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present, creating forces that oppose motion. This study examines a mechanical system consisting
of a thin cantilever beam vibrating in a uniform and time-invariant magnetic field under steady-
state conditions to understand the nature of energy dissipation and the relationship between
motion, eddy currents, and damping forces. The calculation of eddy currents generally requires
the use of complex numerical procedures. However, for systems with simple geometry, such as a
cantilever beam, a recent numerical procedure based on the finite difference method, known for
its simplicity in implementation, has been adapted and expanded to determine eddy currents
under motional induction. A numerical application has been developed in which the vibration of
a specific beam is characterised by its bending or torsional mode shapes, and the nature of the
corresponding dissipative forces is analysed. Results indicate that the eddy currents are an
effective means of dissipating energy at lower-order modes. Additionally, the direction of the
applied magnetic field can induce coupling between bending and torsional vibrations.

1. Introduction

Electromagnetic forces can be generated when a conducting material interacts with a magnetic field via two induction mechanisms.
On the one hand, transformer induction is stablished when a conductor is introduced into a time-varying magnetic field. On the other
hand, motional induction occurs when a conductor moves within a time-invariant magnetic field. Additionally, both transformer and
motional induction can occur simultaneously [1]. Induction generates currents known as Foucault currents within the conducting
material and due to their swirling nature, they are also referred to as eddy currents.

These eddy currents can be either beneficial or detrimental, depending on the specific application. For instance, in Alternating
Current (AC) machines, power loss due to Joule heating from eddy currents is undesirable [1,2]. Conversely, in damping applications,
the damping forces produced by eddy currents are advantageous. Numerous fields are currently developing studies on eddy currents,
such as braking applications [3,4], nonferrous metallic separation applications [5,6] or control applications for seismic activity using
eddy current dampers such as the ones presented in [7,8], among others.

In mechanical vibration applications, eddy currents are of interest due to their energy dissipation capabilities, leading to numerous
studies focusing on this topic. For example, in [9] an eddy current damper is designed to reduce vibrations in robotic milling, where the
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Fig. 1. Cantilever beam representation.

implementation of eddy currents can reduce vibrations by up to 22.1% and improve the robot’s depth of cut by approximately 23.1%.
Traditional viscoelastic passive damping techniques struggle to dissipate energy effectively at low frequencies. However, when
combined with eddy currents, their effectiveness is enhanced across a broad frequency range [10]. In contrast, eddy current damping
forces can be significant even at low frequencies. Beams are of particular interest in this context. For example, in [11], a ferromagnetic
eddy current beam damper is proposed for a clamped-clamped beam configuration. In [12], a numerical model of a beam eddy current
damper is developed for an aluminium beam to suppress vibrations, with no additional mass added to the beam as all the attenuation is
achieved by an external static magnetic field. Another study in [10] compares experimental and numerical results on a vibrating
sandwich beam structure, demonstrating that combining an eddy current damper with a viscoelastic sandwich is a highly effective
method for attenuating vibrations up to 1 kHz, even at very low frequencies, due to the contribution of eddy current damping.

Applications involving eddy currents necessitate their modelling and resolution, often posing a challenging mathematical problem
due to the nature of the governing equations where exact solutions rarely exist [1]. Thus, numerical procedures are required. Finite
element formulations have been employed for many years. For example, in [13], a cantilever beam under a time-varying magnetic field
is studied with six different formulations. In [14], finite elements are used to obtain magnetic field distributions in a 3-D environment.
In [15], finite elements are used to solve a bounded domain containing conductors and dielectrics at low frequencies. In [16], a finite
element formulation is developed to obtain magnetic field distributions by introducing the magnetic scalar potential in the
non-conducting regions of the domain. More recently, in [17], a finite element formulation employing volume integral methods is
proposed, defining novel face basis functions to construct the inductance matrix more efficiently. Improving computational times and
numerical accuracy has been the focus of these numerical procedures over the years.

Among all existing numerical procedures, Nagel has developed two simple-to-implement numerical procedures based on the finite
difference method to numerically obtain eddy currents when a rectangular sheet is subjected to a time-varying magnetic field. Spe-
cifically, in [18], eddy currents are directly obtained by defining staggered grids for the current components in the x and y directions. A
preceding step involving the definition of the electric vector potential to determine the eddy currents is described in [19]. Both
methods are simple to implement and can be easily adapted to various geometries, such as rectangular and circular plates or thin
beams. However, a significant improvement in computation time is achieved in [19] compared to [18] as the number of variables in
the problem is reduced, and because the matrix associated with the electric vector potential that is assembled is symmetric.

In short, many vibration applications found in the literature involving eddy currents focus on designing devices that can attenuate
vibrations. Although the physical phenomenon of eddy currents is well known for this purpose, there are few studies focused directly
on the dissipative nature of eddy currents generated in steady-state vibration for different modes of beams. An experimental modal
analysis exists in [20], where the dynamic properties are analysed when an eddy current damper is used to attenuate vibrations on an
aluminium cantilever beam. This paper aims to expand the knowledge presented in that analysis and study the energy dissipation
capabilities of eddy currents generated on a vibrating thin paramagnetic conducting metallic beam in the presence of a time-invariant
magnetic field for the lower-order mode shapes.

This article is structured as follows: after the introduction of Section 1, Section 2 details the system studied, including the
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Table 1
Velocity field summary [21].
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Table 2

Geometric factor ¢ as a function of the ratio Ly /L, [21].
Ly 1 2 4 8 0
/LZ
c 0.281 0.286 0.299 0.312 1/3

description of the applied velocity fields to the beam. Section 3 describes the numerical method proposed by Nagel and further expands
upon it to solve the eddy currents generated in the thin beam due to motional induction. Once the eddy currents are solved, the
procedure to extract the parameters of interest to analyse the vibration attenuation is presented, which includes damping force dis-
tribution, damping torque distribution, Joule’s losses, mechanical energy dissipated throughout the entire beam, power distribution
and modal viscous damping ratio. Finally, in Section 4, an exhaustive numerical analysis is performed, aimed at studying the nature of
the eddy currents, damping forces and dissipated power for the lower-order bending and torsional modes, considering different di-
rections of the magnetic field.

2. Description of the problem

The system under study comprises a thin metallic paramagnetic cantilever beam, whose vibration is characterised by a stationary
harmonic motion, with its velocity amplitude vector denoted as v(x,y). The beam is subjected to an external time-invariant or static
magnetic field B¢ (x,y) as illustrated in Fig. 1. The objective is to obtain and analyse the dissipative nature of the forces generated due to
the eddy currents induced in the beam. In Fig. 1, the eddy currents are represented by the current density amplitude vector field J(x,y),
and the damping forces by the surface force distribution amplitude vector q(x,y) = q(x,y)Zz, both being harmonic due to the harmonic
nature of the velocity.

The beam’s dimensions in the x, y and z directions are its length Ly, width L, and thickness, L;, respectively, where L, < Ly. The
beam is considered thin, hence L, <« L,, implying no variation of properties over its thickness, and therefore d/dz = 0 for any property.
Its mechanical properties are characterised by its Young’s modulus E and shear modulus G, and its electrical properties by resistivity
p(x,y) along the beam. The external magnetic flux density vector B.(x,y) is given by

Be(xv.y) :Bx(xvy)§+By(x:y)S’\ +Bz(xvy)/z\7 (1)

where By(x,y), By(x,y) and B;(x,y) are its components in the x, y and z directions, respectively. The beam exhibits harmonic vibration,
and its velocity field amplitude vector v(x,y) is determined by bending or torsional modes. Although the interaction between vibration
and external magnetic field can modify the harmonic bending or torsional velocity fields, it has been demonstrated that for beams at
resonance, the natural frequencies and mode shapes remain almost unchanged [20]. For small amplitude vibrations and according to
the Euler-Bernoulli beam theory, this implies that there is only velocity in the z direction, i.e. v(x,y) =v(x,y)z, where v(x, y) represents
the amplitude of the transverse velocity. The shape of the velocity field depends on whether a bending or torsional mode is being
considered. Table 1 presents the velocity field amplitude v(x,y) adopted by the beam for the r—th bending or torsional mode [21],
where v,y is the desired maximum velocity amplitude, 4, and w, are the eigenvalue and angular natural frequency corresponding to
the r—th natural mode, respectively, p, is the volumetric density of the beam, c is a geometric factor defined from the ratio L, /L, for L,
> L;, as indicated in Table 2, m is the mass of the beam (m = p,LyLy,L;), and me, is the modal mass of the beam equivalent to the mass of
a single-degree-of-freedom system. It is noted that in the case of bending, the velocity field magnitude depends solely on x according to
the mode shape, while in the case of torsion, it depends on both x and y.

The interaction between the motion of the beam and the external static magnetic field, i.e., motional induction, induces currents. In
a steady state, since the velocity is harmonic at angular frequency w,, the currents are also harmonic at the same frequency, with the
amplitude of the current density vector field expressed as J(x,y). Given the beam’s small thickness, the currents manifest as eddies in
the x — y plane, with the amplitude of the eddy current densities given by the vector field
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J(x,y) = J (6, )X + J,(x,¥)Y, @

where Jy(x,y) and J,(x,y) are the amplitude of the components of the generated eddy current density in the x and y directions,
respectively. For the hypothesis that the currents are uniform in the beam’s thickness to hold, the skin depth condition [1] must be met
for the r—th mode, given by

2p
Ho®r

5 =

> L,, 3

where y, is the permeability of free space. The skin depth condition of Eq. (3) is verified for all cases in the numerical analysis of
Section 4. The eddy currents generate damping forces that oppose the velocity field in the z direction, which according to Lorentz force
[1] is given by

F(x,y) = J(x,y) x Be(x,¥), Q)]

where F(x, y) represents the force per unit volume amplitude vector. The resultant force F(x,y) can be expressed as distributed pressure
over the entire surface of the beam as

q(x,y) = L,F(x,y) (5)

where q(x,y) is the distributed pressure, and indicated in Fig. 1. The distributed pressure q(x, y) can be reduced on the axis of the beam
to a distributed transverse force of density amplitude w(x) given by

Ly
w(x) = /0 q(x,y)dy, (6)

where q(x,y) is the amplitude of the pressure, and a distributed torque of density amplitude y(x) given by

Ly

y(x) = | qx,y)(y—L, / 2)dy. )

3. Numerical procedure for solving eddy currents with motional induction

To analyse the mechanical energy dissipation ability of the thin cantilever beam presented in Fig. 1, it is essential first to solve the
eddy currents generated. For this purpose, the governing equations of the problem are introduced, the existing numerical procedure for
solving the currents is presented and extended to include motional induction, and finally, the relevant parameters are extracted from
these currents.

3.1. Electromagnetic equations for motional induction

The physical beam model under study is illustrated in Fig. 1. The governing equation of the beam is provided by the general form of
Faraday’s law, which in the quasi-static form [22] is given by

V xE=—B; —B. +V x (VxB,), 8

where E is the electric field vector, B; is the magnetic field density vector induced by eddy currents, () denotes time derivative, B;
= 0 since self-inductance is neglected due to the focus on lower-order modes and the very thin thickness of the beam L, [18].
Additionally, since the external magnetic field is assumed to be time-invariant, B, = 0. Here, V represents the nabla operator V = 2%
+ d%? + (T"zi, x denotes the cross product, and Vx is the curl operator. Although Eq. (8) is time-dependent, since the velocity field is

harmonic according to the expressions in Table 1, the current density is also harmonic, and the term expressed for the velocity field in
Eq. (8) represents its amplitude. Henceforth, all variables appearing as vectors in subsequent equations refer to their amplitudes. The
local form of Ohm’s law [1] is given by

E=pJ, ©)
which, when substituted into Eq. (8), results in
V x (pJ) =V x (vxBe). 10)
Considering the principle of charge conservation, the continuity equation for steady-state currents is given by

V.-J=0, (11)

where V- denotes the divergence operator, indicating that the current density field J is divergence-free or solenoidal. This implies that
the J field [1] can be expressed as the curl of a vector potential T, satisfying
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Fig. 2. Example of beam discretisation.
J=VxT, (12)

which, for the thin beam considered, is defined as T(x,y) = T(x,y)Z, meaning that the currents satisfy

ITxy)s IT(xy)o

J0ey) = oy o (13)
Thus, Eq. (10) can be expressed as
V x (pV xT) =V x (vxBe). a4

As the beam vibrates due to a velocity field in the z—direction only, the generated eddy currents do not exist in the z — direction,
consistent with the curl operator in Eq. (10) and the eddy current vector terms in Eq. (13). Expressing Eq. (14) in integral form, and
applying Stokes’ theorem to both sides results in

?i(pVxTydl:}((vaeydl, (15)

C

where C is an arbitrary contour within the limits of the beam, dl is an elementary vector distance along C and - represents the dot
product. The solution of this equation provides the electric vector potential once boundary conditions are imposed. By inspecting Eq.
(11), the normal component of the current at the edge of the beam must be zero, meaning J - i = 0, where 01 is a unit normal vector.
Thus, according to Eq. (13), the tangential derivative of T must be zero along the beam’s edge. As a consequence, by choosing any
arbitrary constant along the edge of the beam, Eq. (11) and Eq. (13) are compatible [19] and thus, for mathematical convenience,
T(x,y) = 0 is preferred. Eq. (15) does not have an analytical solution and therefore, numerical procedures must be employed. The
numerical method used to solve T from Eq. (15) is explained next.

3.2. Numerical method for motional induction

The numerical method employed by Nagel in [19] determines the electric vector potential T in a metallic, non-magnetic sheet
subjected to a time-varying magnetic field. Extending this method to include motional induction involves evaluating the right-hand
side of Eq. (15). To evaluate either side of the equation with this numerical method the metallic sheet is discretised into N rectan-
gular cells with Ny cells in the x — direction, each of length h, and N, cells in the y — direction, each of length h,. Each cell represents a
block of constant current density J, defined at its centre along with resistivity p, external magnetic flux density vector B, and velocity
field v. By contrast, the electric vector potential T is defined at the nodes of the cells. For illustration, Fig. 2 depicts a discretisation
example with 15 cells (5 in the x—direction and 3 in the y — direction), where nodes are represented by dots e and cell centres by
crosses x .

Integration over the contour C in Eq. (15) corresponds to the dashed line contour in Fig. 2. The left-hand side of Eq. (15) is given by
(detailed in [19,23])

f(pVxT)-dl:aoToJralTl +ayTy +asTs +asTy (16)
C
where
_(PLtPrtps s (A By
= ( 2 ) (hy+hx ’ a7
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in which, for notational convenience, the subscripts correspond to the nodes shown in Fig. 3.
Next, the right-hand side of Eq. (15), corresponding to motional induction, is evaluated, yielding

%(vae)dl:/(vae)dll +/(v><Be)-d12+/(v><Be)~d13+/(v><Be)-dl4, (22)

C I Iy I 1y

where dl; is the elementary vector distance on each edge of the dashed line contour in Fig. 3. The result of Eq. (22) yields

]{(V x Be) -dl = % (= v3By, + V4Bx, — V2By, + M1By,)
c (23)

h
+Ex ( - V3B}’3 - V4B}'4 + V2Byz + le)'1 )7

where v;, By, and B,, represent the velocity and the components of the external magnetic flux density vector B. along the x and y
directions at the respective corners of the contour. Subsequently, Eq. (16) and Eq. (23) are assembled. Although the system comprises
(Nx +1)(Ny +1) nodes, the previously mentioned boundary conditions are applied, i.e,, T = {Tegge Tuk }T, where {o}7 is the
transpose operator, and Teqee = 0 on the nodes along the contour of the beam, resulting in a linear system of equations with
(Nx —1)(Ny, —1) unknowns, which are solved from

MTy = ba (24)

where M is the matrix of coefficients resulting from the assembly of Eq. (16), Ty is the vector of unknowns T, and b is the vector of
independent terms derived from the assembly of Eq. (23). It is noteworthy that, upon close inspection of each term in Eq. (16) at each
node, the matrix M is symmetric.

To obtain the current density J associated with the electric vector potential T from Eq. (12), an additional step is required.



M. Brun et al. Journal of Sound and Vibration 595 (2025) 118787

Iy

h

X

Fig. 4. Cell inspection to improved visualisation of eddy current calculation.
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Fig. 5. Example diagram for evaluating force and torque distributions: (a) pressure over a cell; (b) equivalent force in a cell and (c) force and torque
reduced to the beam’s axis.

In Fig. 4, an arbitrary cell of the mesh is examined more closely, where T; denotes the electric potential value at each corner,
represented by dots, and the terms of the current density of the cell, defined at its centre, are J and J), represented by a cross. The
current density for the cell is determined by averaging the finite differences around the corners, yielding

7—T3—Tb+TC+Td

S 2h,

(25)

and

T+ Ty T+ Td

Jy - 2hx (26)

Since these expressions provide the current values for a single cell, an assembly is conducted to account for all the cells in the beam,
resulting in
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J.=D,T (27)

and

J, = —D,T, (28)

where J, and J, are the vectors of the N current density components in the x and y directions, respectively, with each value corre-
sponding to the current density at the centre of each cell, Dy is the matrix associated with Eq. (25), with each row corresponding to the
equation of a cell, and D, is the analogous matrix for Eq. (26), with the negative sign arising from the definition given in Eq. (13).

3.3. Energy dissipation parameters

After solving for the currents, damping force distribution, damping moment distribution, Joule’s losses, mechanical power, power
distribution, and modal viscous damping ratio are calculated.

3.3.1. Forces and moments distribution

The eddy currents generated due to motional induction induce dissipative forces and moments throughout the beam, which can
now be computed. Fig. 5 illustrates the procedure for obtaining the transverse force distribution w(x) and the bending moment dis-
tribution y(x) as explained below.

For a j—th given cell, based on the definition provided in Eq. (5), a distributed pressure is obtained over the surface of the cell,

q(xj, y}) = q(xj, yj)i as represented in Fig. 5a by g;, yielding
q(xj,yj) = Lz{ x(xj,yj)By(xjayj) —Jy(ﬁwf)Bx(xj,yj)], 29

where x; and y; are coordinates at the centre of the j—th cell in the x and y directions, respectively. This pressure over the cell is
uniform, as the calculated currents are also uniform within a cell. Thus, the resultant force at the centre of the j—th cell (indicated by
the crosses in Fig. 5) is given by gjh.hy, as represented in Fig. 5b. The aggregation of all the forces from the cells with the same x;
coordinate, like the filled ones shown in Fig. 5b, at the corresponding point along the beam’s axis, indicated by a triangle, yields a
resultant force and torque. These can be expressed in terms of densities w; and y;, respectively, as shown in Fig. 5Sc.

The force distribution obtained for the j—th cell, based on the definition provided in Eq. (6), is given by

Ny

w(x) =h, > " q(x,y), (30)

k=1

where yy is the y coordinate of the k—th cell for those cells located at the same x. Since the currents are known only at the locations of
the cell centres along the x direction (see Fig. 2), a linear interpolation is performed between the coordinates of consecutive cells in x to
obtain a continuous damping force distribution.

Similarly, the damping torque distribution of density y(x), obtained for the j—th cell from Eq. (7), is given by (see Fig. 5¢)

Ny

r(x) = hy Y q(y0) (i — Ly / 2). (31)

k=1

3.3.2. Joule’s losses and mechanical power
Motional induction generates currents that dissipate mechanical energy as heat within the material, in accordance with Joule’s law.
The differential form of Joule’s heating [24] is expressed as

Da(t) = pins(t) - Jins(t) (32)

where pj is the instantaneous dissipated electrical power per unit volume, t denotes time, and Ji,s represents the instantaneous current
density vector field. The average power per cycle is obtained by averaging the above expression over an entire period t; resulting in

1 to
-y / dps(H)dt, (33)
0

where pj is the average dissipated electrical power per unit volume. Due to the harmonic nature of the electric currents, Eq. (33)
simplifies to

Di=p—F (34)

where J represents the amplitude of the current density vector field. The average power dissipated in the j—th cell is given by
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Table 3

Beam geometry and material properties.
Parameter Value
Ly(mm) 200
Ly(mm) 10
L,(mm) 1
Py (kgm’3) 2700
E (GPa) 65
G (GPa) 25
p(Qum) 0.2

I (xj-w) +J5 (nyJ)

Py, = ph.h,L, 5 (35)
Thus, the total average value of Joule’s losses in the beam is
N
Py=) Py (36)
j=1

The energy dissipation in the beam can also be interpreted from another perspective, as it can be associated with the mechanical
power derived from the Lorentz force in Eq. (4) as

- F.v

bn =5 (37)

where pp, is the average mechanical power per unit volume,v represents the amplitude of the velocity field vector, and F the amplitude
of the force per unit volume vector. In Eq. (37), only the force component in the z direction is relevant since velocity exists solely in that
direction. Analogous to Eq. (34), the motion in this work is harmonic, and consequently, the force is harmonic as well. This har-
monicity introduces a factor of 2 when averaging the instantaneous mechanical power. Expanding Eq. (37), the average power
dissipated in the j—th cell becomes

(.3)v(5.%)
Py, = hxhyf. (38)
Following the same procedure as for Joule’s losses, the total average mechanical power in the beam is obtained as

N
Pp=) Py, (39)
j=1

It is also pertinent to study the power density along the beam. From the mechanical power calculated at each cell, the power density
p(x) is obtained as

O (6, Y V(X i)
p(x>:hyzq 7}'k2 >.yk. (40)
k=1

As with the distribution of the damping transverse force or the damping torque, a linear interpolation between the values at the
cells is performed to obtain a continuous distribution.

Finally, as illustrated in Section 4, the numerical application demonstrates that the calculations of both Joule’s losses and me-
chanical power yield the same global numerical result.

3.3.3. Modal viscous damping ratio

For low frequencies where self-inductance is negligible, as this study focuses on lower-order modes and the beam thickness L, is
very thin [18], the beam’s vibration attenuated by eddy currents can be modelled by an equivalent classical mechanical model, such as
the Kelvin-Voight model [25]. The modal viscous damping ratio for mode r, ¢,, is obtained from the power losses P,, derived from the
viscous force and is given by

P,
&= -

— > (41)
Meq @,V

)
max

where meq is the modal mass of the beam, as provided in Table 1 for bending and torsion.
4. Numerical analysis

In this Section, dedicated to analysing the nature of the induced eddy currents, the results concerning currents and energy
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Table 4
Cases of study for the aluminium cantilever beam.
By(T) B,(T) Modal velocity shape
Case 1 1 0 Bending
Case 2 0 1 Bending
Case 3 1 1 Bending
Case 4 1 0 Torsion
Case 5 0 1 Torsion
Case 6 1 1 Torsion

0 0.89 1
x/L,
(b)
3 0
~
8 -05F
I
S 0.89 1
x/L,
(c)
50
E 05F
£ &
0 0.5 0.89 1

x/L,
(d)
Fig. 6. Parameters for the first mode of Case 1: (a) modal velocity; (b) eddy currents density map; (c) normalised transverse force distribution and

(d) normalised power distribution.

dissipation due to motional induction in a specific beam are solved for various bending and torsional modes. Specifically, the first four
modes are examined in each case. The beam is analysed in a steady-state condition, with a uniform and time-invariant magnetic field
applied in different directions.

10
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[
0 0.22 0.5 0.92 1
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Fig. 7. Parameters for the second mode of Case 1: (a) modal velocity; (b) eddy currents density map; (c) normalised transverse force distribution
and (d) normalised power distribution.

4.1. Beam numerical model

The geometry of the cantilever beam and its corresponding properties are outlined in Table 3. Aluminium has been selected as the
conducting paramagnetic material for the beam due to its well-known high conductivity. The properties of the material are uniform
throughout the entire beam.

The beam has been discretised into rectangular cells, with 421 cells along its length in the x direction and 21 cells along its width in
the y direction, ensuring an equal density of elements per unit length in both directions. The beam’s motion is defined by the modal
shapes presented in Table 1, depending on whether bending or torsional motion is studied. All modes have been normalised; the
maximum amplitude of the velocity field v,y in the velocity field expression given in Table 1 is set to 1ms~!. The external magnetic
field acting on the beam is time-invariant and uniform, with a unit magnitude applied in the x and/or y directions, as indicated in
Table 4. For visual clarity, the distributions of force, moment, and power have been normalised with respect to their maximum values
Wmaxs ¥maxs ald Pmax, respectively, and are thus denoted as Wy, = W/Wmax, 7y = 7/¥max> @0d Pn = P/Pmax-

The various cases under study are presented in Table 4, where the magnitude of the external magnetic field is specified.

The numerical results are subsequently presented and discussed for each case of study. For all cases, it has been confirmed that the
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Fig. 8. Parameters for the third mode of Case 1: (a) modal velocity; (b) eddy currents density map; (c) normalised transverse force distribution and
(d) normalised power distribution.

hypothesis of uniform current distribution across the beam’s thickness, as stated in Eq. (3), is satisfied.

4.2. Beam results due to modal bending motion

The results for the first four modes are presented for Case 1, Case 2 and Case 3, corresponding to a bending modal shape.

4.2.1. Case 1

A unitary uniform and time-invariant magnetic field, applied solely in the x — direction, is introduced as detailed in Table 4. The
results obtained from the modal velocity of the first four bending modes, including the eddy currents density map, and normalised
force and power distributions, are illustrated in Figs. 6-9. The maximum values of the normalised variables are provided in Table 5.
Numerical results for the studied parameters for each mode are outlined in Table 6.

e With regard to eddy current maps (J), it can be noted that the mode number corresponds to the number of eddies generated. When
numbered from left to right, the currents rotate counter-clockwise in odd-numbered eddies and clockwise in even-numbered
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Fig. 9. Parameters for the fourth mode of Case 1: (a) modal velocity; (b) eddy currents density map; (c) normalised transverse force distribution and

(d) normalised power distribution.

Table 5
Maximum values of force and power distributions for each mode of Case 1.
Mode Wiax (Nm™!) Pmax (Wm™)
Bl 0.854 0.427
B2 2.97 1.47
B3 4.86 2.41
B4 6.79 3.35

eddies. The highest current density is observed in the eddy closest to the free end of the cantilever beam, while those near the fixed
end display lower values. The maximum current occurs near the top and bottom edges of the plate in the y — direction, at the eddy
nearest the free end. For modes 2 to 4, an eddy’s border aligns with a point of maximum or minimum in the modal velocity. This can

be explained by expanding Eq. (10), which leads to
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Table 6
Resonance frequency, maximum value of the amplitude of the current density map in x and y directions, average power of Joule’s losses, average
mechanical power, and modal viscous damping ratio for each mode of Case 1.

Mode w, (rads™!) Jnee (MAM~—2) Jymee (MAmM=2) Py (mW) Pr (mW) & (x1073)
Bl 124.5 0.163 0.120 -1.18 -1.18 6.99
B2 780.2 0.561 0.415 -8.01 -8.01 7.61
B3 2185 0.898 0.680 -18.8 -18.8 6.38
B4 4281 1.22 0.950 —34.2 —34.2 5.92
WEY) |, WEY)\
Vx(pJ)=|(B L+ B ——")Z. (42)
(P ) X Ox Y ay

As seen in Eq. (42), since the applied magnetic field is uniform and the velocity field depends solely on x as shown in Table 1, the
curl of the current density is 0 where the modal velocity is at a maximum or minimum. In Figs. 6-9, it can be observed that the
centres of eddies for all modes in the y—direction are located at y = L,/2. In the x — direction, the locations of the eddy centres
coincide with points where there is a change in curvature in the velocity field, except for the eddy centre closest to the free end. This
exception arises because, in a cantilever beam subjected to modal bending vibration, the change in curvature occurs at the free end.
However, since an eddy centre at the free end is not physically feasible due to the inability of currents to escape the beam, the eddy
centre nearest the free end is positioned close to it. Consequently, this eddy is highly asymmetric compared to the others, leading to
higher current densities near the free end. As the mode number increases, the location of the eddy centre closest to the free end in
the x—direction shifts slightly towards the free end.

The force distribution (wy,) is always positive at the fixed end, aligning with the direction of the modal velocity, and changes sign at
each eddy centre in the x — direction. Contrary to expectation, the force distribution and modal velocity do not align along the
entire beam. The points at which the force distribution is 0 correspond to the eddy centres in the x — direction, asJ, ~ 0 on this line,
making the sum in Eq. (30) 0. The greatest contribution to damping occurs from the free end, where the maximum is reached in all
cases, up to the eddy centre closest to the free end. For lower modes, the contribution of damping forces from the fixed end to the
eddy centre nearest the free end in the x—direction is almost negligible, and as the frequency increases for higher-order modes, the
damping force becomes more evenly distributed along the length of the beam. The maximum and minimum values of the damping
forces between eddy centres tend to coincide with the points corresponding to a maximum or minimum of the modal velocity as the
mode increases, or with the borders of the eddies. However, for lower-order modes such as mode 2, this is not the case. This
discrepancy is due to the nature of the applied velocity field described in Table 1, where, for lower-order modes, the hyperbolic
terms dominate, while as the mode number increases, the influence of the hyperbolic terms diminishes, and the velocity field
approaches mathematically to a pure sinusoidal function. In mode 4, unlike in mode 2, the points of maximum or minimum modal
velocity nearly coincide with those of the force distribution. Furthermore, as indicated by the numerical values of Table 5, the
maximum value of the dissipative forces increases with the mode number.

The power distribution (p,) is always 0 at the fixed end and wherever the modal velocity is 0, since according to Eq. (40), no power
is dissipated in the absence of velocity. It is also 0 at the eddy centres, as along a line coinciding with an eddy centre, J, ~ 0 and thus
the sum in Eq. (40) is 0. The power distribution is consistently positive near the fixed end, as the force distribution and modal
velocity are aligned, but changes sign each time it passes through 0. Since the damping forces are concentrated from the free end to
the centre of the eddy nearest to the free end, the power distribution exhibits a similar pattern. For higher-order modes, the power
distribution tends to spread more evenly along the length of the beam. Analogous to the force distribution, the maximum and
minimum values occurring between eddy centres in the power distribution tend to correspond, for higher modes, to the points
where an eddy border exists or where the modal velocity reaches a maximum or minimum, as seen in mode 4. In contrast, for lower-
order modes, such as mode 2, due to the hyperbolic nature of the modal velocity, the minimum value of the power distribution
occurring between two eddy centres does not coincide with the eddy borders or with the maximum modal velocity. Additionally, as
shown in Table 5, the maximum value of the power distribution increases with the mode number.

Numerical results provided in Table 6 indicate that all parameters increase with frequency, except for the modal viscous damping
ratio ({,), which increases from mode 1 to mode 2, before decreasing. The fact that the modal viscous damping ratio tends to
decrease at higher frequencies suggests that the energy dissipation capability of the eddy currents is greater for lower-order modes
than for higher-order modes.

The average power of Joule’s losses (P;) and the average mechanical power (Py,) are identical, indicating that whether energy
dissipation is viewed from an electrical or mechanical perspective, the same information is obtained about the global energy
dissipation in the cantilever beam. It is important to note, however, that although the global values of average power of Joule’s
losses and the average mechanical power are identical, their local values according to Eq. (34) and Eq. (37), do not necessarily
match. In fact, in areas close to the fixed end, the average mechanical power is positive.

4.2.2. Case 2

A static and uniform magnetic field is applied exclusively in the y — direction, as outlined in Table 4. In this case, no eddy currents
are generated. This is due to the fact that the external magnetic field is uniform, and since the applied velocity field depends only on x,
as indicated in Table 1, Eq. (42) consistently equals zero. This scenario underscores the critical importance of the direction of the

14



M. Brun et al. Journal of Sound and Vibration 595 (2025) 118787

50
S
s -0.5
G
0 0.89 1

x/L,
(a)

0 0.22 0.47 0.92 1

T (z/Ls)

0 0.13 0.29 0.5 0.69 093 1

Mo (2/Le)

0 0.1 0.21 0.36 0.5 0.64 0.78 094 1
x/L,

(d)
Fig. 10. Normalised torque distribution of Case 3: (a) mode 1; (b) mode 2; (c) mode 3 and (d) mode 4.
Table 7

Maximum values of torque distribution for each
mode of Case 3.

Mode Ymax (Nmmm~!)
Bl 2.85
B2 9.78
B3 15.6
B4 21.2

external magnetic field in vibrating applications. Regardless of its magnitude, the orientation of the external magnetic field can result
in no effect.

4.2.3. Case 3

The static and uniform external magnetic fields of Case 1 and Case 2 act simultaneously. In theory, since the B, term in Eq. (42) does
not influence the currents, because the velocity does not vary with y, the induced currents should remain the same as in Case 1.
However, this term By alters the effect of the Lorentz force, as it interacts with J, in Eq. (29) generating a torque according to Eq. (31).
This torque is absent in Case 1, where the interaction between B, and J,, does not produce such an effect due to the shape of the
currents. The torque generated in this case results in coupling between bending and torsional motions. To emphasise the torque
produced, its normalised distribution for the first four modes is shown in Fig. 10, with the corresponding maximum values listed in
Table 7.

As this torque induces a torsional motion, the velocity generated by the torque must be added to the bending velocity. This implies
that the problem can only be properly examined by coupling both movements simultaneously, which falls beyond the scope of this
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Fig. 11. Parameters for the first mode of Case 4: (a) modal twist velocity; (b) eddy currents density map; (c) normalised torque distribution and (d)
normalised power distribution.

study. Although this coupling is not explored here, it is important to highlight its significance, as it arises solely from the interaction
between the eddy currents and the external magnetic field.

4.3. Beam results due to modal torsional motion

The results for the first four torsional modes in Case 4, Case 5, and Case 6, associated with a modal torsional motion, are presented.
In this instance, the modal twist velocity @ is plotted rather than the transverse velocity field v as the former is characteristic of a cross-
sectional motion. These two quantities are related by

v(x,y) = 0(x)(y—L, / 2). (43)

For visualisation purposes, the modal twist velocity has been normalised with respect to its maximum value 6y, such that 8, = &

/9max, where, for the beam under study and according to the values provided in Table 3, Omax = 200rads™! for vy, = 1ms™1.
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Fig. 12. Parameters for the second mode of Case 4: (a) modal twist velocity; (b) eddy currents density map; (c) normalised torque distribution and

(d) normalised power distribution.

4.3.1. Case 4

A static, unitary, and uniform magnetic field is applied in the x—direction only, as specified in Table 4. The results derived from the
normalised modal twist velocity for the first four torsional modes, including eddy currents density map, as well as the normalised
torque and power distributions for these modes, are shown in Figs. 11-14. The maximum values of the normalised variables are listed in
Table 8. Numerical results for the study parameters for each mode are outlined in Table 9.

e Two rows of eddies (J) along the x—direction are generated for each case, each row containing a number of eddies corresponding to
its mode. Each row of eddies is symmetric with respect to the beam axis, i.e., aty =L,/2. The maximum values of the eddy currents
are located near the top and the bottom of the beam. The eddy centres in the y—direction are always at fixed positions independent
of the mode, and located at a distance of +0.29 from the beam axis. Similar to bending, in the x — direction, the eddy centres are
positioned at points where there is a change in curvature in the velocity profile, except for the eddy centre closest to the fixed end.
In that case, the change in curvature would occur at the fixed end, and since it is not feasible for an eddy centre lo be located there,
this first eddy centre is positioned near the fixed end. For modes 2 to 4, the points at which an eddy border occurs in the x—direction
correspond to the locations where the modal twist velocity exhibits a maximum or minimum, as this is the only way to satisfy Eq.
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Fig. 13. Parameters for the third mode of Case 4: (a) modal twist velocity; (b) eddy currents density map; (c) normalised torque distribution and (d)
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(42) with the velocity field given in Eq. (43), where the current density curl is 0. Analogous to bending, the eddy centres nearest the
fixed and free ends move closer to the ends as the mode number increases.

e The torque

distribution (y,) is positive at the fixed end, and changes sign at each eddy centre in the x — direction. From the fixed end

to the nearest eddy centre in the x — direction, the torque distribution and modal twist velocity are aligned, but beyond that point,
towards the free end, they oppose one another, as expected. The points at which the torque distribution reaches a maximum or
minimum between eddy centres in the x—direction coincide with the eddy borders or locations where the modal velocity is at its
maximum or minimum because the current density curl is 0 at those points. The torque distribution is concentrated near the fixed

end, but as

the mode number increases, it becomes more evenly distributed along the beam’s length. According to the maximum

torque values presented in Table 8, the torque increases as the mode number rises.

The power

distribution (p,) starts at zero at the fixed end, where there is no velocity, and it is positive from the fixed end to the

nearest eddy centre in the x — direction. It becomes negative over the remaining length of the beam, reaching zero at each eddy
centre in the x—direction or where the modal velocity is 0. The points where the minimum power distribution values between eddy
centres occur correspond to the locations where the modal velocity reaches a maximum or minimum, or where an eddy border
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Fig. 14. Parameters for the fourth mode of Case 4: (a) modal twist velocity; (b) eddy currents density map; (c) normalised torque distribution and
(d) normalised power distribution.

Table 8
Maximum values of torque and power distributions for each mode of Case 4.
Mode Ymax (Nmmm~1) Pmax (MWm™)
T1 0.618 0.847
T2 1.85 7.61
T3 3.08 21.1
T4 4.29 41.2

exists in the x — direction. Numerical results from Table 8 show that the maximum power distribution increases as the mode
number rises.

e All parameters in Table 9 increase as the frequency rises, indicating that for torsional motion, when an external magnetic field is
applied along the length of the beam, the energy dissipation capability of the induced eddy currents improves at higher frequencies
compared to lower ones, as reflected by the increase in the modal viscous damping ratio.
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Table 9
Resonance frequency, maximum value of the amplitude of the current density map in x and y directions, average power of Joule’s losses, average
mechanical power, and modal viscous damping ratio for each mode of Case 4.

Mode o, (rads™!) Jipe (MAM~2) Ty (MAM~2) Py (mW) Pr (mW) & (% 1079)
T1 4578.8 0.0561 0.0341 —0.0833 -0.0833 2.00
T2 13736 0.169 0.102 —0.749 —0.749 6.00
T3 22894 0.281 0.170 —2.08 -2.08 9.98
T4 32052 0.392 0.236 —4.05 ~4.05 13.9
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Fig. 15. Parameters for the first mode of Case 5: (a) modal twist velocity; (b) eddy currents density map; (c) normalised torque distribution and (d)
normalised power distribution.
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Fig. 16. Parameters for the second mode of Case 5: (a) modal twist velocity; (b) eddy currents density map; (c) normalised torque distribution and
(d) normalised power distribution.

e Additionally, the numerical values of the average Joule’s losses (P;) and the average mechanical power (Py,) are equal, as is the case
for bending.

4.3.2. Case 5
A static, unitary and uniform magnetic field is applied in the y — direction. Results derived from the normalised modal twist ve-

locity for the first four torsional modes, including eddy currents density map and normalised torque and power distributions, are
presented in Figs. 15-18. The maximum values of the normalised variables are indicated in Table 10. Numerical results for the study
parameters for each mode are summarised in Table 11.

e Unlike the previous case, only a single row of eddies (J) is generated. The number of eddies corresponds to the mode number.
Numbering the eddies from left to right, the currents rotate counter-clockwise in odd-numbered eddies and clockwise in even-
numbered eddies. The maximum values in the eddy current maps are located at the top and bottom borders of the beam along
the y — direction. The eddy centres are positioned at y = L, /2 along the y — direction. In the x — direction, the location of the eddy
centres corresponds to the points where the torque distribution reaches a maximum or minimum. For modes 2 to 4, the eddy
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Fig. 17. Parameters for the third mode of Case 5: (a) modal twist velocity; (b) eddy currents density map; (c) normalised torque distribution and (d)
normalised power distribution.

borders coincide with the points where the modal velocity is 0, in contrast to previous cases where the border of an eddy coincided
with a maximum or minimum in the modal velocity. Although the current density curl at the border of an eddy remains 0, careful
examination of Eq. (42) and the applied velocity field given from Eq. (43) reveals that this is only possible when the velocity is zero.
As the mode number increases, the eddy centres nearest the fixed end move closer to these ends.

The torque distribution (y,) is 0 at both the fixed and free ends of the beam. It is also 0 where the modal velocity is O or in the border
of an eddy since, at these points, J, ~ 0, and thus, as no external magnetic field acts in the x — direction, the sum in Eq. (31) is 0.
Unlike the previous cases, the torque always has the opposite sign of the modal velocity, making it negative near the fixed end, with
sign changes occurring at each passage through 0. The locations at which the maximum or minimum values are reached correspond
to the eddy centres along the x — direction. This is because the torque in Eq. (31) is only generated by the interaction between J, and
By, asindicated in Eq. (29), and at these points Jy is at its maximum or minimum. The maximum torque values presented in Table 10
show an increase from mode 1 to mode 2, followed by a decrease for the higher modes.

The power distribution (p,) is negative everywhere except at points where it is 0. It is never positive for any mode because the
modal twist velocity and torque distribution always have opposite signs, which differs from the previous cases. Similar to the torque
distribution, the points where the power distribution is 0 are located at the fixed end, free end, and at the points where the modal
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Fig. 18. Parameters for the fourth mode of Case 5: (a) modal twist velocity; (b) eddy currents density map; (c) normalised torque distribution and
(d) normalised power distribution.

Table 10
Maximum values of torque and power distributions for each mode of Case 5.
Mode Ymax (Nmmm~!) Pmax (Wm™1)
T1 82.0 8.13
T2 82.7 8.27
T3 81.9 8.19
T4 80.7 8.07

velocity is 0 or at the border of an eddy. At these points Jy ~ 0, and as no external magnetic field acts in the x — direction, the sum in
Eq. (40) is 0. The minimum values of the power distribution are found at the eddy centres along the x—direction which coincide
with the locations where the torque distribution is at a maximum or minimum. However, an exception occurs at the eddy centre
nearest the free end, where it does not exactly coincide with the minimum value of the power distribution. Since this eddy centre is
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Table 11
Resonance frequency, maximum value of the amplitude of the current density map in x and y directions, average power of Joule’s losses, average
mechanical power, and modal viscous damping ratio for each mode of Case 5.

Mode o, (rads™?) Jiee (MAM~2) Sy (MAM~2) Py (W) P (W) &
T 4578.8 470 3.47 ~0.805 ~0.805 0.193
T2 13736 474 3.45 ~0.801 ~0.801 0.0641
T3 22894 470 3.41 ~0.793 ~0.793 0.0381
T4 32052 4.64 3.35 ~0.782 ~0.782 0.0268
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Fig. 19. Normalised transverse force distribution of Case 6: (a) mode 1; (b) mode 2; (c) mode 3 and (d) mode 4.

very close to the free end, this discrepancy is attributed to numerical effects caused by the proximity of the border. According to the
values presented in Table 10, the maximum value of the power distribution increases from mode 1 to mode 2, but then decreases.

All numerical values shown in Table 11 decrease as the mode increases, except for the maximum value of the current density in the

x—direction (Jy,,, ), which increases from mode 1 to mode 2 before decreasing. For torsional motion, when the external magnetic
field is applied along the width of the beam, the energy dissipation capability is better at lower frequencies than at higher fre-
quencies because the modal viscous damping ratio ({,) is higher in the lower-order modes. This contrasts with Case 4, where the
external magnetic field was applied along the length of the beam.

e The numerical values of the average Joule’s losses (Py) and average mechanical power (Pp) are equal, as observed in previous
cases.

4.3.3. Case 6
The static and uniform external magnetic fields from Case 4 and Case 5 are applied simultaneously. As in Case 3, the application of
magnetic fields acting in both the x— and y—directions in torsional motion also induces coupling between torsion and bending, as a
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Table 12
Maximum values of force distribution for each
mode of Case 6.

Mode Winax (Nm’l)
T1 24.8
T2 24.7
T3 24.4
T4 24.1

distributed force arises due to the interaction between the magnetic fields and the currents, as described by Eq. (30). In Case 4, the
interaction between J, and B, does not result in a force distribution, as can be deduced from Eq. (29) and (30), and the same applies to
the interaction between J, and By in Case 5. To illustrate the transverse force generated in this scenario, the normalised distribution for
the first four modes is shown in Fig. 19, with the maximum values provided in Table 12.

This transverse force arises because, when the external magnetic field is applied in both the x— and y—directions simultaneously,
the currents lose their symmetry. Similar to Case 3, the analysis of the coupling between the different motions falls outside the scope of
this work, and this scenario is not explored further.

5. Conclusions

In this paper, an in-depth study is conducted on the energy dissipation capabilities of eddy currentsgenerated in a thin cantilever
beam vibrating within a static and uniform magnetic field under steady-state conditions. A numerical procedure, based on an
established finite difference method, has been adapted and utilised to incorporate motional induction.

The beam’s motion is described by velocity fields associated with bending or torsional mode shapes. Given that the velocity field is
harmonic, the resulting eddy currents are also harmonic. Once these eddy currents are determined, the force distribution, moment
distribution, power distribution, Joule’s losses, mechanical power, and modal viscous damping ratio are calculated and analysed for a
specific beam subjected to an external static and uniform magnetic field applied in various directions.

The results indicate that the direction of the applied magnetic field is a critical factor in vibration applications. The nature of the
eddy currents and their dissipative properties vary depending on both the direction of the applied magnetic field and the type of
movement. Additionally, it has been demonstrated that the external magnetic field can induce coupling between bending and torsional
motions. The findings suggest that, in general, energy dissipation capability is greater for lower-order modes, which is advantageous
for mechanical applications aimed at vibration reduction, as certain traditional damping methods often struggle to dissipate energy
effectively at lower frequencies.
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