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Abstract: In this study, an innovative methodology using trivariate copula-based
conditional quantile regression (CBQR) is proposed for estimating copper recovery. This
approach is compared with six supervised machine learning regression methods, namely,
Decision Tree, Extra Tree, Support Vector Regression (linear and epsilon), Multilayer
Perceptron, and Random Forest. For comparison purposes, an open access database
representative of a porphyry copper deposit is used. The database contains geochemical
information on minerals, mineral zoning data, and metallurgical test results related to
copper recovery by flotation. To simulate a high undersampling scenario, only 5% of the
copper recovery information was used for training and validation, while the remaining
95% was used for prediction, applying in all these stages error metrics, such as R2, MaxRE,
MAE, MSE, MedAE, and MAPE. The results demonstrate that trivariate CBQR outperforms
machine learning methods in accuracy and flexibility, offering a robust alternative solution
to model complex relationships between variables under limited data conditions. This
approach not only avoids the need for intensive tuning of multiple hyperparameters, but
also effectively addresses estimation challenges in scenarios where traditional methods are
insufficient. Finally, the feasibility of applying this methodology to different data scales is
evaluated, integrating the error associated with the change in scale as an inherent part of
the estimation of conditioning variables in the geostatistical context.

Keywords: metallurgical copper recovery; copula; quantile regression; kernel smoothing;
machine learning

MSC: 62H05

1. Introduction
The design and planning of a mine is largely based on the block-discretized resource

model [1–5]. The economic valuation of the blocks depends on geological, geometallurgical,
market, environmental, and sociopolitical parameters [6]:

Blockvalue = (P − Cs) · Tb · Rb · Gb − (Tb · Cb), (1)
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where P is the price of the metal, which depends on the global market [7,8], Cs the cost of
sale, Tb is the tonnage and depends on the size and density of the block, Rb is the estimated
metallurgical recovery of the block, Gb is the mineral grade, traditionally estimated with
geostatistical methods [9–11], and Cb the total extraction and processing costs of the block,
which are positively related to the price [12].

In terms of complexity to estimate these parameters, the metallurgical responses,
which are broadly defined in [6,13–15], are the ones at the top of the list. This is because
samples with metallurgical response information are scarce, expensive to obtain, highly
undersampled, and have nonlinear relationships with primary geological variables, in
addition to their support generally being uneven [16–26].

In porphyry copper deposits, characterized by disseminated and veinlet mineralization
associated with igneous intrusions, copper metallurgical recovery (CR) depends on
various intrinsic rock characteristics, such as mineralogical composition, the presence
of contaminants, mineral grades, textures, and grain size, among others [13,27,28]. These
properties characterize the geometallurgical domains, defined as three-dimensional regions
within the deposit where metallurgical responses are expected to present a homogeneous
distribution [29,30]. In the particular case of copper sulfides, CR is traditionally obtained
by flotation [31,32], which is expressed as RC

CRu in Equation (2), and is defined as the
relationship between the mass of metal in the concentrate mCu

c and the mass of metal in
the feed mCu [33]. This variable is nonadditive, so the use of traditional geostatistical
techniques for its estimation causes biases in the mixture [34,35]:

RCu
CR =

mCu
c

mCu . (2)

Since it has nonlinear relationships with more densely sampled predictor variables, the
use of geostatistical co-estimations and multiple linear regressions are also not appropriate.

Currently, the trend in geometallurgy is to use Machine Learning (ML) models,
which combine primary geological variables and mine information, with metallurgical
responses [36]. These models are divided into two types: unsupervised, which allow
geometallurgical domains to be identified and defined through similarity analysis, and
supervised, which use nonlinear regression algorithms to predict metallurgical responses
once said domains are established [37]. The sequential combination of these two approaches
is presented in workflows depending on the particular case to be treated [38].

For example, Ref. [39] compared hierarchical clustering, k-means, and self-organizing
maps to define geometallurgical domains in an iron deposit in Iran. Similarly [27] applied
k-means on three principal components to establish domains related to metallurgical
responses, which were subsequently estimated using a Random Forest model at the
Paracatu mine, Brazil. In another study, Ref. [40] used a spatially corrected fuzzy clustering
method to define geometallurgical domains in a 2D section of a synthetic case developed
by [22], which is also used in this study, but extended to 3D. Ref. [41] applied the Gaussian
Mixture Model to define geometallurgical domains in the Carajás iron ore deposit, Brazil.
For their part, Ref. [42] used neural networks to estimate metallurgical response variables
from mining operation data at the Tropicana mining complex, Australia. Likewise, Ref. [28]
used the Extreme Gradient Boosting algorithm to predict the metallurgical recovery of
copper in the Tizert deposit, Morocco, highlighting that the most relevant predictive
characteristics were the geological unit, the copper-bearing mineral, and the oxidation rate.
As demonstrated by these cases, the use of ML in geometallurgy has established itself as an
acceptable and constantly growing solution.

In this paper, we present an innovative methodology for CR estimation using
a dependency model based on multivariate copulas [43–46] and conditional quantile
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regression. Multivariate copulas are used to model dependency relationships between
random variables, independently of the behavior of their marginal distributions. Copulas
capture complex relationships, including nonlinear dependencies, which are common in
geometallurgical data. On the other hand, conditional quantile regression is a statistical
method that allows estimating a variable for a given quantile conditionally using the rest of
the variables of the joint probability distribution function, which is here constructed using
a copula model that couples the marginal distributions. This method is particularly useful
for analyzing and modeling phenomena under extreme or heterogeneous conditions.

This methodology, previously applied in a 2D case with a bivariate copula model [23],
is extended here to a 3D case using a trivariate copula. The proposed methodology is
compared with six supervised ML regression methods for CR estimation using mostly
sampled predictor variables. This comparison is particularly relevant in the context of CR
in porphyry copper deposits, where the variability of metallurgical responses is influenced
by a wide range of geological factors. ML methods, although effective in many cases,
face challenges due to the high nonlinearity and scarcity of CR-specific data. In this
regard, the proposed model based on trivariate copulas offers an interesting alternative by
explicitly incorporating the dependence between predictor variables and the variable of
interest. Moreover, its ability to handle dependency structures and spatial heterogeneity
in geometallurgical data makes it a useful tool for improving CR estimation in situations
where traditional models and conventional ML methods may not be as effective.

The structure of the paper is as follows. In the Section 2, the general proposed
methodology is described. The Sections 3 and 4 present the multivariate copula-based
conditional quantile regression and the supervised machine learning regression methods,
respectively. The Section 5 shows the results of the application of both approaches to the
case study. In the Section 6, the comparison of the performance of the two methods is
discussed (see also in Section 7), and finally, in the Section 8, the conclusions are given.

2. Methodology
The methodology is organized in several stages, as shown in Figure 1. First, data

collection, exploratory analysis, and variable selection that define the geometallurgical
model are carried out. Next, the selected variables are standardized, both for the
copula-based dependency model and for the training of the ML methods. Once both
approaches have been validated, the CR is estimated in places where measurements are
not available, conditioned on the predictor variables. Finally, the results obtained from
both approaches are compared. The general approach of this methodology reflects a trend
in geometallurgical workflows, as observed in the case of the Olympic Dam deposit in
Australia. There, through detailed mineralogical and geochemical characterization of both
ore and waste, metallurgical plant responses are estimated to optimize its performance [47].

• Exploratory Data Analysis (EDA): This is the first stage of the workflow after data
collection. Its primary goal is to identify patterns, trends, and outliers through the
use of descriptive statistics and visual tools. A fundamental part of this analysis is
the study of multivariate dependence, which is based on the calculation of the rank
correlation Spearman coefficient (ρsij ). This coefficient is organized in a symmetric
matrix of size N × N, where each element (i, j) represents the correlation between the
variables Xi, Xj. The diagonal elements (i = j) have a value equal to 1, since a variable
is perfectly correlated with itself. Equation (3) shows how ρsij is calculated:

ρsij =
Cov(R[Xi], R[Xj])

σR[Xi ]
σR[Xj ]

, ∀i, j ∈ 1, 2, ..., N, (3)



Mathematics 2025, 13, 576 4 of 22

where Cov(R[Xi], R[Xj]) is the covariance between the rank variables R[Xi] and R[Xj],
while σR[Xi ]

and σR[Xj ]
are the standard deviations of the rank variables. This approach

allows nonlinear interactions between different characteristics to be evaluated more
effectively. The result of this stage is the identification of key relationships and the
selection of features, which forms the basis for defining geometallurgical domains.

• Definition of geometallurgical domains: Based on the dependency analysis carried
out on the characteristics of the sample and the selection of those that influence the
CR, the geometallurgical domains are constructed. This process can be carried out
through various methodologies proposed in studies such as [27,39,41,48].

• Data Preprocessing: The selected features undergo a transformation process to
standardize their mean and variance. This step is essential when working with
ML models, as it ensures optimal conditions for their operation [49,50]. Although
it is not a mandatory requirement for copula models, it is recommended to carry
out this normalization, since it simplifies the modeling of marginal distributions and
contributes to greater consistency in the results. The transformation formula used is:

zi =
xi − µ

σ
, (4)

where xi is the value of the untransformed variable, µ and σ are the mean and standard
deviation, respectively, and zi the transformed value of the variable.

• Split Data: Typically, for ML methods, the sample is partitioned into two data subsets:
one for training and the other for testing, using a proportion of 70/30%.

• Modeling:

– Dependency Modeling: The joint probability distribution function is modeled by
a multivariate copula and its marginals using a nonparametric approach applying
the kernel smoothing method.

– Model Training: ML methods are trained with different hyperparameters until
acceptable performance metrics are obtained for the training sample data.

• Validation: At this stage, the previously obtained models are validated using the
performance metrics for the testing sample data.

• Estimation: ML and CBQR methods are applied to predict copper recovery, in 95% of
the data samples, that are not used in the previous modeling and validation stages.

• Comparison: The comparison of the results obtained in the previous stage is carried
out in terms of the performance metrics.

Figure 1. Methodological workflow.
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3. Copula-Based Conditional Quantile Regression
Copulas are statistical functions that facilitate the modeling of complex nonlinear

dependencies between multiple variables by connecting their univariate cumulative
distribution functions [44,45,51–55].

Mathematically, for a random vector (X1, X2, . . . , Xd) with a joint distribution function
H(x1, x2, . . . , xd) and marginal distributions F1(x1), F2(x2), . . . , Fd(xd), Sklar’s theorem [54],
refined by Nelsen in 2006 [55], asserts that a copula C : [0, 1]d → [0, 1] exists such that:

H(x1, x2, . . . , xd) = C(F1(x1), F2(x2), . . . , Fd(xd)), (5)

where C encapsulates the dependence structure between variables, while Fi(xi) represent
the marginal distributions. When the Fi values are continuous, the copula C is unique.

3.1. Key Properties of Copulas

The fundamental properties of copulas include:

• Marginality: C(u1, . . . , ui−1, 0, ui+1, . . . , ud) = 0, for any ui ∈ [0, 1].
• Boundary Conditions: C(1, . . . , 1, ui, 1, . . . , 1) = ui, for any ui ∈ [0, 1].
• Nonnegative Volume: The function C must be d-increasing, meaning the volume it

describes within any hyperrectangle in [0, 1]d is nonnegative.

To ensure the nonnegativity of this volume, an auxiliary function h : [0, 1]d → R is
introduced. This function is d-increasing if, for any hyperrectangle [a, b], the following
condition holds:

Vh([a, b]) =
∫ b1

a1

· · ·
∫ bd

ad

h(t) dt ≥ 0. (6)

where h(t) reflects the boundary behavior of the margins based on the variables t1, . . . , td.

3.2. Multivariate Copula-Based Conditional Quantile Regression

Quantile regression aims to model conditional quantiles of a response variable, offering
a comprehensive analysis of potential outcomes given predictor variables. Multivariate
Conditional Quantile Regression (CBQR) extends classical quantile regression by utilizing
copulas to handle multivariate outcomes.

The objective of multivariate CBQR is to predict the quantile of a response variable Y
conditioned on predictor variables X1, . . . , Xd, where Y ∼ FY and Xj ∼ Fj, j = 1, . . . , d. The
conditional quantile function for α ∈ (0, 1) is given as:

qα(X1, . . . , Xd) = F−1
Y|X1,...,Xd

(α|X1, . . . , Xd). (7)

Using the probability integral transforms V = FY(Y) and Uj = Fj(Xj), the conditional
distribution is expressed as:

FY|X1,...,Xd
(y|X1, . . . , Xd) = CV|U1,...,Ud

(V|U1, . . . , Ud). (8)

Then, the inverse function gives:

F−1
Y|X1,...,Xd

(α|X1, . . . , Xd) = F−1
Y

(
C−1

V|U1,...,Ud
(α|U1, . . . , Ud)

)
. (9)

Estimates for the conditional quantile function can be derived by estimating FY, Fj,
and the copula C, resulting in:

q̂α(X1, . . . , Xd) = F̂−1
Y

(
Ĉ−1

V|U1,...,Ud
(α|Û1, . . . , Ûd)

)
, (10)
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where Ûj = F̂j(xj) represents the estimated probability integral transforms of Xj.

3.3. Kernel Smoothing in Copula Estimation

Kernel smoothing is a nonparametric technique that estimates unknown density
functions by averaging data points over a predefined “bandwidth” using a kernel function.

For multivariate data, the kernel density estimate (KDE) is given by:

f̂ (x1, . . . , xd) =
1
n

n

∑
i=1

d

∏
j=1

1
hj

K

(
xj − Xij

hj

)
, (11)

where K is the kernel function, hj are the bandwidths for each dimension, and Xij is the
j-th component of the i-th data point.

The copula density is estimated from the joint and marginal densities as:

ĉ(u1, . . . , ud) =
f̂ (F̂−1

1 (u1), . . . , F̂−1
d (ud))

∏d
j=1 f̂ j(F̂−1

j (uj))
. (12)

The copula function is then derived by integrating the estimated copula density using
numerical techniques such as the trapezoidal or Simpson’s rule. To simulate data from
the copula:

1. Generate samples from a uniform distribution.
2. Transform these samples using the inverse of the copula function.

The implementation was conducted using Python and the OpenTURNS library [56].

4. Machine Learning Methods
Machine learning methods for regression are designed to predict a continuous outcome

variable based on one or more predictor variables. Six supervised machine learning
regression methods, i.e., Decision Tree (DT), Extra Tree (ET), Support Vector Regression
(SVR), both linear (SVRL) and with epsilon (SVRE), Multilayer Perceptron (MLP), and
Random Forest (RF), are applied in this work. These methods model the relationship
between the predictors and the target variable by minimizing the prediction error. Below is
a brief description of these machine learning methods for regression.

4.1. Decision Tree (DT)

Decision Trees are nonlinear models that partition the data into subsets recursively
based on a selected feature that achieves the largest reduction in target variance [57]. At
each node, the data are split based on a feature threshold, aiming to create homogeneous
subsets in terms of the target variable:

• Prediction at each leaf node is often the average of the target values of samples within
the node.

• Prone to overfitting, especially if the tree is very deep.
• Easily interpretable but sensitive to changes in the data.

4.2. Support Vector Regression (SVR)

Support Vector Regression extends SVM concepts to regression problems [58]:

• Aims to fit the error within a certain threshold and focuses on minimizing the model
coefficients to enhance generalization.

• Employs kernel functions (e.g., linear, polynomial, and RBF) to manage nonlinear
relationships by transforming data into a higher-dimensional space.

• Robust against overfitting in high-dimensional spaces.
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4.3. Multilayer Perceptron (MLP)

Multilayer Perceptrons are types of neural networks that include [59]:

• An input layer, one or more hidden layers, and an output layer.
• Utilization of backpropagation for training, adjusting weights to minimize prediction errors.
• Activation functions (e.g., ReLU, sigmoid) introduce nonlinearity, enabling the

network to learn complex patterns.
• Effective for complex functions but they are computationally expensive and require

careful parameter tuning.

4.4. Random Forest (RF)

Random Forests are ensemble learning methods that improve on decision trees [60]:

• Builds multiple decision trees and merges them to enhance accuracy and stability.
• Takes the average of outputs from all trees for final prediction in regression tasks.
• Offers better resistance to overfitting than individual decision trees.
• Effective for a wide range of problems but can be less interpretable due to its

ensemble nature.

The computational implementation was carried out in a notebook using the open
source library scikit-learn [61] with the Python programming language.

4.5. Error Performance Metrics Definitions

• Determination coefficient:

R2 = 1 − ∑n
i=1(yi − ŷi)

2

∑n
i=1(yi − ȳ)2 , (13)

where yi are the actual values, ŷi are the predictions, and ȳ is the average of the
actual values.

• Maximum relative error:

MaxRe = max
i

(
|yi − ŷi|
|yi|

)
, (14)

• Mean absolute error:

MAE =
1
n

n

∑
i=1

|yi − ŷi|, (15)

• Mean squared error:

MSE =
1
n

n

∑
i=1

(yi − ŷi)
2, (16)

• Median absolute error:
MedAE = median|yi − ŷi|, (17)

• Mean absolute percentage error:

MAPE =
100
n

n

∑
i=1

∣∣∣∣yi − ŷi
yi

∣∣∣∣. (18)

where yi ̸= 0.
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5. Case Study
For this application, a freely accessible synthetic dataset is used, specifically designed

for academic purposes and oriented towards geometallurgical research. It provides a
detailed representation of a porphyry copper type mineral deposit. The methodology
for constructing this dataset can be found in [22]. The dataset consists of 4597 records
from mining exploration drillholes, each containing geochemical data for minerals such as
clays, chalcocite, bornite, chalcopyrite, tennantite, molybdenite, and pyrite. Additionally, it
includes information on copper grade, molybdenum grade, geometallurgical units (GMU),
and the results of metallurgical tests for copper recovery by flotation. This dataset is suitable
for modeling CR from mineral concentrations, as suggested by [62], which validates its
suitability for the research presented.

5.1. Geometallurgical Units Definition

In relation to the geometallurgical units (GMU) already defined in this database,
GMU-1 corresponds to oxidized copper ores, located at the water table, with evidence of
leaching that reflects supergenic alteration processes (see Figure 2).

Figure 2. Three-dimensional visualization GMUs.

In the processing of copper ores, oxidized ores are commonly soluble in acidic solutions
and the metal is recovered through heap leaching. Below this is the GMU-2, dominated
by secondary sulfides such as chalcocite, forming a layer of enrichment sulfides generated
by the remobilization and precipitation of copper. In depth, GMU-3 and GMU-4 represent
primary hypogenic sulfides, differentiated by the proportion of chalcopyrite and pyrite:
GMU-3 has a higher concentration of these minerals, while GMU-4 has a lower proportion.
Sulfide minerals do not dissolve easily in acidic solutions like copper oxides, and must be
treated through flotation. Precisely these last two units are the ones that present the greatest
recovery of copper by flotation. Finally, GMU-5 corresponds to waste and gravel without
economic copper content, constituting the superficial sterile material of the deposit.

In order to estimate the CR, its relationship with the minerals and elements present
in the sample is analyzed. Although the geometallurgical units provide a framework for
characterizing the deposit, the data used in building predictive models are not limited
exclusively to these units independently. This is supported by the marked statistical
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relationship that exists between minerals and CR in all GMUs (see Figure 3). Furthermore,
that is why in this application case the models are built using all the available information.

Figure 3. Boxplot for minerals by GMU.

To directly evaluate the results of modeling and estimation, a 5% subsampling was
applied to the available CR data at the drillhole samples. This approach aims to replicate
a realistic scenario in which metallurgical response is significantly underrepresented
compared to geological information. A similar case is described by [33], who worked with
a real dataset where only 3% of the information corresponded to metallurgical recovery
data. This situation enables testing the robustness of the copula based dependency model
under conditions of limited information. Subsequently, the results of the median regression
conditional on minerals will be compared with the 95% of the actual CR data reserved
specifically for this exercise.

Figure 4 shows the distribution of a 5% CR sample and the estimation locations in a
sulfide geometallurgical unit.
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Figure 4. 5% CR sample distribution (left) and location target for estimation (right).

5.2. Exploratory Data Analysis

A basic statistics summary for the 5% CR sample, 100% CR sample, and 5% CR
nonconditional simulation are given in Table 1. Figure 5 shows the consistency of the 5%
and 100% histograms for the CR of chalcocite and bornite, respectively.

Figure 5. Histograms and boxplots for copper recovery, chalcocite and bornite from 100% and 5%
samples, respectively.
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Table 1. Statistics summary for the 5% CR sample, 100% CR sample, and 5% CR nonconditional
simulation.

Statistics 5% CR Sample 100% CR Sample 5% CR Simulated

Count 229 4.597 229
Mean 88.31 88.08 88.25
Std 4.87 5.30 4.61
Min 66.90 60.34 67.23
Q1 89.13 88.91 88.31
Q2 89.89 89.87 89.89
Q3 90.62 90.35 90.49
Max 93.98 94.15 94.32
Kurt 6.26 6.26 8.89
Skew −2.59 −2.59 −2.46

Variable Selection

To build the trivariate copula model, those primary variables are selected that have
a high dependence on the CR and, at the same time, are minimally interdependent on
each other to avoid redundancies in the model. In this process, the Spearman correlation
coefficient was used, suitable for capturing nonlinear relationships between variables.

The greatest dependencies were observed in bornite and chalcocite, with correlations
of 0.49 and −0.59, respectively, in relation to CR. Furthermore, these variables are
not redundant with each other, since they have a low mutual correlation of 0.18 (see
Figures 6 and 7). The most informative variables are chalcocite and bornite (see Figure 8).

Figure 6. Scatter plot of CR vs. geochemical minerals.

5.3. Modeling
5.3.1. Dependency Modeling

Marginal distributions are modeled using the nonparametric smoothed kernel method,
which allows estimating both the probability density function (PDF) and the cumulative
distribution function (CDF) directly from the data, without assuming a specific theoretical
form. To do this, a Student function is used, which defines a window around each data
point and smoothes the PDF estimate.

The modeling is carried out on a transform of the original variables, which, although
not strictly necessary, improves the fit in cases of high skewness and kurtosis.
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Figure 7. Spearman correlation matrix.

Figure 8. Mutual information for variable selection.

The construction of the trivariate copula is carried out by combining the fitted marginal
distributions (Figure 9) and a dependence model defined by the copula (Figure 10), where
the Epanechnikov kernel is used, which demonstrated better performance compared
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to other tested functions, such as Laplace, Student, Chi-square, and Exponential. This
approach ensures that the final model respects both the individual marginal properties and
the joint dependence structure.

Figure 9. Nonparametric fitting of marginals using the Kernel Smoothing method.

5.3.2. Model Training

In the DT, ET, and RF models, the max depth hyperparameter defines the maximum
depth of the decision trees, thereby limiting the model’s complexity to reduce the risk of
overfitting. In the case of RF, additional hyperparameters were used, including n estimators,
which specifies the number of trees in the forest, and bootstrap, indicating that data are
resampled with replacement during model construction, which enhances the algorithm’s
robustness and generalization ability.

For the SVRL model, the hyperparameters max iter were set to define the maximum
number of iterations in the optimization process, and tol, which determines the tolerance
level for convergence, impacting the model’s fitting precision. In the case of SVRE, in
addition to tol, the following hyperparameters were included: kernel, configured as RBF
(Radial Basis Function), which defines the kernel function used to transform the data into
a higher dimensional space; gamma, set to scale, controlling the influence of each data
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point on the model; and C, which balances model regularization by establishing a trade-off
between minimizing training error and maximizing the margin between observations.

Figure 10. Nonparametric fitting of marginals using the kernel smoothing method.

Regarding the MLP model, the neural network configuration included the hidden
layer hyperparameter, which specifies the number of hidden layers with 200 and
100 neurons, respectively, directly affecting the model’s representation capacity. The max
iter hyperparameter limits the maximum number of iterations during training, while
solver, set to adam, specifies the optimization algorithm used. Additionally, the learning
rate hyperparameter was set to 0.001, establishing the initial learning rate, and alpha,
representing a regularization term to prevent overfitting. Lastly, batch size was set to
auto, allowing the model to automatically determine the batch size for each iteration, and
activation was defined as ReLU, selecting the Rectified Linear Unit activation function,
which facilitates the representation of nonlinear relationships. Table 2 shows a summary of
the hyperparameters used in the machine learning methods.

Table 2. Summary of the hyperparameters used in the machine learning methods.

ML Hyperparameters Value

DT max depth 7

ET max depth 7

SVRL max iter 1000
tol 0.001

SVRE kernel rbf
gamma scale
tol 0.001
C 80



Mathematics 2025, 13, 576 15 of 22

Table 2. Cont.

ML Hyperparameters Value

DT MLP hidden layer 2
n neurons (200, 100)
max iter 5000
solver adam
learning rate 0.001
alpha 0.0001
batch size auto
activation relu

RF n estimators 1000
max depth 7
bootstrap True

The perfomance metrics for CBQR and ML methods during the training stage are
given in Table 3.

Table 3. Perfomance metrics for CBQR and ML methods during the training stage.

CBQR DT ET SVRL SVRE MLP RF

Train. score (%) 1.00 1.00 0.98 0.64 0.89 0.95 0.98
Train. Time (s) 0.002 0.005 0.002 0.006 0.008 3.634 0.740
R2 0.89 0.93 0.79 0.68 0.87 0.88 0.93
MaxRE 0.11 3.85 9.13 11.35 7.22 7.12 3.95
MAE 0.78 0.72 1.12 1.30 0.83 0.82 0.75
MSE 2.05 1.29 4.18 6.33 2.57 2.24 1.43
MedAE 0.38 0.38 0.36 0.50 0.30 0.34 0.40
MAPE 0.01 0.01 0.01 0.02 0.01 0.01 0.01

5.4. Validation

Through a nonconditional simulation based on the trivariate copula model, and
the associated marginal distributions, synthetic data are generated following the joint
dependence structure. This procedure allows obtaining samples that respect the original
statistical properties of the modeled system. The process develops as follows:

• Generation of Uniform Samples: Initially, random values uniformly distributed in the
interval [0, 1] are generated for each dimension of the trivariate space. These values
represent the cumulative probabilities (CDF) corresponding to the marginal variables.

• Modeling of Dependence through Copula: The copula transforms these uniform
samples to ensure that they respect the joint dependency structure defined in the
model. This step ensures that relationships between variables, such as correlations or
nonlinear dependence patterns, are reflected in the simulated data.

• Transformation to the Marginals: The simulated values are converted from the
cumulative probabilities to the original scales of the marginal variables using the
inverse cumulative distribution functions (ICDF) of each marginal. This reconstructs
the individual characteristics of each variable while preserving their joint relationship.
Finally, the simulation generates a synthetic dataset that can be compared with the
observed data to validate the model. This process involves analyzing whether the
descriptive statistics and the dependence between variables in the simulated sample
are consistent with those of the original data (see Table 3 and Figure 11).
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Figure 11. Simulation from the copula model versus 5% CR sample.

5.5. Estimation

Once the copula is modeled with kernel smoothing, the CBQR method conditioned
with the variables bornite and chalcocite is applied to estimate the median CR in unsampled
localities. The perfomance metrics of both the CBQR and the ML methods are given in
Table 4.

Table 4. Perfomance metrics for CBQR and ML methods during the prediction stage.

CBQR DT ET SVRL SVRE MLP RF

R2 0.77 0.62 0.54 0.49 0.71 0.71 0.67
MaxRE 22.66 26.39 25.13 65.18 24.35 23.51 25.42
MAE 1.11 1.45 1.97 1.68 1.20 1.24 1.33
MSE 6.61 10.67 13.15 14.52 8.16 8.17 9.19
MedAE 0.23 0.38 0.94 0.50 0.25 0.32 0.39
MAPE 0.014 0.019 0.024 0.021 0.015 0.015 0.017

6. Comparison
Through the metrics, CBQR proves to be the best alternative among the six ML models,

demonstrating that the trivariate copula effectively captures the dependence between
variables and leverages this to predict in unsampled areas. On the other hand, SVRL, being
a linear model, struggles to fit well to the nonlinear nature of the data in this case, which
explains its poor performance compared to the other models.

When comparing the results obtained during the training stage with those generated
in the out-of-sample estimation, significant differences are observed that highlight the
behavior and generalization capacity of each model. During the training stage, the models
achieve near-perfect performance, with R2 values close to 1 for most of them (notably CBQR,
DT, ET, and RF) and relatively low error metrics such as MAE and MSE. However, in the
out-of-sample estimation stage, R2 values drop significantly, especially for machine learning
models like ET, DT, and SVRL, which experience a pronounced decline in predictive
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capacity (R2 ranging between 0.49 and 0.62). Conversely, CBQR and RF maintain a better
relative performance, with R2 values of 0.77 and 0.67, respectively.

Moreover, error metrics such as MAE, MSE, and MaxRE are consistently higher in the
out-of-sample estimation, indicating reduced accuracy when working with data not used
during training. For example, the MaxRE of CBQR increases from 0.11 in the training stage
to 22.66 in the out-of-sample estimation, highlighting greater variability in extreme case
predictions. This suggests potential overfitting in some models, such as DT and ET, which
perform well during training but struggle to generalize effectively.

Overall, CBQR emerges as the most robust model, maintaining the best balance of
R2 (0.77) and lower error metrics in the out-of-sample estimation, followed closely by RF,
which also demonstrates notable stability between both stages. These results reaffirm the
suitability of CBQR as an effective alternative in scenarios with variable data, particularly
when minimizing the impact of extreme values and improving predictive capacity in
unsampled areas.

A comparison of the spatial distribution of the actual data and the CBQR estimate for
copper recovery is shown in Figure 12.

Figure 12. Real data (left) and CBQR for copper recovery (right).

7. Discussion
Conditional quantile regression, in combination with the nonparametric dependence

structure of a trivariate copula, allows better adaptation to nonlinear and complex
relationships between geometallurgical characteristics, thus achieving a more robust
estimation in subsampling situations.

A key aspect to analyze is the use of available information and its limitation in relation
to geometallurgical domains. Generally, in workflows, geometallurgical domains are first
defined, and then, within these, the metallurgical response is estimated using regression
methods. However, in many cases, domains lack sufficient information to build a robust
predictive model. In this study, given that the relationship between CR and the predictor
variables remained consistent in all geometallurgical units, the integration of complete
information allowed us to improve the robustness and precision of the model.

The results obtained demonstrate that CBQR outperforms the six ML models evaluated in
accuracy. The modeled dependence structure adequately captures the nonlinear relationships
between the geometallurgical variables, improving the predictive capacity even in comparison
with a multilayer neural network, the second most accurate model in the analysis.

Using a trivariate copula not only outperforms ML models in accuracy, but also offers
a practical and flexible alternative. Unlike ML models, which require lengthy training and
constant optimization of hyperparameters, copula allows direct implementation with minimal
adjustments, facilitating its applicability in conditions of limited and heterogeneous data.

Although the trivariate copula model has shown acceptable accuracy in this study,
its applicability may be restricted in cases where the dependence between variables is
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weak. While the model effectively captures the dependency between features, it also has
certain limitations:

• Dependency between predictive characteristics and variable of interest: There must
be at least a weak dependence between the predictor characteristics and the target
variable, and these must not be redundant, that is, they must not be correlated with
each other. Otherwise, a trivariate copula does not present significant improvements
over a bivariate copula [23].

• Estimation limited to locations with known data: CR can only be estimated at locations
where predictive characteristics are available. For the application case, this involves
deriving the estimate of CR from an imputation of data at the exploration drilling level.
For the estimation of mineral resources and the economic valuation of blocks before
optimization, design and mining planning, it is essential to know these predictive
characteristics, in this case, the bornite and chalcocite contents at the level of blocks
that represent the geometallurgical domain.

The proposed solution is to associate the error of the CR estimate with the error of the
geostatistical estimate of the predictor variables. Both bornite and chalcocite are additive
mineralogical variables that can be geostatistically modeled and estimated using a linear,
unbiased and minimum variance method, widely validated in the mining industry as is
the case of Ordinary Kriging.

To do this, a variogram model and an independent estimation plan are prepared for
each of these variables. Subsequently, with the results of both estimates and the trivariate
copula model previously calibrated at the sample level, the median quantile regression
provides the estimate of the expected metallurgical recovery. Figure 13 compares the 3D
maps of the spatial distribution of bornite and chalcocite estimated by Ordinary Kriging
and the CR estimation by CBQR conditioned on the previously estimated variables.

Figure 13. Three-dimensional maps of the spatial distribution of bornite and chalcocite (top) estimated
using Ordinary Kriging and the CR estimation using CBQR (bottom) conditioned on the previously
estimated variables.
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8. Conclusions
The combination of the multivariate copula model with conditional quantile regression

proved to be an effective methodological approach for modeling complex multivariable
dependencies in scenarios characterized by asymmetric distributions, nonlinear relationships,
and significantly undersampled data. The application case results show that this approach
outperforms the six supervised learning models evaluated under the same input conditions.
It stands out with a coefficient of determination of R2 = 0.77, surpassing models such as
SVRE and MLP (R2 = 0.71) or DT (R2 = 0.62). Additionally, it achieves the lowest values
across metrics, including MAE = 1.11, MaxRE = 22.66, MSE = 6.61, MedAE = 0.23, and
MAPE = 0.014. These results establish the CBQR method as a robust and efficient alternative
compared to the supervised methods analyzed.

The model’s ability to capture complex relationships and estimate specific quantiles of
metallurgical recovery underscores its utility in the field of geometallurgy, particularly in
applications where data are scarce and costly to obtain. Moreover, the model demonstrates
adaptability by integrating with geostatistical methods, such as Kriging, to extend its
applicability to unsampled areas while inheriting errors from primary variables. Despite
certain limitations, such as the requirement for a minimum level of dependency between
predictor variables and the target variable, this approach offers an innovative and
generalizable solution for addressing challenges in mining and other disciplines. Its
capability to model complex data positions it as a significant contribution to advancing
data analysis and modeling in challenging contexts.

Finally, it is worth mentioning that this research has awakened the interest of several
companies, e.g., the steel company Sidenor, as it is continuously implementing skilling and
reskilling programs for the integration of these and other data-driven decision-making tools.
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R2 Determination coefficient
MAE Mean absolute error
MAPE Mean absolute percentage error
MedAE Median Absolute Error
MaxRE Maximum Relative Error
ML Machine Learning
MSE Mean Squared Error
PDF Probability Density Function
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