 Vehicle 846 18 4 0.913
Australian 690 14 2 0.802 Wall-Following-Robot (WFR) 5456 24 4 0.149
Wisconsin 699 9 2 0.526 Cleveland 297 13 5 0.081
Blood-transfusion 748 4 2 0.312 Dermatology 358 34 6 0.18
Mammographic 830 5 2 0.944 Flare 1066 11 6 0.13
Tic-tac-toe 958 9 2 0.530 Wine quality-red 1599 11 6 0.015
German 1000 20 2 0.429 Satimage 6435 36 6 0.408
Hill-valley 1212 100 2 1.0 Segment 2310 18 7 1
Kr-vs-kp 3196 36 2 0.915 Led7digit 500 7 10 0.649
spambase 4601 57 2 0.650 Mfeat-Karh 2000 64 10 1
Ringnorm 7400 20 2 0.981 Mfeat-Fourier 2000 76 10 1
Table 4
The average accuracy of the subensemble related to a selection percentage (P) from an inital pool size (T);SPECTF dataset.
T Bagging BSM RE cC MDSQ MRMR DISC EPIC UMEP MDEP P T
25 84.73 81.87 86.73 86.21 87.23 86.43 88.43 86.49 86.65 86.77 20% 5
87.66 87.11 88.18 87.19 88.69 87.77 87.74 87.71 30% 7
51 85.27 82.96 89.22 88.41 89.91 88.35 90.41 89.65 89.54 89.72 20% 11
88.97 88.54 89.82 88.62 90.49 89.65 89.76 89.80 30% 15
75 85.48 82.92 88.89 88.80 90.24 88.12 91.10 90.28 90.83 90.66 20% 15
88.80 88.94 89.69 88.20 90.89 90.38 90.32 90.21 30% 23
101 85.85 83.09 89.08 89.06 89.90 87.77 91.21 90.56 90.22 90.44 20% 21
88.93 88.80 88.83 88.14 91.01 90.84 90.41 90.78 30% 31
151 85.82 82.78 89.18 88.89 89.29 88.54 91.09 90.58 90.59 90.44 20% 31
88.82 88.97 88.03 88.91 91.24 90.64 90.78 90.70 30% 45
201 85.84 83.68 89.12 89.19 88.48 88.82 91.07 91.07 91.15 91.10 20% 41
89.22 88.88 87.36 88.70 91.49 91.00 91.04 91.09 30% 61

be considered for calculating it's margin-based information quan-
tity as:

UMk(Dpr)=—%Zlog(margin(xi)), Vi| e =y (12)

The classifiers are ranked based on descending the measured val-
ues from Eq. (12). The harder the samples correctly predicted by
the classifier, the higher the rank it receives to be included in the
subensemble.

3.8. Margin & diversity

Margin and Diversity based Ensemble Pruning (MDEP) [12] con-
siders two aspects to better reorder the set of classifiers: (1) focus-
ing on examples with small absolute margin, and (2) focusing on
classifiers with large diversity contribution to the ensemble. The
MDEP measures the rank of each classifier via Eq. (13).

MDEP() =

1

[afm(xi) +( *a)fd(Wk’xi)i| . Vi | ) =y;

(13)

Where « € [0, 1] represents the balance of importance between
the margin of examples and the ensemble diversity. fi(x;) and
fa(y, %;) are the log functions of x;'s margin and v,’'s diversity
contribution on x;, respectively:

M _ 0
i) = log< R ) (14
(1)
fa(- %) = log (‘j@) (15)

Where y; # y; is the class that receives the maximum number
of votes on x;. The challenge of the MDEP metric is the depen-
dence on the predefined value of « that controls the trade-off be-
tween focusing on classifiers that correctly predict hard samples or
focusing on classifiers that increase ensemble’s diversity.

4. Experimental analysis

This section first introduces the experiment setting and the
characteristics of the datasets used in this paper, and then, the ex-
perimental results are reported for the comparison among the in-
vestigated metrics. The following research questions were posed:

¢ Qq. How the initial pool size and the required subensemble size
affect on the performance of the heuristics?, Section 4.3.

Q. How the heuristics are affected by the individual classifier
type?, Section 4.4.

Q3. How the efficacy of the investigated metrics could be af-
fected by binary and multiclass datasets?, Sections 4.5 and 4.6.
Q4. What will be the rank of the metrics for analyzing the thirty
datasets?, Section 4.7.

Qs. How the investigated metrics are potential for prediction
consistency?, Section 4.8.

Qg. How the efficiency of the metrics differs in terms of time
and space complexities?, Section 4.9.

4.1. Set up

The design of experiments has considered the recommenda-
tions from Martinez-Mufioz et al. [10] according to the following
two issues: (A) The influence of training conditions (B) The in-
fluence of the initial pool size. For training conditions; the whole
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Fig. 1. Influence of pool size and selection size on the general accuracy; SPECTF dataset.

Table 5
Average accuracy and standard deviation for Different Classifiers (DC) and Similar Classifiers (SC); T= 101 and P=30%.
DC Ne
Bagging RE DISC UMEP Bagging RE DISC UMEP
Dataset T =101 T=31 T =101 T=31
Australian 86.70 + 3.39 86.97 + 3.52 86.97 + 3.48 87.36 + 3.35 86.85 + 3.43 86.66 + 3.85 86.34 + 3.81 86.95 +3.67
Blood 7737 £ 1.77 77.35 + 2.68 77.53 + 2.74 77.03 + 2.73 76.27 £ 0.73 77.53 + 2.77 77.92 + 247 77.14 + 2.80
Breast-cancer 7341 + 5.73 73.94 +6.84 7345 + 6.03 72.97 + 6.90 73.48 + 5.08 73.02 + 5.63 73.10 + 5.58 7141 + 6.39
Cmc 53.30 + 3.74 53.29 + 3.83 53.80 + 3.72 53.82 + 3.69 53.33 + 3.84 53.38 + 3.41 53.57 + 3.58 53.65 + 3.61
Mammographic 83.04 + 4.02 82.72 + 4.00 82.59 + 4.35 83.87 + 4.02 83.70 + 3.41 82.99 + 3.62 83.19 + 3.56 83.64 + 3.53
Wdbc 96.63 + 2.42 97.10 + 2.32 97.44 + 2.03 97.54 + 1.95 96.58 + 2.23 96.48 + 2.40 96.76 + 2.32 96.67 + 2.27
AR-Friedman 533 4.42 3.33 3 5 5.75 433 4.83

training data has been used, for both, to train the bagged ensem-
ble and to prune it. For the initial pool size; the initial pool should
contain a sufficiently large number of classifiers. However, the ac-
curacy gains that could be obtained by expanding the initial pool
are negligible after a point. Two ensemble systems have been con-
structed as a part of the analysis:

1. Heterogeneous (Different Classifier types-DC)

- Samples: Bootstrap samples, with replacement, are generated
from the training data.

- Features: Sixty percent of features are selected randomly for
each classifier.

- Classifiers: Five different classifier models, with their default
setup parameters, have been used (Decision Tree (DT)!, Naive
Bayes (NB)?, rule-based learner (JRip)®, Multinomial Log-linear
Models (Multinom)*, and k-Nearest Neighbor (KNN)°) with
20% as a proportional representation by each model from the
whole pool size.

2. Homogeneous (Similar Classifiers-SC)

- Using the same configuration to the previous section except
that all individual members are of type Decision Tree.

Finally, all the datasets are preprocessed by unifying the scales
of the features via normalization in order for the features to have
zero mean and 1 standard deviation. For each dataset, 10 repeti-
tions of 10 fold cross-validation procedure have been tested to get

Package C50: https://cran.r-project.org/web/packages/C50 Decisiont.
Package e1071: https://cran.r-project.org/web/packages/e1071.
Package RWeka: https://cran.r-project.org/web/packages/RWeka.
Package nnet: http://cran.r-project.org/web/packages/nnet.

Package caret: https://cran.r-project.org/web/packages/caret.

[E. IR U

100 runs per dataset. In addition, MDEP depends on an internal pa-
rameter «; three values for MDEP with different o € {0.1, 0.5, 0.9}
are considered, and the best-optimized alpha according to the in
train-validation is used to report the test for each dataset sep-
arately. The results for Random Forest (RF) [3], Adaboost (AdaB)
[39], and the single best model (SBM) from the pool, according to
the measured accuracy of the models on the pruning set, are included
as references in the comparison.

The default set-up for the individual classifiers types, RF, and
AdaB are as follows: DT uses C5.0 decision trees of Quinlan [40] in
its pruned version. Naive Bayes applies Laplace smoothing to solve
the problem of zero probability. k-Nearest Neighbor is consid-
ered with k=3 as the number of neighbors. RF® implements
Breiman’s random forest algorithm with ntrees=T, number of vari-
ables that are randomly sampled at each split=sqrt (ncol (x)). AdaB’
fits the AdaBoost.M1 using classification trees as base classifiers
with iterations=T.

4.2. Datasets

A total of 30 datasets that were obtained from OpenML® and
KEEL? are used in this study for experimentation. The character-
istics of the datasets are presented in Table 3, where #S, #F, #C,
and R represent the number of samples, the number of features,
the number of classes and the ratio between the smallest to the
largest class for each dataset, respectively. The number of classes
varies from 2 to 10, while the maximum number of features is 100.

6 randomForest: https://cran.r-project.org/web/packages/randomForest.
7 Adaboost: https://cran.r-project.org/web/packages/adabag.

8 Machine Learning Repository: https://www.openml.org.

9 KEEL Repository: http://www.keel.es.
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https://cran.r-project.org/web/packages/caret
https://cran.r-project.org/web/packages/randomForest
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4.3. Influence of pool size and selection size § ERoddmddysyS oo
To answer Q;, we analyze how ordered aggregation is affected ARg2238388=2R34%
by both the initial pool size (T) and the selection percentage (P) H : j e P " " Q
simultaneously. A heterogeneous ensemble, see Section (4.1), com- ol IRl n ol R S s i b S g
posed of 201 models is built. The classifiers will be ordered con- ) Z SRR EERNES8S84855
sidering only the first 25, 51, 75, 101, 151, and 201 models from 2
ensemble size. This means that the classifiers are nested such that = 222 IZE2I3Z2
all classifiers in an initial pool are also included in larger pools. T HHHHHHHHHHHHHHAHE
The average accuracy over 100 runs is computed for each ensem- £ V|IAIZFRIBRIIFEEIRT
ble size T. = G|SRURERIEREIREES
Table 4 shows the analysis of 1200 records (T =6 x runs=100 = 0 W MO N NN A M N
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x P =2) for the SPECTF dataset. The last two columns represent s IR i = ik = i QS S
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P . . . (a)
prediction accuracy of the bagging increases monotonically as a E RN
fgnctlon of the initial ppol size, while thls sgturatlon level some- < 382932 8R388548ER2
times decreases according to the classification task. All the in- g : : :’ : : : : : : : " : :’: : : o
vestigated metrics prove their superiority over bagging, regarding ; Slwenazygeneeggnes
SPECTF dataset. The poor results reported for BSM, this confirms 5 ElgRmugomeadyLgsnr
that the ensemble outperforms all single models of which it is g
composed of. Regarding the selection percentage of P = 30%, the g RRAIZRS=BIIIRI= S
. . o ANFNB NN S NS —18 NN
accuracy of DI$C, EPIC, 'and UMEP. keeps on increasing as more £ HHHHHH A H H
classifiers are included in the initial pool. In general, the accu- % g RASER2INSIRL82S
racy of the ordered classifiers with a percentage of 30% is better @ S|ISRAIRRIASIELIREES
than 20%. In addition, the poorest accuracy by any ordering met- = P ih 0 O D DO i T
o ; . . —
ric is better than the highest accuracy of bagging. The highest ac- R mRanAInnIgEcEIdqS
curacy of 91.49% is reported by DISC using a subensemble com- S] HHHHHHHHHHAHHHHAHR
. & . . o
posed of 61 classifiers, T, instead of the 201 classifiers used by S SRIFSEEL{IRR]|E=2R
Fig. 1 shows the complementary perspective about the results. o NRINYoznSToRTan
; o i o : = NRORNNARROSBSN =N
The comparison of DISC-30% with DISC-20% and the comparison of £ MNCSH B RNS TS = F 5N —
UMEP-30% with UMEP-20% confirm that the ordered subset with a 2| = I B
larger number of classifiers returns higher accuracy. Furthermore, ; I § E E E ; % ; ; 5 § ; § 5 g E
the lowest accuracy by UMEP-20%, horizontal-dashed line, with only ;
5 classifiers outperforms the accuracy of bagging for any size. The 2 CReYERIIR=IREARA
prediction accuracy of DISC-30% and UMEP-30% keeps on increas- ket : : :j : M : : " : : ; 3 M j : ©
ing even after bagging has stabilized. In addition, the figure shows |~ S |222988888) 2SR 2
that BSM is the worst ensemble selection strategy. We confirm £ q_'_‘ B nadad-aRyy
that the main objective of the heuristic-based metrics is to return g
a subensemble with a reduced number of classifiers while keep- ot ARREBARARISBsNRIES
ing the accuracy unaffected. Going beyond the accuracy of bagging % S| m | HHHH o H g
is conditioned by the effectiveness to reorder the ensemble as we z TR [SESEl:- el b g -l sl
will discuss in Sections 4.5 and 4.6. |l |ERRIGERBEBEIBRES
]
: i =
4.4. Influence of heterogeneous classifiers 3 g ©
2 28 e B g
[=] ()
To answer Q,, we analyze how the general accuracy and the g L|EEE.T g.2EY & E E
. . o L | =% 7 = £ ST
performance of the metrics are affected by the type of combined s 2|Es28S ZLESEERgcSE
5| C|BBEEZ.EfEPERISEE
T P . : . _ = L 5 2SS
individual models. For that, the initial pool size is fixed with 7_'_ g SlZ22E58E55gssa5282% &
101 as a balance between accuracy and ensemble’s complexity. © Yy
Y T - n
Then the two types of ensembles, homogeneous and heterogeneous, = g I P L i YWy
=<

described in Section 4.1, are constructed for comparison purposes.
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Fig. 3. Distribution of the prediction accuracy.
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Table 7

Summary of the Wilcoxon test (for binary datasets). ® = the method in the row improves the method of the column. o =
the method in the column improves the method of the row. Upper diagonal of level significance @ = 0.9, Lower diagonal

level of significance o = 0.95.

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12)
Bagging (1) - . o o o o ° ° °
BSM (2) o - o o o o o o o o o o
RE (3) . . - . .
CC (4) . , ° o
MDSQ (5) . s . ° o o
MRMR (6) L4 o - o o
DISC (7) . . . . -
EPIC (8) . . - o
UMEP (9) . . - o
MDEP (10) . . . . . . . -
AdaB (11) . -
RF (12) . -

Table 5 presents the average accuracy and the standard deviation
of the ensembles using different and similar individual classifiers
over six representative datasets. The results prove that the gen-
eral accuracy of bagging can be outperformed in both cases by us-
ing pruned ensemble, highlighted bold values in each part. To dif-
ferentiate among the methods, the average rank of Friedman test

[41] (AR-Friedman) is calculated and is shown in the last row of
Table 5. The diversity in decision space, which is achieved by dif-
ferent classifiers, guarantees effective performance for the order-
ing methods. The best ranks, upon the selected datasets, are re-
ported for DC-UMEP, DC-DISC, and DC-RE in comparison with their
versions under similar classifiers. We conclude that similar clas-
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sifiers produce similar decisions approximately, and the ability to
differentiate among them by ordering metrics decreases. For the
rest of our experiments, an ensemble of different classifier types
with fixed pool size, T = 101, will be formed for the evaluation
purpose.

4.5. Analysis over binary datasets

To answer first part of Qz, for solving binary datasets.
Table 6 shows the average accuracy and standard deviation for
the different datasets. Adaboost achieves the highest accuracy on
six datasets {Dg, D7, Dg, D19, D11, D13} while it uses 101 classi-
fiers. RE and MDEP both of them achieve the highest accuracy for
{D3} and {Dq, Dg, D14} respectively using 31 classifiers. The high-
est improvement percentage of 14.25% has been recorded by AdaB
in comparison with MDEP for Dq3. While MDEP recorded the high-
est improvement over AdaB by 38.49% for Ds. For almost all the
datasets, the reordering metrics guarantee higher accuracy and go
beyond what can be achieved by bagging. MDSQ is the only metric
with a tendency to form the worst subensemble related to the in-
vestigated tasks. For the Hill-valley dataset, the poor performance
of bagging is caused by the uneven response of individual mem-
bers. While the performance analysis of RE to select a subensem-
ble over the 100 executions, relates to grouping specific individ-
ual types. Where DT, Multinom, NB, JRip, and KNN are represented
in-order according to the following percentages 33.97%, 28.97%,
20.48%, 10.45%, 6.13% respectively.

The average rank of Friedman test [41] (AR-Friedman) is pre-
sented in the last row of Table 6 with the best ranks being (in
order) MDEP, DISC, EPIC, RE, UMEP, AdaB, CC, and MRMR. Next,
the Wilcoxon test [42,43] for pairwise comparisons has been per-
formed to detect significant differences between the two sample
means. From Table 7, BSM is the worst ensemble selection strat-
egy. All heuristic metrics, except MDSQ, significantly outperform
bagging by 95% or 90%. Furthermore, we notice that MDSQ, AdaB,
and RF are at the same level of competence with bagging. While
the heterogeneous classifiers selected by RE and CC significantly
outperform bagging. Finally, MDEP is the only metric that signif-
icantly outperforms both EPIC and UMEP by 95% and is the best
metric regarding the investigated tasks.

4.6. Analysis over multiclass datasets

To answer second part of Qsz, to analyze the stability of
the different pruning methods in multiclass classification tasks.
Table 8 shows the average accuracy and the standard deviation
over multiclass datasets. Adaboost and RF achieve the highest ac-
curacy for datasets {D]7, D26v Dy7, ng} and {D]s, D25, D29, D30},
respectively using the complete set of 101 classifiers. The highest
improvement percentage of Adaboost over DISC has been recorded
by 3.94% for D,;. While DISC recorded the highest improvement
over Adaboost by 12.77% for Dsg.

For datasets with a large number of samples and classes like
{Dyy, D53}, as expected, we notice that DISC and MDEP are the
best. Our explanation is that for complex decision spaces, it will
be preferred to select classifiers that are more discriminant or
that have the ability to classify difficult samples. For that, DISC is
more promising to acquire complementary information inside the
subensemble by reducing the internal conflict. While MDEP is pre-
ferred to balance between the individuals’ accuracy and ensemble
diversity. In addition, DISC is the best for D,5 as the largest size
multiclass dataset.

For datasets with a small number of classes and a small number
of instances like {Dqg, D21, D24}, the decision space becomes easier
as low conflict will exist. For that, except MDSQ for Dsg, RE proved

Table 8

30%. The values that outperform bagging are highlighted in bold.

101 and P=

Average accuracy and standard deviation over multiclass datasets for ensemble size T

T =101

T=31

T =101

BSM RE cc MDSQ MRMR DISC EPIC UMEP MDEP AdaB RF

Bagging

Datatset

#

57.72 + 5.29
53.98 + 3.42
97.65 + 2.28
75.14 + 2.45
71.86 + 5.64

84.55 + 9.51

57.52 + 5.43
56.30 + 3.44
96.48 + 2.64
75.26 + 2.99
72.66 + 5.94
85.11 + 9.01
81.86 + 2.56

95.40 + 1.47

57.21 + 5.05
53.14 + 4.27

97.99 + 2.14

56.89 + 4.81
53.82 + 3.69
97.96 + 2.24
75.57 + 2.77
71.22 + 5.69
84.32 + 9.59
83.38 + 2.40

96.86 + 1.17

57.43 + 5.08
53.43 + 3.69

97.99 + 2.14

57.38 + 4.86
53.80 + 3.72

97.88 + 2.18

57.11 + 4.66
53.49 + 3.97
97.57 + 2.62
69.89 + 4.29
69.65 + 6.07

86.57 + 9.17

57.35 + 4.91
53.36 +3.81

57.02 + 4.75
53.20 + 3.66
97.52 + 2.63
75.22 + 3.03
70.89 + 5.69

86.42 + 8.75

57.30 +5.32
53.29 + 3.83
97.49 + 2.62
74.65 + 2.77
72.12 + 5.34

86.34 + 8.17

51.40 + 7.76
49.58 + 3.81

57.07 + 4.41
53.30 + 3.74
97.66 + 2.57
73.23 +£ 3.41
69.51 + 5.28
85.45 + 8.78
83.10 + 2.20

96.87 + 1.08

Cleveland
Cmc

Dss

D]7

97.59 + 2.44
75.31 + 2.72
73.17 + 5.77
86.23 + 9.58
83.19 + 243

96.50 + 1.41

93.75 + 4.85
73.59 + 3.27
60.31 + 5.72
77.45 £+ 10.29
71.81 £+ 2.96
90.75 + 3.61
95.43 + 4.73

85.09 + 1.39

Dermatology

Flare

74.78 + 3.63
70.42 + 6.52

75.65 + 2.82
72.11 + 5.88

84.94 + 9.27

75.60 + 2.81
71.39 + 6.11
85.35 + 9.39
83.56 + 2.46
97.13 +1.09
96.60 + 3.69
91.67 + 1.04
98.09 + 0.98
75.32 + 3.92

99.40 + 0.32

Dyg

Led7digit

Do

85.30 + 9.72
83.58 + 2.36

97.01 + 1.11

Lymphography
Mfeat-Fourier

Dy

83.10 + 2.17
96.04 + 1.23

83.20 + 2.44
96.74 + 1.18

83.58 + 2.27
96.75 + 1.23

83.38 + 2.34
96.78 + 1.16

83.36 + 2.51
96.83 + 1.13

D2,

D3
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Mfeat-karh

96.08 + 4.04
91.82 + 0.95

97.93 + 1.01

95.24 + 4.07
88.25 + 1.24
98.55 + 0.83
78.29 + 4.10

99.88 + 0.14

96.46 + 3.92
91.50 + 0.98
98.13 + 0.92
75.13 + 3.86
99.38 + 0.38
98.16 + 3.07

67.72 + 3.13

95.91 + 3.98
91.54 + 0.98
98.12 + 091
75.14 + 3.80
99.40 + 0.31

96.69 + 3.78
91.52 + 1.02
98.13 + 0.95
75.13 + 4.03

99.40 + 0.32

96.65 + 3.45

96.32 + 4.11

96.84 + 3.50
91.63 + 1.05
98.01 + 0.90
75.42 + 3.92
99.06 + 0.38

97.94 + 3.41

96.88 + 3.51

96.55 + 3.68
89.66 + 1.14

Newthyroid
Satimage
Segment
Vehicle

WEFR

Doy

91.09 + 1.04 91.61 + 1.02

97.49 + 1.06

91.48 + 1.02
97.94 + 0.95
75.56 + 4.11
99.04 + 0.41

97.94 + 341

Das

97.97 + 0.90
75.48 + 4.10

99.04 + 043

95.88 + 1.58

97.05 + 1.07

Das

75.13 + 4.29
99.43 + 0.32

75.14 + 3.90
98.95 + 0.44
97.81 + 3.33

68.30 + 3.31

69.23 + 4.85
99.03 + 0.53
94.45 + 5.44
56.71 + 4.30

74.99 + 4.07
96.62 + 0.85
98.11 + 3.07
63.40 + 2.97

Dy

Dag

98.22 + 3.24
70.53 + 3.44

96.20 + 4.54
60.79 + 3.30

98.16 + 3.07
68.06 + 2.98

98.16 + 3.07
68.44 + 2.92

98.16 + 3.17
68.55 + 3.08

97.77 + 3.53
68.76 + 3.08

Wine

Dog
D3o

68.57 + 3.01

68.38 + 2.99

Winequality-red
AR-Friedman

5.5

6.6

6.07

5.83

4.83

3.9

6.07

7.03

5.87

6.13

11.67

8.5
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Table 9

Pattern Recognition 124 (2022) 108493

Summary of the Wilcoxon test (for Multiclass datasets). ¢ = the method in the row improves the method of the column. o =
the method in the column improves the method of the row. Upper diagonal of level significance o = 0.9,Lower diagonal level

of significance o = 0.95.
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Bagging (1) -
BSM (2)
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CC (4)
MDSQ (5)
MRMR (6)
DISC (7)
EPIC (8)
UMEP (9)
MDEP (10)
AdaB (11)
RF (12)
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Table 10
Space and time complexities of different metrics.

Metric Space complexity Time complexity

RE O(N-T+M) O(T?-N-M)

cC O(N-T+M) O(T? .N)

MDSQ O(N-T) O(T2-N)

MRMR ON-T +M?) O(T?-N-M)

DISC O(N-T +M?) O(T? .N-M)

EPIC O(N-T+M) O(T-N+T -log(T))
UMEP O(N-T) O(T-N+T-log(T))
MDEP O(N-T+M) O(T-N+T-log(T))

its superiority to select effective subensemble based on its gen-
eral accuracy to outperform margin-based metrics {MDSQ, UMEP,
MDEP}. For datasets with a small number of classes and a larger
number of instances like {Dy7, Dg}; DISC, EPIC, and UMEP outper-
form RE.

For the statistical ranking, (AR-Friedman) is presented in the last
row of Table 8 with the best ranks scored sequentially by DISC,
EPIC, RF, UMEP, CC, MRMR & MDEP, and RE. While Table 9 shows
the pairwise comparison between the 3 unpruned ensembles and
the 9 pruned ones. Table 9 confirms that BSM is the worst selec-
tion (pruning) strategy. All the investigated metrics, except MRMR,
significantly outperform bagging by 95% according to both the ac-
curacy and the ensemble size. Adaboost and RF are at the same
level of accuracy with all pruning metrics. However, their perfor-
mance is achieved by combining T=101 classifiers. MDEP waived
its rank in favor of DISC and EPIC. While, DISC is the best metric
for selecting subensemble according to the investigated datasets.
It has been confirmed that ordered bagging based on complemen-
tarity decisions works well for multiclass datasets, confirmed by CC
performance. Next, it will be interesting to combine all the binary
and multiclass datasets to analyze ordering-based pruning metrics
in general.

4.7. General analysis over all datasets

To answer Q4, a nonparametric statistical test is conducted
over the thirty datasets, D; to D3q, to check if there is a signifi-
cant difference between the performance of the ordered bagging
methods or not. Using the methodology proposed by Demsar [44],
Fig. 2 shows the Nemenyi post hoc test for o = 0.05. Methods that
are connected are not significantly different based on the abso-
lute difference in the average rankings. The Critical Difference is
shown (CD=3.06 for 12 methods, 30 datasets, @ = 0.05). The anal-
ysis shows that DISC, EPIC, and MDEP significantly outperform bag-
ging by 95%. While, the inferior performance is recorded by BSM,
Bagging, and MDSQ.

10

4.8. Prediction consistency

To answer Qs, after statistical analysis and according to the Ne-
menyi test, we selected {DISC, EPIC, MDEP, UMEP, AdaB, RF, Bag-
ging, BSM} and analyzed the distribution of their prediction accu-
racy over the 100 executions. Fig. 3 presents the range of the pre-
diction accuracy around the median and how the heuristic metrics
realize robust and stable predictions, with less number of internal
classifiers, for a set of representative datasets {Dy, D3, D4, Dg, Dg,
D19, Dys, Dag}. The conclusion is that the ordering metrics are more
effective to select a promising subensemble and their behavior re-
duces the performance variance.

4.9. Efficiency analysis

As demonstrated in [10], the efficiency of reordering metrics
can be evaluated according to the following three aspects: the
computational cost to extract the pruned subensemble, the re-
quired memory space to store the pruned ensembles, and the clas-
sification speed. While, some steps can be performed in parallel:
the generation of the initial pool of classifiers, and the retrieving
of classification decisions from the selected classifiers.

4.9.1. Space and time complexities

To answer Qg, space and time complexities of the different
heuristic metrics are summarized in Table 10 in terms of T, N, M.
The memory requirements are estimated assuming that the deci-
sions of the classifiers are stored in a matrix of size N x T. For large
datasets, it might be difficult to store this matrix in memory. In
such a case, the whole matrix can be stored to a secondary mem-
ory device like the hard disk [10]. This would reduce the memory
requirements to O(N), but the required disk access will slow down
the classification process.

To empirically investigate how the heuristic measures depend
on T, a series of experiments over the SPECTF dataset are per-
formed. Table 11 presents the execution time of several heteroge-
neous classifiers with initial bagging of 25, 51, 75, 101, 151, and

Table 11

Average execution time in seconds (s) for the SPECTF dataset.
Metric/T 25 51 75 101 151 201
RE 0.09 0.26 0.78 1.48 3.95 5.91
CC 0.06 0.26 0.68 1.20 2.85 4.87
MDSQ 0.05 0.19 0.32 0.48 1.13 2.96
MRMR 0.10 0.91 1.10 2.83 4.09 7.66
DISC 0.10 0.58 1.43 217 3.64 7.01
EPIC 0.01 0.03 0.04 0.05 0.09 0.11
UMEP 0.01 0.02 0.03 0.04 0.07 0.10
MDEP 0.02 0.04 0.05 0.07 0.12 0.15
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Table 12
The best and the average classification times as a percentage of the complete bagging time, T = 101 and P=30%.

# Datatset RE cC MDSQ MRMR DISC EPIC UMEP MDEP Time
D, Australian 18.7% 13.0% 14.3% 15.6% 13.0% 14.3% 16.5% 15.4% Best
30.1% 24.2% 24.2% 24.9% 25.4% 25.8% 27.0% 26.8% Avg.

D, Blood-transfusion 19.4% 14.3% 14.3% 14.3% 14.3% 9.5% 11.9% 7.1% Best
30.5% 28.8% 28.3% 28.2% 29.6% 29.1% 29.3% 29.8% Avg.

Ds Breast-cancer 15.7% 19.4% 20.3% 19.4% 20.0% 20.0% 20.5% 22.9% Best
31.6% 32.7% 32.5% 33.0% 32.1% 34.0% 33.0% 33.5% Avg.

Dy German 15.0% 12.2% 11.3% 12.2% 12.8% 11.7% 12.8% 12.8% Best
18.5% 17.0% 16.6% 17.3% 17.4% 16.2% 17.9% 17.6% Avg.

Ds Hill-valley 22.2% 24.1% 16.9% 23.0% 10.9% 5.4% 6.8% 6.8% Best
34.2% 39.0% 21.4% 39.0% 16.3% 14.0% 10.3% 10.3% Avg.

Ds ILP 19.7% 13.6% 16.4% 18.2% 9.1% 9.1% 13.9% 13.9% Best
30.4% 26.7% 23.8% 26.7% 25.2% 23.8% 25.8% 26.0% Avg.

D, lonosphere 26.1% 26.5% 27.0% 26.0% 31.3% 34.8% 30.8% 30.8% Best
33.3% 35.2% 34.2% 33.9% 39.2% 42.6% 42.0% 42.1% Avg.

Dg Kr-vs-kp 15.6% 17.2% 18.3% 17.4% 14.7% 16.4% 16.1% 16.1% Best
22.4% 23.0% 24.8% 21.8% 22.0% 20.8% 19.9% 20.0% Avg.

Dqg Mammographic 22.5% 19.1% 19.2% 19.1% 19.1% 18.2% 20.0% 20.0% Best
31.8% 27.7% 27.6% 27.4% 26.9% 28.2% 30.2% 30.6% Avg.

Dy Ringnorm 18.2% 15.8% 16.5% 15.8% 17.1% 16.7% 16.3% 16.3% Best
21.9% 19.3% 19.3% 19.3% 19.7% 24.1% 23.3% 23.2% Avg.

D Spambase 30.1% 33.8% 35.7% 33.8% 22.3% 18.4% 16.4% 16.4% Best
33.9% 38.0% 38.5% 38.1% 27.4% 19.9% 18.6% 18.6% Avg.

D1, SPECTF 23.9% 25.4% 24.8% 25.7% 28.4% 30.9% 30.9% 30.9% Best
33.0% 33.8% 32.8% 33.7% 38.4% 39.7% 40.0% 40.0% Avg.

Di3 Tic-tac-toe 16.1% 14.5% 17.7% 12.9% 12.9% 17.7% 18.9% 18.9% Best
25.7% 23.4% 24.1% 22.9% 23.5% 23.3% 24.7% 24.6% Avg.

Dia Wdbc 19.9% 19.6% 21.5% 20.3% 18.4% 16.5% 13.3% 13.9% Best
27.7% 28.4% 30.4% 28.7% 25.2% 25.4% 20.7% 20.7% Avg.

Dis Wisconsin 20.4% 17.1% 16.7% 18.1% 16.1% 18.5% 25.0% 25.0% Best
28.2% 25.7% 25.2% 25.9% 26.9% 25.5% 33.0% 32.9% Avg.

Dis Cleveland 19.5% 16.1% 18.9% 16.1% 15.2% 16.0% 21.0% 21.0% Best
27.5% 25.2% 26.3% 25.7% 26.1% 26.7% 32.1% 31.8% Avg.

Dy Cmc 11.8% 12.5% 10.6% 10.5% 11.1% 8.7% 12.3% 12.5% Best
18.9% 17.2% 15.3% 18.8% 16.4% 16.0% 17.3% 18.0 Avg.

Dig Dermatology 23.1% 26.0% 25.9% 23.1% 14.8% 20.1% 17.8% 16.6% Best
34.5% 33.9% 33.6% 32.2% 21.5% 27.2% 25.5% 25.2% Avg.

D1 Flare 24.6% 14.5% 17.0% 31.4% 15.1% 18.0% 13.7% 13.7% Best
34.9% 20.2% 22.4% 37.3% 23.1% 26.7% 23.3% 23.2% Avg.

Dag Led7digit 24.4% 7.8% 6.2% 25.6% 8.5% 17.1% 12.1% 11.1% Best
34.4% 19.1% 16.4% 38.1% 14.9% 24.2% 17.8% 17.5% Avg.

Dy Lymphography 21.9% 22.3% 17.7% 22.3% 22.0% 18.4% 9.5% 9.5% Best
30.3% 30.7% 26.8% 30.2% 29.5% 30.8% 29.5% 29.5% Avg.

D) Mfeat-Fourier 18.3% 19.5% 20.4% 19.4% 20.0% 21.2% 20.8% 20.8% Best
22.1% 21.5% 22.9% 21.7% 21.7% 23.8% 23.1% 23.0% Avg.

D3 Mfeat-karh 17.5% 18.4% 13.3% 18.0% 6.4% 5.6% 5.3% 5.8% Best
22.8% 23.0% 15.1% 22.6% 8.6% 7.8% 7.6% 7.6% Avg.

Doy Newthyroid 16.7% 16.7% 22.2% 16.7% 15.6% 25.0% 20.8% 18.1% Best
31.0% 30.0% 35.1% 30.0% 34.8% 38.0% 38.5% 38.2% Avg.

Dys Satimage 15.7% 18.3% 24.5% 17.6% 18.9% 16.7% 17.4% 17.6% Best
18.4% 20.6% 26.2% 20.0% 20.7% 19.6% 20.5% 20.6% Avg.

Dag Segment 20.6% 19.2% 30.3% 20.2% 17.3% 17.5% 16.4% 17.2% Best
27.9% 24.3% 35.1% 25.6% 22.4% 21.8% 21.6% 21.5% Avg.

D7 Vehicle 22.7% 20.0% 18.7% 21.7% 20.7% 23.8% 24.9% 25.3% Best
29.5% 28.9% 29.9% 27.8% 28.9% 32.7% 32.8% 33.0% Avg.

Dag WEFR 19.9% 17.3% 27.2% 21.1% 15.5% 16.0% 16.0% 16.2% Best
25.3% 25.0% 31.3% 24.2% 19.2% 19.1% 19.2% 19.3% Avg.

Dag Wine 18.4% 17.1% 22.2% 18.4% 13.4% 8.8% 12.3% 12.3% Best
30.6% 30.4% 33.6% 30.8% 22.9% 26.9% 30.3% 29.4% Avg.

D3 Winequality-red 12.9% 8.8% 8.8% 9.5% 8.8% 8.8% 12.9% 13.6 Best
20.6% 18.5% 19.8% 18.8% 19.6% 18.6% 21.0% 21.5% Avg.

Total Average Time 19.7% 18% 19.2% 19.4% 16.1% 16.7% 16.8% 16.6% Best
28.1% 26.4% 26.5% 27.5% 24.2% 25.1% 25.2% 25.2% Avg.

201. The values of the remaining parameters are M = 2, N;in =
314, Dpr = Nirgin, P = 20%. The times are averaged over 100 execu-
tions in Intel(R) Core(TM) i5-7200 CPU @ 2.50GHZ with 8 GB of
RAM.

Results from Table 11 show that UMEP is the fastest method be-
cause the rank is calculated based on the classifier’s correct classi-
fied samples from the pruning set D,,. Additionally, the computa-
tion time of EPIC and MDEP is also rather fast with an increasing
complexity approximately log-linear with respect to T. While, the

1

execution time of RE, CC, MDSQ, MRMR, and DISC is quadratic in
T. Both MRMR and DISC are much slower, as the selection of each
classifier is conditioned by more internal calculations.

Besides the efficacy of the ensemble pruning metrics, other
main benefits concern the efficiency as classification speed and
the storage requirements. The classification speed depends on both
(1) the size of the pruned ensemble, and (2) the complexity of
the base classifiers. While, the allocated memory space for com-
plete bagging will be released to store the pruned subensemble.
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Table 13
The best and the average memory space requirements as a percentage of storage space of the complete bagging, T = 101 and P=30%.

# Datatset RE cC MDSQ MRMR DISC EPIC UMEP MDEP Space

Dy Australian 16.5% 28.7% 25.2% 23.2% 23.2% 16.9% 17.1% 17.1% Best

26.1% 32.9% 33.4% 32.9% 29.5% 25.8% 23.1% 23.1% Avg.

D, Blood-transfusion 26.9% 32.9% 32.2% 32.9% 30.8% 32.9% 28.8% 30.8% Best

34.2% 37.9% 38.2% 37.8% 37.9% 37.9% 35.6% 36.5% Avg.

Ds Breast-cancer 29.6% 35.0% 38.5% 36.9% 36.8% 39.0% 28.7% 29.6% Best

34.9% 42.7% 44.8% 42.8% 43.1% 44.6% 35.1% 36.2% Avg.

Dy German 26.4% 34.4% 39.3% 34.4% 28.6% 29.2% 20.8% 20.8% Best

36.7% 43.3% 46.6% 43.5% 35.9% 35.4% 26.9% 27.4% Avg.

Ds Hill-valley 9.8% 8.5% 28.7% 8.5% 29.6% 25.7% 33.2% 33.2% Best

17.7% 15.8% 33.6% 15.9% 34.9% 43.0% 41.5% 41.2% Avg.

Dg ILP 13.2% 17.2% 22.4% 17.9% 17.4% 19.4% 17.8% 17.8% Best

21.8% 25.5% 28.9% 25.5% 27.5% 26.8% 25.1% 25.1% Avg.

D, lonosphere 20.7% 20.9% 21.8% 20.5% 12.1% 11.3% 11.7% 11.7% Best

24.5% 24.7% 24.5% 24.8% 15.6% 12.9% 12.7% 12.7% Avg.

Dg Kr-vs-kp 22.4% 19.5% 23.8% 27.0% 20.9% 19.4% 19.4% 19.4% Best

31.1% 35.7% 31.0% 35.4% 35.0% 33.0% 33.7% 33.7% Avg.

Dg Mammographic 20.6% 28.5% 30.1% 30.1% 28.8% 28.3% 21.0% 21.0% Best

30.3% 36.2% 35.6% 36.7% 37.3% 34.3% 28.7% 29.6% Avg.

Dy Ringnorm 10.0% 8.3% 31.2% 8.3% 5.5% 2.5% 2.5% 2.5% Best

15.9% 13.4% 32.8% 13.5% 8.0% 2.7% 2.7% 2.7% Avg.

Dn Spambase 29.0% 38.9% 38.1% 42.1% 48.7% 5.9% 2.6% 2.6% Best

37.3% 45.5% 43.6% 45.8% 52.7% 15.7% 7.0% 6.8% Avg.

D1y SPECTF 17.6% 19.6% 23.9% 20.0% 10.5% 10.4% 10.4% 10.4% Best

23.6% 25.3% 28.5% 25.2% 12.3% 11.3% 11.3% 11.3% Avg.

Di3 Tic-tac-toe 29.3% 33.8% 31.4% 33.9% 33.9% 33.7% 29.4% 29.4% Best

37.7% 39.9% 40.0% 39.9% 39.8% 39.4% 37.2% 37.2% Avg.

Dia Wdbc 25.8% 24.7% 20.8% 26.5% 22.2% 25.1% 22.7% 22.7% Best

31.0% 31.2% 28.6% 30.9% 31.8% 29.6% 31.3% 31.5% Avg.

Dis Wisconsin 21.4% 22.1% 25.2% 22.1% 16.6% 20.5% 16.5% 16.7% Best

29.4% 32.0% 31.3% 31.6% 30.4% 29.7% 24.0% 24.1% Avg.

D1 Cleveland 19.0% 20.1% 16.5% 20.3% 18.1% 19.1% 14.9% 13.9% Best

22.0% 23.5% 20.0% 24.1% 20.9% 21.0% 16.8% 16.8% Avg.

Dy Cmc 29.5% 29.7% 32.3% 30.1% 25.6% 29.0% 25.7% 25.7% Best

34.6% 35.6% 35.3% 35.1% 33.5% 34.5% 32.3% 31.9% Avg.

Dig Dermatology 26.8% 28.6% 27.3% 28.7% 31.4% 22.4% 25.7% 25.7% Best

31.1% 31.6% 31.9% 32.0% 37.0% 32.4% 34.0% 34.2% Avg.

D1y Flare 18.5% 29.5% 30.0% 13.5% 29.6% 29.7% 32.4% 30.8% Best

26.2% 39.5% 38.5% 21.2% 39.5% 36.3% 40.4% 40.0% Avg.

Do Led7digit 23.3% 27.0% 28.9% 18.1% 32.9% 20.7% 32.9% 33.4% Best

30.3% 35.8% 39.5% 23.9% 42.3% 35.7% 39.4% 39.3% Avg.

Dy, Lymphography 25.8% 27.8% 26.2% 26.9% 27.6% 27.5% 30.8% 30.8% Best

30.9% 32.0% 33.5% 31.8% 32.9% 33.7% 34.5% 34.6% Avg.

D) Mfeat-Fourier 6.8% 10.5% 4.4% 11.0% 12.7% 4.3% 6.1% 6.1% Best

14.9% 16.5% 6.2% 16.1% 18.1% 4.9% 8.5% 8.5% Avg.

D3 Mfeat-karh 27.0% 29.3% 24.6% 31.2% 60.8% 52.4% 52.4% 52.4% Best

33.4% 33.8% 26.8% 36.8% 66.3% 61.7% 61.7% 62.0% Avg.

Dy Newthyroid 28.4% 28.3% 23.0% 26.6% 23.1% 23.9% 24.5% 24.5% Best

30.9% 31.0% 31.4% 30.4% 32.7% 31.5% 32.8% 32.9% Avg.

Dys Satimage 9.6% 16.5% 9.5% 14.2% 16.6% 5.0% 9.6% 9.6% Best

13.8% 20.5% 11.0% 19.2% 20.5% 14.6% 16.4% 16.6% Avg.

D Segment 8.9% 15.0% 13.0% 13.4% 10.5% 12.4% 12.3% 12.3% Best

18.8% 19.6% 17.2% 18.8% 16.1% 17.0% 17.1% 17.2% Avg.

D7 Vehicle 15.0% 14.9% 11.4% 15.0% 10.2% 8.5% 8.5% 8.5% Best

20.5% 20.1% 14.9% 21.0% 16.1% 9.8% 9.9% 9.9% Avg.

Dsg WFR 11.4% 9.2% 18.2% 8.9% 1.9% 2.0% 2.0% 2.0% Best

17.3% 17.1% 20.6% 17.8% 3.4% 2.1% 2.1% 2.1% Avg.

D Wine 30.1% 30.1% 28.3% 29.4% 31.1% 30.8% 29.0% 30.3% Best

31.5% 31.4% 33.4% 31.0% 34.8% 35.3% 33.9% 34.1% Avg.

D3 Winequality-red 14.8% 16.4% 16.5% 16.2% 15.1% 15.2% 12.0% 12.0% Best

18.2 19.3% 18.3% 20.1% 17.4% 19.1% 15.2% 15.2% Avg.

Total Average Space 20.5% 23.5% 24.8% 22.9% 23.8% 20.8% 20% 20.1% Best

26.9% 29.6% 30% 28.7% 30.1% 27.1% 25.7% 25.8% Avg.

To empirically investigate the reduction in the classification time,
Table 12 shows the best and the average classification times as
a percentage of the time employed by the complete bagging. Re-
garding that, the classification time has reduced dramatically by
75% of the complete bagging time. Table 13 shows the best and
the average memory space requirements for the analyzed meth-
ods as a percentage of the storage space required by the com-
plete bagging. We conclude that the pruned ensemble saves, of-
ten, close to 70% from reserved space by complete bagging. The

12

reported values from Tables 12 and 13 are calculated for 20
executions.

5. Applications

Classifier ensemble pruning can be applied in many areas that
use multiple classifier systems [1]. Among those areas are: Remote
sensing to identify the materials that cover a surface area [45], and
to detect the change of land cover in time series [46]; Secure in-
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formation systems to provide predictive solutions with the aim of
avoiding distributed denial of service (DDoS) attacks [47], mali-
cious code and spyware program [48], wireless sensor networks
(WSNs) attacks [49]; Banking and economical systems for tracking
complex and large volumes of online transactions with the aim of
predicting any suspicious attempts [50]; Medical systems to help
in medical decisions about treatment and prognosis [51], also can
be used for drug development [52], designing of medical robotics;
Data driven-based modeling to predict machine failure and model-
ing the remaining useful life (RUL) of engines [53]; Recommender
systems predict users’ behavior to be capable of detecting their in-
terests and needs [54|; Emotion recognition is the process of identi-
fying the human emotion, and it works best when combining mul-
tiple modalities in context [55].

For sample areas, ensemble pruning is practically embed-
ded in multi-sensor based human activity recognition (HAR) sys-
tems [4,56-58]. Those systems have gained popularity in human-
centered applications: intelligent interactive, health monitoring, el-
derly assisted living, sports activity, computer interaction, fall de-
tection, security monitoring, etc. While some sensors may induce
a negative effect (noisy or corrupted signals) in the learning. It be-
comes crucial to select the number and the type of multi-sensor,
appropriately, to save the communication bandwidth, to reduce the
power waste, and to optimize the multi-sensor fusion without de-
grading the performance accuracy.

In online classification learning, ensemble pruning has been ap-
plied for target tracking in streamed video sequences [59]. The
tracking problem can be formulated as a binary classification to
distinguish the target from the background. Regarding that, en-
semble of classifiers can be trained on heterogeneous features (e.g.
color features, texture, motion, etc.) to improve the robustness of
the system. While ensemble pruning is integrated to speed up the
tracking process via reducing the number of classifiers.

In natural language processing and text mining, ensemble prun-
ing has been incorporated in [28] to extract subjective information
from online text documents. Ensemble pruning proved its capabil-
ity to establish an effective sentiment classification scheme with
high predictive accuracy and efficiency.

6. Conclusions

Multiple classifier systems are superior, in general, to any of the
single classifiers they are composed of. However, three main draw-
backs are reported for those systems: (1) a large pool of classi-
fiers should be built, (2) a large memory space should be reserved
to store those models, and (3) a large classification time will be
consumed to combine multiple decisions. To alleviate these draw-
backs, this article discussed the concept and the benefits of ensem-
ble pruning to select a subset of the original base classifiers of the
ensemble. An effective and fast heuristic metrics are analyzed to
reorder the classifiers in the generated random bagging. The main
conclusions from this study are as follows:

o In general, the larger the size of the initial pool of classifiers,
the better the accuracy but also the complexity of the selected
subensemble. In any case, we found that it is enough to use
rather small subensembles (20-30 members) to achieve very
good performance.

The analyzed metrics applied to small-size bagged ensembles

can easily outperform the large-size ensembles.

o The performance of tested methods can keep on improving
even after the bagging ensemble accuracy stabilizes.

o The combination of heterogeneous classifiers has been found
to produce more promising subensembles in terms of diversity
and complementarity, than the subensembles of homogeneous
classifiers.
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For tested binary datasets, the results of the investigated met-

rics are significantly better than those of bagging, with o =

0.95, in terms of accuracy. The method that obtained the best

results for these problems is MDEP.

The strategy that selects the best single model from a group of

classifiers is the worst approach in terms of accuracy.

o For multiclass datasets, most of the investigated metrics signifi-

cantly outperform bagging, with o« = 0.95, in terms of accuracy.

The methods that obtained the best results for these problems

are DISC and EPIC.

Considering the 30 datasets, there are three metrics that stand

out from the rest. Specifically, DISC, EPIC, and MDEP get the

best results, which are significantly better than those of bagging

at o = 95%.

o The variability of the tested heuristics has been analyzed

by displaying the prediction accuracies of the subensembles

around their median value. The results show the robustness
and stability of the metrics.

Regarding computational efficiency, UMEP is the fastest heuris-

tic with a log-linear performance with respect to the number

of base classifiers. On the other hand, MRMR and DISC are the
slowest of the investigated methods (quadratic in number of
classifiers).

o The general analysis over the 30 datasets proves that the order-
ing metrics are comparable with Random Forest and Adaboost
in terms of accuracy, but they are much better in terms of en-
semble size.

e Pruning metrics have great impact to speed up the classification

time, to reduce memory requirements, and to improve perfor-

mance accuracy. For all these reasons, embedding pruning en-
semble techniques in real classification systems can be critical.

In summary, ordering-based pruning metrics are more accu-
rate, computationally faster, and have lower memory requirements
than bagging ensembles. The tested heuristics generally find near-
optimum subensembles with respect to the generalization per-
formance. Metrics based on removing the redundancy of classi-
fiers, as MRMR, affect the majority voting procedure. Among the
tested heuristics, UMEP, EPIC, and MDEP have the lowest compu-
tational cost for obtaining the pruned ensemble, which is linear
with respect to ensemble size. The other investigated metrics are
also rather efficient, but they present a larger computational cost
(quadratic in T).

In the future, it would be interesting to analyze other combina-
tion functions different than majority voting, in order to maximize
the accuracy of the subensembles. In addition, another interesting
approach would be to analyze the performance of the investigated
metrics in human-centered applications. Moreover, we will analyze
a hybrid of ordering-based pruning metrics. In that case, the clas-
sifiers’ ranks via each metric could be aggregated to determine the
proper subensemble. Multi-objective optimization could be further
applied to find pareto optimum subensembles in terms of size and
accuracy. One more interesting research line, is to characterize the
difficulty of a classification problem via data complexity measures,
and analyze this information with the investigated pruning met-
rics.
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