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Abstract
Anew analytical procedure for identifying fractional first-order plus dead-time (FFOPDT)models has recently been proposed.
The technique is applicable to systems with S-shaped step responses and involves selecting three specific points on the process
response curve for parameter estimation. In a simplified version of the method, the points are symmetrically positioned as
x1 = x%, x2 = 50%, and x3 = (100 − x)%, with 0 < x < 50%, requiring only the optimal position of one point, x ,
given that the others are set automatically. This study explores the effect of adjusting the value of x2 in the representative
points (x-x2-(100− x)%), while preserving symmetry around the center of the interval. Simulations provide insights into the
influence of x2 for more accurate estimation, revealing that the accuracy of the identified FFOPDT model is highly sensitive
to the position of x2, and an optimal value is proposed to enhance precision. Experimental validation on a thermal-based
prototype deployed on a microprocessor confirms the technique’s applicability. This approach provides new insights into
selecting the central point x2 and its implications for industrial applications.

Keywords Fractional models · Fractional systems · Identification method · Process identification

1 Introduction

For a long time, there has been a recognized need to repre-
sent a wide variety of real dynamic processes by means of
reduced-order integer models. The technical literature offers
a vast selection of identification techniques, with those on the
basis of open-loop step experiments being among the most
popular [1, 2].

Among these open-loop techniques, methods focusing on
adjusting various points of the reaction curve usingfirst-order
plus dead-time (FOPDT), dual-pole plus dead-time (DPPDT)
and second-order plus dead-time (SOPDT)models are partic-
ularly noteworthy. This approach is both popular and widely
adopted in the process industry due to its straightforward and
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simple application [3].When examining two- and three-point
techniques, references [4–6] can be categorized in the first
group, while methods in [7–9] fall under the second group.
The technique outlined in [4] bridges both groups depending
on the model employed: it is classified as a two-point tech-
nique when applied to FOPDT or DPPDT models and as a
three-point technique when applied to the SOPDT model.

Additionally, the aforementioned integer-order model
identification techniques can be divided according to the
symmetry of the points relative to x2 = 50%. For the
two-point approaches mentioned, the set is asymmetrical,
with the exception of the 123c identification technique pro-
posed in [4], which is symmetrical. Regarding the three-point
approaches, references [7, 9] use asymmetrical sets, whereas
reference [4] considering SOPDT models and reference [8]
present symmetrical sets, although the central point used in
the last method is not x2 = 50%.

In the past few decades, the advent of advanced compu-
tational methods for fractional-order calculus has provided
additional evidence that specific dynamical processes can
be more accurately characterized considering models of
non-integer order. For example, studies such as [10, 11]
present some results in the area of fractional-order model-
ing of real-world phenomena, while [12, 13] suggest that
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fractional-ordermodels candescribe thermal conductionpro-
cesses with higher accuracy. In fact, fractional calculus has
proven essential for both the scientific and industrial com-
munities [14, 15], offering a valuable and powerful tool for
numerous real-world applications, particularly in modeling
[16]. The successful application of fractional-order models
has enhanced interest in this area. Significant advances in
the identification of these models have been reported in the
state of the art. For example, [17] reports the first concur-
rent determination of model coefficients and differentiation
orders through nonlinear programming. Various methods
for estimating reduced-order fractional models from pro-
cess reaction curves are well-documented in academic and
industrial studies,with nonlinear optimization being themost
commonly adopted approach in industry [18–20].

The identification of fractional-order systems with delay
is examined in [21]. Similarly, [22, 23] investigate the appli-
cation of non-ideal step inputs for identifying integer-order
systems. Building on these ideas, [24] proposes an innovative
method for identifying fractional-order systems employing
non-ideal step inputs.

The above methods typically minimize the discrepancy
observed between the step response of the process and the
one for the approximate model of non-integer order. Note
that these techniques demand a higher computational effort
in comparison with some other analytical techniques.

Nevertheless, the technical literature does not offer many
analytical techniques that stand out for their simplicity
of application. The following papers present an analyti-
cal approach. Various techniques for determining FFOPDT
model parameters employing process reaction curve data
are explored in the literature. Reference [25] is considered
a pioneering work in FFOPDT model parameter estima-
tion. It outlines three distinct approaches for determining the
parameters of the approximate non-integer model. A similar
approach with integral-based estimation methods, which are
robust against measurement noise, is proposed in [26, 27].
The latter two methods can be treated as extensions of the
already available integral approaches for the classical case
[3].

Given the importance of fractional-order models to accu-
rately represent real-world phenomena, and the availability
of numerous controller tuning methods based on simple pro-
cess models [28–31], it is essential to obtain a reduced-order
fractionalmodel for a process. This need is one of the primary
motivations of this paper.

The popularity of these methods is generally due to three
reasons: First, identification algorithms based on two- or
three-point fitting on the response curve are easily both
understood and applied, second, understanding the physical
interpretation of the response of such a process to a step sig-
nal is simple, andfinally, these algorithms are straightforward
to implement on hardware devices. Therefore, the extension

of this type of methods to the fractional-order case can be
considered a natural progression. To this end, a comprehen-
sive identification techniquehas been recently introduced and
detailed in [32]. The proposed approach can be considered
as a generalization of the classical three-point identification
procedure considering fractional-order models. This proce-
dure is identical to the classical case. It consists of collecting
process data that results from applying an open-loop step
experiment, while considering a three-point set (x1-x2-x3%)

of the response curve. In the same framework, the approach
addressed in [33] can be treated as a simplification of the
preceding general technique, since the selected points are
symmetrically situated with respect to the middle of the out-
put interval. Since the selected points are x%, 50%, and
(100−x)%,only the optimal selection of x , with 0 < x < 50,
is required. The procedure outlined in [34] utilizes the asymp-
totic behavior of the Mittag-Leffler function to improve the
accuracy of fractional-order estimation, while the remaining
model parameters are estimated using analytical expressions.

Although the symmetrical identificationmethod proposed
in [33] has been shown to yield favorable results compared
to other identification procedures, this paper aims to demon-
strate the sensitivity of the fractional model to variations
in the location of x2, showing that adjusting this location
can further improve model accuracy while preserving the
extreme points symmetrically positioned. Furthermore, the
applicability and effectiveness of the symmetrical identifi-
cation procedure with arbitrary x2 will be verified when
implemented on a hardware platform based on micropro-
cessor and applied to an experimental temperature-based
laboratory equipment.

The key contributions of the proposed method, compared
to existing techniques, are as follows:

1. Sensitivity to x2 position: The study reveals that the accu-
racy of the identified FFOPDT model is significantly
sensitive to the position of x2.

2. Impact analysis of x2: An insight has been gained into
the impact of moving x2 on the accuracy of the identified
model.

3. Central point selection: The optimal position of x2 has
been studied, demonstrating that selecting x2 = 65%
significantly improves the precision of the approximate
fractional model.

4. Simulation validation: The effectiveness and performance
of the proposed FFOPDT model identification technique
has been evaluated by simulating several process mod-
els with different fractional-order dynamics, ensuring its
broad versatility.

5. Experimental validation: The practical applicability of the
technique has been verified through its implementation on
a microprocessor-based experimental prototype, validat-
ing its performance in real-world scenarios.
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The structure of this document is the following. Section2
introduces the theoretical framework necessary for the devel-
opment of this study. Section3 outlines the general procedure
for estimating the FFOPDT model using a set of three points
of the process response. Section4 defines the issue and out-
lines the approach used to address it. In Sect. 5, simulation
results are presented, demonstrating that adjusting the posi-
tion of x2 within the set (x-x2-(100−x)%) is able to enhance
the accuracy of the approximate non-integermodel. Section6
discusses the applicability and effectiveness of this identifica-
tion techniqueon temperature-based equipment, highlighting
the practical challenges of hardware implementation. Finally,
Sect. 7 provides concluding remarks.

2 Theoretical background

This section introduces some fundamental definitions and
notions widely applied in fractional calculus. These basic
concepts can be studied in depth in various books, such as
those cited in [14, 35].

Fractional calculus is conceptualized as an generalization
of the classical derivative dn

dtn to a non-integer fundamental
operator aDα

t . Here, α ∈ R represents the fractional order,
and a and t represent the lower and upper limits of the differ-
integral operator, respectively. This operator is defined as
follows:

aD
α
t =

⎧
⎨

⎩

dα

dtα , α > 0,
1, α = 0,
∫ t
a (dτ)α, α < 0,

(1)

Typically, α is considered a real number, although it can
also be complex. In our work, we focus exclusively on the
real case.

The literature contains various definitions of the non-
integer order operator. A brief summary of these definitions
is provided in the following, with additional details available
in [14, 35].

Riemann-Liouville definition
This definition is among the most commonly employed
approaches for defining fractional operators. The fractional-
order integral is expressed as:

0 I
α
t f (t) = 0D

−α
t f (t) = 1

�(α)

∫ t

0
(t − τ)α−1 f (τ )dτ, (2)

where �(·) is the Gamma function [14], t ≥ 0, and α ∈ R
+.

Given this, the fractional derivative of f (t) as defined by
the Riemann-Liouville approach is:

0D
α
t f (t) = 1

�(m − α)

dm

dtm

∫ t

0
(t − τ)m−α−1 f (τ )dτ, (3)

with t ≥ 0, α ∈ R
+, and m − 1 < α < m with m ∈ Z

+.

Grünwald-Letnikov definition
This differ-integral operator provides a unified framework
for representing both fractional integration and differenti-
ation. This discrete approximation to fractional derivatives
and integrals is given as:

0D
α
t f (t) = lim

h→0

1

hα

∞∑

k=0

(−1)k
(

α

k

)

f (t − kh), (4)

where t ≥ 0, α < 0 and α > 0 represent the orders of
fractional integral and derivative, respectively,

(
α
k

)
denotes

the binomial coefficient, and h is the step size.
The Grünwald-Letnikov approach is more aligned with

numericalmethods and is useful for approximating fractional
operators.

Note that in the above definitions (Eqs. (2), (3), and (4)),
0 and t represent the terminals of fractional differentiation
or integration. As a matter of simplicity, in the following
discussions, 0D

−α
t and 0Dα

t will be denoted simply as D−α

and Dα , respectively.

Mittag-Leffler function
The two-parameter Mittag-Leffler function, as described in
[36], is defined for z ∈ C by the following expression:

Eα,β(z) =
∞∑

r=0

zr

�(αr + β)
, (5)

where �(·) represents the Gamma function [14], α ∈ R
+,

and β ∈ C. The function Eα,β is a generalization of the
one-parameter Mittag-Leffler function.
For any arbitrary value of z, it is expressed as:

Eα(z) =
∞∑

r=0

zr

�(αr + 1)
. (6)

For α = 1 and β = 1, this function simplifies to the exponen-
tial (E1,1(z) = E1(z) = exp(z)). Thus, the Mittag-Leffler
function serves as a fundamental generalization of the expo-
nential function [37], making it essential for deriving the
solution to the FFOPDT model.

Laplace transform of the Riemann-Liouville derivative
The Laplace transform of the Riemann-Liouville fractional
derivative is given by:

L {Dα f (t)} = sαF(s) −
n−1∑

k=0

sk
[
Dα−k−1 f (t)

]

t=0+ , (7)

wheren−1 ≤ α < n and F(s) denotes theLaplace transform
of f (t), i.e., F(s) = L { f (t)}(s). Here, [Dα−k−1 f (t)

]

t=0+
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represents the initial conditions involving f (t) and its frac-
tional derivatives at t = 0+.

Zero initial conditions
Zero initial conditions refer to the assumption that the terms[
Dα−k−1 f (t)

]

t=0+ = 0, for all k = 0, 1, . . . , n − 1. Under
these conditions, the Laplace transform of the fractional
derivative simplifies to:

L {Dα f (t)} = sαL { f (t)}. (8)

This is analogous to the conventional integer-order deriva-
tive in Laplace transforms, where differentiating in the time
domain corresponds to multiplying by s in the Laplace
domain. Note that using deviation variables around the oper-
ating point is an effective practice in control systems. This
approach simplifies analysis and design by allowing initial
conditions in the Laplace domain to be ignored [38]. This
practice is extensible to fractional-order systems.

Fractional differential equations
A fractional-order continuous-time dynamical system is
described by a fractional differential equation, with its most
general form given as:

n∑

k=0

ak D
αk y(t) =

m∑

k=0

bk D
βk u(t), (9)

where y(t) represents the output signal, u(t) the input signal,
ak (for k = 0, . . . , n) and bk (for k = 0, . . . ,m) are con-
stants, and αk (for k = 0, . . . , n) and βk (for k = 0, . . . ,m)
are arbitrary real or rational numbers. Without loss of gen-
erality, the parameters αk and βk can be organized such that
αn > αn−1 > · · · > α0 and βm > βm−1 > · · · > β0.

The fractional differential equation characterized by (9)
can be defined as being of commensurate order if all deriva-
tive orders are integer multiples of a common value α, where
αk, βk = kα, with α ∈ R

+. In this case, the system can be
written as:

n∑

k=0

ak D
kα y(t) =

m∑

k=0

bk D
kαu(t).

On the other hand, the fractional system is of incommen-
surate order if the fractional derivative orders do not share a
common base, meaning they cannot be expressed as integer
multiples of a single fractional order.

Fractional transfer functions
The transfer function is a mathematical tool that defines the
connection between the input and output of a dynamic system
in the Laplace domain. It is particularly useful for analyzing
how a system responds to different input signals and how it

behaves in terms of stability, accuracy, and speed. In frac-
tional systems, the transfer function generalizes the classical
concept by incorporating derivatives of non-integer order.
This transfer function is expressed as a ratio of polynomials
that may include fractional powers of the Laplace variable s.

The transfer function corresponding to the differential
equation of incommensurate order (9) is expressed as fol-
lows:

G(s) = L {y(t)}
L {u(t)} = Q(s)

P(s)

= bmsβm + bm−1sβm−1 + · · · + b0sβ0

ansαn + an−1sαn−1 + · · · + a0sα0
, (10)

where it has been considered that the polynomials Q(s) and
P(s) have no common zeros.

In the special case where the system is of commensurate
order, there exists a real number α that acts to be the highest
common divisor ofαk (k = 0, . . . , n) andβk (k = 0, . . . ,m),
with αk = kα and βk = kα, where 0 < α < 1 and k ∈ Z.
Therefore, the Equation (10) can be reformulated as follows:

G(s) = L {y(t)}
L {u(t)} = Q(s)

P(s)
=

∑m
k=0 bks

kα
∑n

k=0 aks
kα

. (11)

Stability
The transfer function G(s) in (10), which is strictly proper,
can consider to be BIBO stable if and only if P(s) does not
have any roots in the region where Re(s) ≥ 0 [15].

Furthermore, the commensurate system G(s) in (11) is
BIBO stable if all the roots of the characteristic equation
(P(x) = 0), where x = sα , lie outside the region | arg(x)| ≤
α · π/2 [15].

Step response
The step response offers valuable insights into the dynamics
of a fractional system, revealing important information about
its stability, response speed, and overall behavior. Addition-
ally, it helps determine the system’s dynamic characteristics
at its operating point, facilitating the design of an effec-
tive control system. To further refine the analysis of system
dynamics, mathematical techniques can be applied.

Partial fraction expansion of a transfer function is a math-
ematical method that breaks down a rational function into
a sum of simpler components. This technique simplifies the
computation of the system’s time response using the inverse
Laplace transform.

Given that n > m, G(s) yields a proper rational transfer
function. When the roots of the characteristic equation are
non-repeating, the partial fraction expansion applied in (11)
takes the form:

G(s) =
n∑

i=1

ri
sα + λi

, (12)
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where λi (i = 1, . . . , n) refer to the roots of the characteristic
equation and ri (i = 1, . . . , n) denote the respective residues.

These residues ri in fractional systems not only determine
the magnitude of the response based on the poles λi , but also
influence the rate of decay or growth of the response. This
behavior deviates from an exponential dynamic due to the
involvement of fractional derivatives and the Mittag-Leffler
function.

In particular, to calculate the residue at a pole λi , the gen-
eral formula remains:

ri = lim
s→−λi

(
(sα + λi )G(s)

)
.

Applying the inverse Laplace transform to the trans-
fer function (12) provides the following expression for the
impulse response of the fractional system:

h(t) = L −1

{
n∑

i=1

ri
sα + λi

}

(t) =
n∑

i=1

ri t
α−1Eα,α(−λi t

α),

(13)

with Eα,α(z) denoting the two-parameter Mittag-Leffler
function, as given in (5).

If the right-hand side of (13) is integrated, the response to
a step of Eq. (12) is expressed as follows:

g(t) =
n∑

i=1

ri
Eα,1(−λi tα) − 1

λi
, (14)

where Eα,1(z) = Eα(z) is the one-parameter Mittag-Leffler
function, introduced above in (6). Note that every term of
g(t) in Equation (14) becomes convergent to its final value
as a result of the asymptotic properties of the Mittag-Leffler
function [34].

3 Overview of fractional reduced-order
model estimation derived from the
reaction curve

This part discusses the overall FFOPDT model identifica-
tion technique, which considers three points on the process
response, as proposed in [32], and is summarized below. The
FFOPDT model can be defined as folows:

P(s) = Yα(s)

U (s)
= Ke−Ls

(1 + T sα)
, (15)

with the following parameters of the reduced-order frac-
tional model: K represents the gain, T and L the time-based
parameters, which are the time constant and the dead time,
respectively, and the non-integer order is represented by α.

Fig. 1 Process reaction curve yα(t) determined as a result of a step
signal u(t) and locations of the representative points

The FFOPDT model may be considered a more gen-
eralized version of the FOPDT model, which has found
wide use in industry to characterize many process dynamics
[39]. It is well known that the FFOPDT model can char-
acterize the overdamped (0 ≤ α ≤ 1) and underdamped
(1 ≤ α ≤ 2) behavior of the process. However, here we only
focus on processes exhibiting S-shaped responses, since they
are prevalent in the process industry [3]. Assuming that a
variation �u in u(t) is introduced to the fractional model,
the resulting output signal is yα(t). Both signals are detailed
in Fig. 1. Thus, the response of themodel under consideration
can be represented as:

yα(t) =
{

0, 0 ≤ t < L
K�u

{
1 − Eα

[− 1
T (t − L)α

]}
, t ≥ L

(16)

with Eα being the well-known one-parameter Mittag-Leffler
function [14].

The normalized and shifted time can be set as τ = 1
T (t −

L)α , which is used to normalize the process response yα(t)
considering its variation �y = K · �u. Therefore, Equation
(16) can be simplified to:

ỹα(τ ) = yα(τ )

K�u
= 1 − Eα(−τ), (17)

where 0 ≤ ỹα(τ ) ≤ 1 is the considered range for this vari-
able.

From expressions (16) and (17), two significant time-
based parameters can be defined for the identification pro-
cedure. More specifically, tx denotes the time needed by the
process response to achieve point x , as illustrated in Fig. 1.
If expression (17) is considered, τx is the normalized time
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Fig. 2 Overview of the comprehensive procedure for the identification of an FFOPDT model considering three selected points. The figure also
outlines the steps comprising each part of the scheme

equivalent to tx in the domain of the normalized and shifted
time variable. Therefore, the relationship between τx and tx
is established as follows:

tx = L + (τx T )
1
α . (18)

The following set of equations provide the expressions
needed to derive the model parameters, which can be simply
determined from the reaction curve:

⎧
⎪⎪⎨

⎪⎪⎩

K = �y
�u

α = f1(�)

T = f2(α)
(
tx3 − tx1

)α

L = max
[
tx3 − f3(α)T 1/α, 0

]
(19)

where �u denotes the change in u(t) and �y represents the
change of yα(t). Here, tx1, tx2, and tx3 represent the corre-
sponding durations to achieve x1, x2, and x3% on the process
response yα(t), respectively. These parameters are depicted
in Fig. 1. Since τx1 < τx2 < τx3 and tx1 < tx2 < tx3,
α > 0 and T > 0 are naturally satisfied in Equations (19).
For L ≥ 0 to be satisfied, the condition that must be fulfilled
is that tx3 ≥ (τx3T )1/α .

Note that the corresponding functions f1(�), f2(α) =
aα with a = 1

τ
1/α
x3 −τ

1/α
x1

, and f3(α) = τ
1/α
x3 , are empirically

derived based on {τx1, τx2, τx3} for 0.50 ≤ α ≤ 1.00. To be
more specific, function f1 is dependent on the ratio index �,

which itself depends on τx1, τx2, and τx3. Finally, functions
f2 and f3 depend on the fractional order and τx1 and τx3, and
τx3, respectively.

Figure2 schematically illustrates the proposed general
identification procedure, which is composed of two parts:

Part A represents an overview of the technique used to
derive the mathematical expressions for f1(�), f2(α), and
f3(α), which are dependent on x1, x2, and x3. The left side
of Fig. 2 illustrates the steps involved:

1. Obtain the normalized times {τx1, τx2, τx3} for the chosen
points, considering the normalized process output ỹα(τ )

for 0.50 ≤ α ≤ 1.00.
2. Determine {�,α}, {α, f2(α)}, and {α, f3(α)} using the

above normalized, where: � = τ
1/α
x3 −τ

1/α
x1

τ
1/α
x2 −τ

1/α
x1

, f2(α) =
( 1

τ
1/α
x3 −τ

1/α
x1

)α , and f3(α) = τ
1/α
x3 .

3. Use a curve-fitting technique to derive functions f1, f2
and f3 as rational functions.

4. Complete the set of equations (19) considering the rational
expressions calculated above.

Part B illustrates the proposed identification algorithm.
The right side of Fig. 2 illustrates the steps involved:
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Fig. 3 Process reaction curve yα(t) determined as a result of a step
signal u(t) and symmetrical locations

1. Obtain the necessary data for the identification technique
{�y,�u, tx1, tx2, tx3}.

2. Compute the ratio index, � = tx3−tx1
tx2−tx1

, using the corre-
sponding times collected previously.

3. Estimate the fractional order and, thus, the corresponding
values for the functions f2 and f3. Then, calculate θP
employing equations in (19) and the experimental data.

For detailed information on this identification technique,
readers are encouraged to consult [32].

4 Statement of the problem

The previous section presented an overview of the general
approach for estimating a reduced-order fractional model,
specifically the FFOPDT model, using data from a basic
open-loop experiment.

Various approaches have been proposed based on the gen-
eral procedure. The approach proposed in [33] consists of a
straightforward simplification of this general identification
technique, since it considers symmetrical points.

As shown in Fig. 3, the centroid is located at the midpoint
of the process response, where x2 = 50% with coordinates
(tx2 = t50, yα(t50)). The extreme points, x1 = x% and
x3 = (100 − x)%, with coordinates (tx1 = tx , yα(tx )) and
(tx3 = t100−x , yα(t100−x )), respectively, can be arbitrarily
positioned on the reaction curve, provided they are symmet-
rically placed relative to the centroid (�x32 = �x21 = �x).
However, reference [33] assumed that x2 was always posi-
tioned at the midpoint of the process output (x2 = 50%).

Therefore, given that there are techniques for identifying
integer and fractional models having the centroid positioned

Fig. 4 Process reaction curve yα(t) determined as a result of a step
signal u(t) and symmetrical locations

away from the midpoint of the range, this paper examines the
impact of moving the centroid x2 along the process reaction
curve, ensuring symmetry is preserved.

Figure4 shows that the extreme points are symmetrically
positioned around the midpoint of the total output range
(�x32 = �x21 = �x). In contrast, the central point x2 can
be adjusted within the range x1 = x < x2 < x3 = 100 − x ,
with 0 < x < 50.

The following outlines the experimental approach used
to determine the impact of x2 on enhancing the estimated
FFOPDT model’s accuracy:

1. The following values {τx , τx2, τ100−x } are obtained con-
sidering 0.50 ≤ α ≤ 1.00. Note that x2 will take a set of
values, x2 ∈ [x2,min, . . . , x2,max ], to assess the impact of
its variation.

2. The various data collections {�,α}, {α, f2(α)}, and
{α, f3(α)} are calculated by considering the above nor-
malized times {τx , τx2, τ100−x }.

3. The parameters {pi , qi } corresponding to the functions
defined in (20)-(22) are calculated through a curve-fitting
procedure.

f1(�) = p1�2 + p2� + p3
�2 + q1� + q2

, (20)

f2(α) = p1α + p2
α2 + q1α + q2

, (21)

f3(α) = p1α2 + p2α + p3
α2 + q1α + q2

. (22)

4. Once these rational functions are determined, the set of
Equations (19) is defined.
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Fig. 5 Scheme of the experimental methodology used to assess the impact of adjusting x2 on the precision of the approximate model

5. With the value of� for the given reaction curve, the value
of α given by the function f1 can be estimated. From this
estimated value, the values of functions f2 and f3 can be
calculated. With these, the fractional model parameters
can be determined through the equations provided in (19).

6. Finally, the prediction error of the estimated model is
calculated by evaluating the mean squared error (MSE)
according to the following formula:

S(θ) = 1

NS

NS∑

k=1

[e(kTS, θ)]2

= 1

NS

NS∑

k=1

[y(kTS) − ym(kTS, θ)]2, (23)

where TS represents the sampling interval, NS denotes
the total data points, e(kTs, θ) is the error between the
step response of the process y(kTS) and the step response
of the approximate model ym(kTs, θ), and θ denotes the
set of model parameters. Within this framework, Sx,y is
defined as the ratio between theMSE of themodel derived
using one identification technique and the MSE of the
model estimated with a different technique. This index
quantifies the performance of one identification method,
expressed in terms of S, relative to another:

Sx,y(θx , θy) = S(θx )

S(θy)
, (24)

where S(·) represent the value of the performance index
considered in (23), while θx and θy denote the set of
parameters for two different models x and y, respectively.

Fig. 6 Data sets {�,α} and rational functions f1(�), both of which
depend on x2. The curve corresponding to x2 = 50% is shown in blue
in the figure. (Color figure online)

In summary, the experimental methodology discussed is
illustrated in Fig. 5.

From the data collections {�,α}, {α, f2(α)}, and {α,

f3(α)}, curve-fitting results can be obtained by using the
symmetrical points (x-x2-(100 − x)%).

Specifically, x1 = x = 10%, x2 = [25, 30, . . . , 75%],
and x3 = 100 − x = 90% are applied, where symmetry
requires�x32 = �x21 = �x = 40% for this case. Figures6,
7 and 8 display the specified data sets along with functions
f1, f2 and f3 resulting from curve approximation using the
Levenberg-Marquardt least-squares algorithm. The plot of
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Fig. 7 Data sets {α, f2(α)} and rational function f2(α). Note that f2(α)

is independent of x2

Fig. 8 Data sets {α, f3(α)} and rational function f3(α). Note that f3(α)

is independent of x2

f1(�) presents a family of curves as a function of x2, while
the plots of f2(α) and f3(α) remain unchanged since they
do not depend on x2.

The parameters {pi , qi } of the functions defined in (20)-
(22) and each value x2 = [25, 30, . . . , 75%], calculated via
curve fitting, are provided in Tables 1, 2 and 3.

The identification technique described in this paper
exhibits symmetry when considering the points (x − x2 −
(100 − x)%). As a consequence of selecting x1 = x and
x3 = 100 − x , the range from x to (100 − x) expands as x
decreases, allowing the step response of the models to more
accurately align with the process step response, as noted in
[33]. As a result, lower values of S are achieved.

Table 1 Parameters for the rational function f1(�) as a function of x2

x2 p1 p2 p3 q1 q2

25% 0.4286 85.18 362.5 107.2 13.5

30% 0.4228 52.01 113.2 63.49 −31.62

35% 0.4152 34.91 38.59 41.5 −32.76

40% 0.4063 24.49 11.22 28.26 −26.71

45% 0.3965 17.62 0.7946 19.62 −20.18

50% 0.3854 12.75 −3.517 13.5 −14.93

55% 0.3720 9.265 −4.86 9.156 −10.84

60% 0.3558 6.650 −4.951 5.898 −7.648

65% 0.3351 4.698 −4.393 3.486 −5.172

70% 0.3045 3.333 −3.548 1.841 −3.347

75% 0.2590 2.282 2.712 0.5486 −1.919

Table 2 Parameters for the rational function f2(α).

x2 p1 p2 q1 q2

[25, 30, . . . , 75%] −0.0673 0.1578 −2.501 1.699

Table 3 Parameters for the rational function f3(α).

x2 p1 p2 p3 q1 q2

[25, 30, . . . , 75%] 4.066 −7.705 5.055 −0.4136 0.02868

Considering this particular set of points (10-x2-90%), the
Equations in (19) can be adapted as follows:

⎧
⎪⎪⎨

⎪⎪⎩

K = �y
�u

α = f1(�)

T = f2(α)
(
t90 − t10

)α

L = max
[
t90 − f3(α)T 1/α, 0

]
(25)

where x1 = x = 10%, x2 = [25, 30, . . . , 75%], and x3 =
(100 − x) = 90%, and data information for the estimation
of the fractional model is {�y,�u, t10, tx2, t90}.

5 Illustrative examples

The FFOPDT model identification procedure outlined in
Sect. 3 for symmetrical points (x-x2-(100 − x)%) has been
validated with three fractional models. As detailed in Sect. 4,
the selected representative points include x1 = x% = 10%,
x2 ∈ [25, 30, . . . , 75%], and x3 = (100 − x)% = 90%.

A key contribution of this paper demonstrates that the
estimated FFOPDT model accuracy improves when x2 is
adjusted to a location other than x2 = 50%. Initially, a
range of processes of fractional-order is analyzed to assess
how varying x2 influences model accuracy, considering the
fractional-order interval 0.60 ≤ α ≤ 1.00. Subsequently,

123



  106 Page 10 of 27 J. J. Gude, P. García Bringas

two fractional processes of higher-order are utilized to assess
the accuracy of the estimated model with x2 = 65% and
x2 = 50%, respectively. The results of the proposed method
at both x2 positions are then compared with models derived
using established fractional-order identification techniques.
A discussion follows to analyze the findings.

The simulations were carried out using the FOTF MAT-
LAB Toolbox [40].

5.1 Example 1

The applied fractional model is expressed as follows:

P1(s) = K1

(1 + T1sλi )2
e−L1s, (26)

where the model parameters are: K1 = 1.00, T1 = 1.00 s,
L1 = 0.10 s, and λi = [0.60, 0.65, 0.70, . . . , 1.00].

A fractional second-order plus dead-time (FSOPDT)
process is characterized by this transfer function,which intro-
duces a structural variation compared to the reduced-order
model used in the proposed identification method. Indeed,
model (26) was employed in [33] using the same range:
0.60 ≤ λi ≤ 1.00.

The purpose of this example is to investigate the impact
of x2 on the accuracy of the reduced-order model when the
proposed identification technique is applied.

The following procedure has been applied:

1. Nine different fractional-order values have been applied
to the transfer function detailed in (26). Specifically,
Table 4 provides the sampling interval TS , the total data
points NS , the computed duration NSTS , and the values
of λi employed for the considered processes P1,i with
i = 1, . . . , 9.

2. For each process P1,i and each set of representative points,
the fractional model parameters θi, j = {Ki, j , Ti, j , Li, j ,

αi, j } are estimated, where j = 1, . . . , 11 corresponds to
each set of representative points. Table 5 lists the positions
of x2 used in the FFOPDT model identification.

3. The step response has been determined for the 99 non-
integer models, and the corresponding values of S(θi, j )

have been calculated. Figure9 shows all the values of
S(θi, j ) · NS computed for the processes P1,i with i =
1, . . . , 9, considering x2 positions with j = 1, . . . , 11.

The resulting conclusions from Fig. 9 are as follows:

1. The highest value of S(θi, j ) consistently occurs at x2 =
25% ( j = 1).

2. As x2 increases (i.e., for higher j values), S(θi, j ) shows
a substantial decrease.

Table 4 Non-integer orders, sampling time, number of samples, and
time duration utilized for the processes P1,i with i=1,…,9

i λi NS TS [s] NSTS [s]
1 0.60 58040 0.01 580.39

2 0.65 29206 0.01 292.05

3 0.70 15816 0.01 158.15

4 0.75 8960 0.01 89.59

5 0.80 5224 0.01 52.23

6 0.85 3067 0.01 30.66

7 0.90 1761 0.01 17.60

8 0.95 965 0.01 9.64

9 1.00 594 0.01 5.93

Table 5 Symmetrical sets of points employed

j Method # x2 Set of points

1 1 25% (10–25–90%)

2 2 30% (10–30–90%)

3 3 35% (10–35–90%)

4 4 40% (10–40–90%)

5 5 45% (10–45–90%)

6 6 50% (10–50–90%)

7 7 55% (10–55–90%)

8 8 60% (10–60–90%)

9 9 65% (10–65–90%)

10 10 70% (10–70–90%)

11 11 75% (10–75–90%)

3. In all curves, a minimum S(θi, j ) is observed when x2 >

50%.
4. Specifically, for λi ≥ 0.75, the minimum S(θi, j ) aligns

with x2 = 65%. For λi < 0.75, the minimum shifts
slightly below x2 = 65%, with negligible differences
from that position.

5. For λi < 0.8, S(θi, j ) rises significantly from its mini-
mum. However, this increase is minor for λi ≥ 0.8.

These findings suggest that the accuracy of the approx-
imate fractional model improves when using the FFOPDT
identification techniquewith symmetrical points, particularly
when the central point x2 is located around 65%. Figure10
presents the relative performance index values comparing
methods #9 and #6 (x2 = 65% and x2 = 50%), respec-
tively, based on the values of λi with i = 1, . . . , 9. The
figure demonstrates that for all fractional orders λi consid-
ered in process (26), the proposed identification technique
with x2 = 65% yields significant improvements in model
accuracy compared to x2 = 50%.

For illustration, the case i = 5 (λ5 = 0.80) for the
processes P1,i , as analyzed in [33] under symmetrical con-
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Fig. 9 Performance index S(θi, j )multiplied by NS calculated for the 99
FFOPDT models estimated using the proposed procedure. The model
parameters θi, j are defined based on processes P1,i with i = 1, . . . , 9
and locations x2 with j = 1, . . . , 11

Fig. 10 S9,6(θ9, θ6) represent the relative performance values consid-
ering each process P1,i (i = 1, . . . , 9) with fractional orders λi . These
values represent the ratio of performance between the method with
x2 = 65% (#9) and the method with x2 = 50% (#6)

ditions, is examined below. Figure11 illustrates the step
response of process P1,5. The process data required for
identification and the respective model parameters θ5, j =
{K5, j , T5, j , L5, j , α5, j } are presented in Tables 6 and 7 for
cases j = 6 (x2 = 50%) and j = 9 (x2 = 65%). The
results obtained using the (10–50–90%), as suggested in [33],
are compared with those with (10–65–90%), which yield the
minimum S value.

Figures 12 and 13 display the responses to a step of the
approximate fractional models with parameters θ5,6 and θ5,9,
estimated using the proposed technique for (10–50–90%)
and (10–65–90%), respectively. Although good results are

Fig. 11 Step response curve for the process P1,5 and input signal

Table 6 Process information required for the process P1,5

Method #6 Method #9

�u = 1.00

�y = 1.00

t10 = 0.4890 s

t50 = 1.9900 s t65 = 2.6250 s

t90 = 9.7230 s

Table 7 FFOPDT model parameters identified using the proposed
method with sets of points (10–50–90%) and (10–65–90%) for the pro-
cess P1,5

Method #6 Method #9

K5,6 = 1.00 K5,9 = 1.00

T5,6 = 2.2003 s T5,9 = 2.0448 s

L5,6 = 0.3466 s L5,9 = 0.3629 s

α5,6 = 0.8447 α5,9 = 0.8274

obtained in both cases when compared to the reaction curve,
the model with x2 = 65% performs better than the one with
x2 = 50%. In particular, S(θ5,6) = 6.06 ·10−5 for x2 = 50%
while S(θ5,9) = 4.31 · 10−5 for x2 = 65%, indicating a 30%
reduction in S and resulting in a more accurate model with
x2 = 65%.

To assess the impact of x2’s position on model accuracy,
Fig. 14 shows the S(θ5, j ) values for the 11 methods ( j =
1, . . . , 11), with x2 ranging from 25% to 75%. The results
indicate that the minimum S(θ5, j ) value occurs for j = 9,
corresponding to x2 = 65%.

Figure15presents the values of S9, j (θ5,9, θ5, j ) = S(θ5,9)/

S(θ5, j ) for each x2 location ( j = 1, . . . , 11) defined in Table
5. This comparison quantifies the advantage of selecting
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Fig. 12 Step response of the FFOPDT model identified by employing
developed technique with x2 = 50% (method #6)

Fig. 13 Step response of the FFOPDT model identified by employing
developed technique with x2 = 65% (method #9)

x2 = 65% ( j = 9) with the chosen identification technique
relative to all other x2 positions. For values of x2 < 65%, the
benefit of using x2 = 65% increases steadily, reaching up to
an 80% improvement compared to x2 = 25%. Similarly, for
x2 > 65%, x2 = 65% still offers a 25% advantage compared
to x2 = 75%.

Fractional-order model identification methods are known
to yield better performance index S values compared to
integer-order methods. Previous work [33] demonstrated
that the fractional model obtained using (10–50–90%) out-
performs widely used integer-order models for the same
example. Since the FFOPDTmodel with x2 = 65% achieves
higher accuracy than with x2 = 50%, the findings from [33]
are also applicable in this context.

Fig. 14 Values of S(θ5, j ) calculated using techniques #1-11 for the
process P1,5

Fig. 15 Relative performance values S9, j calculated using techniques
#1-11with respect to the one calculated usingmethod #9 for the process
P1,5

5.2 Example 2

Ahigher-order non-integer transfer function exhibiting dom-
inant lag characteristics is utilized in this subsection:

P2(s) = K2

(1 + T2sλ2)n
, (27)

where the parameters are K2 = 2.00, T2 = 1.00 s, n = 5,
and λ2 = 0.85.

This model, originally proposed in [25] and subsequently
used in [33] as a demonstrative example, validated the perfor-
mance for the FFOPDT identification technique considering
symmetrical points.
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Fig. 16 Step response curve for the process P2 and input signal

Table 8 Process information required for the process P2

Method #6 Method #9

�u = 1.00

�y = 2.00

t10 = 2.3450 s

t50 = 5.8450 s t65 = 7.8050 s

t90 = 19.2050 s

Table 9 FFOPDT model parameters identified employing the devel-
oped technique with set of points (10–50–90%) and (10–65–90%) for
the process P2

Method #6 Method #9

K2,6 = 2.00 K2,9 = 2.00

T2,6 = 5.0713 s T2,9 = 4.3409 s

L2,6 = 1.8860 s L2,9 = 1.9975 s

α2,6 = 0.9119 α2,9 = 0.8798

Here, the fractional model estimated for x2 = 65% using
this identification approach is compared to models obtained
with x2 = 50% and other models derived from alternative
identification methods.

Figure16 presents the open-loop step response for pro-
cess P2. From these results, Table 8 summarizes the process
data required for FFOPDT identification procedures using
the sets (10–50–90%) and (10–65–90%). Table 9 lists the
corresponding parameters θ2, j = {K2, j , T2, j , L2, j , α2, j }
for methods j = 6 (with x2 = 50%) and j = 9 (with
x2 = 65%), while Table 10 shows the models estimated
using the three approaches in [25], with fractional model
parameters θ2, j for j = 12, 13, 14, representing methods
#12-14.

Table 10 FFOPDT model parameters determined by employing the
various strategies suggested in [25] for the process P2

Method #12 Method #13 Method #14
(strategy 1) (strategy 2) (strategy 3)

K2,12 = 2.00 K2,13 = 2.00 K2,14 = 2.00

T2,12 = 5.00 s T2,13 = 5.00 s T2,14 = 4.48 s

L2,12 = 1.50 s L2,13 = 0.69 s L2,14 = 1.50 s

α2,12 = 0.85 α2,13 = 0.85 α2,14 = 0.85

Fig. 17 Step response of the FFOPDT model identified by employing
the developed technique with x2 = 50% (method #6) for the process
P2

Figures 17, 18, 19, 20 and21 show the step responses of the
fractional models estimated using methods #6 (x2 = 50%),
#9 (x2 = 65%), and #12-14, respectively, along with the
reaction curve.

To assess model accuracy, Table 11 provides values of the
performance index S(θ2, j ) for eachmodel estimated by these
procedures ( j = 1, . . . , 14) applied to P2.

The relative performance index S9, j (θ2,9, θ2, j ), compar-
ing models from methods #1-14 to method #9 (with x2 =
65%), is shown in Table 12. Here, θ2,9 is the parameter vector
obtained from method #9 for process P2, while θ2, j corre-
sponds to method # j , with j = 1, . . . , 14. Figures22 and 23
visualize this data.

Figure22 shows S9, j values for models estimated by tech-
niques #1-11,with j = 1, . . . , 11, compared to technique #9.
The index S increases significantly up to 80% for x2 = 25%.
For x2 > 65%, the values of S at x2 = 70% are simi-
lar to those at 65%, with a slight increase of up to 11% at
x2 = 75%. Figure23 presents values of S9, j for models esti-
mated using techniques #6, #12, #13, and #14. The results
show that method #9 (x2 = 65%) reduces S by 36% com-
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Table 11 Performance index
S(θ2, j ) computed for the
FFOPDT models determined
employing the identification
techniques considered with
j = 1, . . . , 14 for the process P2

j Method Model x2 (%) set of points S(θ2, j )

1 #1 FFOPDT 25 (10–25–90%) 1.50 × 10−3

2 #2 FFOPDT 30 (10–30–90%) 1.10 × 10−3

3 #3 FFOPDT 35 (10–35–90%) 9.01 × 10−4

4 #4 FFOPDT 40 (10–40–90%) 7.09 × 10−4

5 #5 FFOPDT 45 (10–45–90%) 5.56 × 10−4

6 #6 FFOPDT 50 (10–50–90%) 4.49 × 10−4

7 #7 FFOPDT 55 (10–55–90%) 3.66 × 10−4

8 #8 FFOPDT 60 (10–60–90%) 3.13 × 10−4

9 #9 FFOPDT 65 (10–65–90%) 2.86 × 10−4

10 #10 FFOPDT 70 (10–70–90%) 2.89 × 10−4

11 #11 FFOPDT 75 (10–75–90%) 3.22 × 10−4

12 Tavakoli-Kakhki 1 FFOPDT − − 1.10 × 10−3

13 Tavakoli-Kakhki 2 FFOPDT − − 1.90 × 10−3

14 Tavakoli-Kakhki 3 FFOPDT − − 6.56 × 10−4

NS = 25, 001

Fig. 18 Step response of the FFOPDT model identified by employing
the developed technique with x2 = 65% (method #9) for the process
P2

pared tomethod #6 (x2 = 50%), and by 75%, 85%, and 56%,
respectively, compared to methods #12, #13, and #14.

Thus, this example also demonstrates that moving x2 to a
value around 65% can substantially enhance the accuracy of
the FFOPDT model.

5.3 Example 3

This subsection utilizes a higher-order non-integer transfer
function:

Fig. 19 Step response of the FFOPDT model identified by employing
the approach outlined in [25] (strategy 1) for the process P2

P3(s) = K3
∏3

i=1(1 + Ti sλ3)
, (28)

where K3 = 3.00, T1 = 3.00 s, T2 = 2.00 s, T3 = 1.00 s,
and λ3 = 0.88.

Thismodel, originally proposed in [25] and also applied in
[32] as a demonstrative example, validated the performance
of the FFOPDTmodel identification techniquewith symmet-
rical and asymmetrical points. TheFFOPDTmodel estimated
with this identification approach for x2 = 65% is compared
to the one obtained for x2 = 50% and with models estimated
using alternative identification techniques.
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Fig. 20 Step response of the FFOPDT model identified by employing
the approach outlined in [25] (strategy 2) for the process P2

Fig. 21 Step response of the FFOPDT model identified by employing
the approach outlined in [25] (strategy 3) for the process P2

Figure24 illustrates the step input applied to process P3
and the corresponding model response. Table 13 provides an
overview of the process data needed for FFOPDT identifica-
tion, using the set of points (10–50–90%) and (10–65–90%).
Table 14 lists θ3, j = {K3, j , T3, j , L3, j , α3, j } considering
methods j = 6 (x2 = 50%) and j = 9 (x2 = 65%). Process
(28) is also estimated using an FFOPDTmodel derived from
the technique proposed in [25], an FFOPDT model derived
through the optimization method in [18], and an optimal
FOPDT model. The estimated parameters θ3, j for methods
#12-14 are provided in Table 15.

Figures 25 and 26 display the step responses of the approx-
imate models estimated employing techniques #6 (x2 =
50%) and #9 (x2 = 65%), as well as the reaction curve,

Table 12 Relative performance values comparing different fractional-
order models for the process P2

Compared methods S9, j = S9/S j Improvement (%)

#9 - #1 0.1976 80.2

#9 - #2 0.2499 75.0

#9 - #3 0.3182 68.2

#9 - #4 0.4047 59.5

#9 - #5 0.5156 48.4

#9 - #6 0.6391 36.1

#9 - #7 0.7832 21.7

#9 - #8 0.9176 8.2

#9 - #9 1.0000 −
#9 - #10 0.9927 1.0

#9 - #11 0.8910 10.9

#9 - #12 0.2501 75.0

#9 - #13 0.1526 84.7

#9 - #14 0.4369 56.3

Fig. 22 Relative performance values calculated using techniques #1-11
with respect to the one calculated using technique #9 for the process P2

respectively. Symmetrical points (x-x2-(100− x)%) are also
included. Additionally, Figs. 27, 28 and 29 present the step
response of the process P3, along with the step responses of
reduced-order models based on Tavakoli-Kakhki’s (method
#12) and Guevara et al.’s (method #13) approaches, as well
as the optimal FOPDT model (method #14).

To assess the accuracy of these models, Table 16 displays
the index values S3, j for the approximate models derived
employing techniques ( j = 1, . . . , 14) applied to process
P3.

Figure30 demonstrates that increasing x2 to approxi-
mately 65% improves the accuracy of the estimated FFOPDT
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Fig. 23 Relative performance values calculated using techniques #6
and #12-14 with respect to the one calculated using technique #9 for
the process P2

Fig. 24 Step response curve for the process P3 and input signal

Table 13 Process information required for the process P3

Method #6 Method #9

�u = 1.00

�y = 3.00

t10 = 2.0290 s

t50 = 6.3850 s t65 = 8.8640 s

t90 = 20.8030 s

model. Beyond this point, further increases in x2 do not yield
additional benefits.

Figure31 presents a comparison of S(θ3, j ) values with
techniques #6, #9, #12, #13, and #14 ( j = 6, 9, 12, 13, 14).
The results indicate that method #14, representing the opti-

Table 14 FFOPDT model parameters identified employing the devel-
oped technique with sets of points (10–50–90%) and (10–65–90%) for
the process P3

Method #6 Method #9

K3,6 = 3.00 K3,9 = 3.00

T3,6 = 6.6709 s T3,9 = 5.9386 s

L3,6 = 1.3436 s L3,9 = 1.4627 s

α3,6 = 0.9477 α3,9 = 0.9240

Table 15 FFOPDT model parameters determined with the identifica-
tion methods outlined in [25], in [18], and with the optimal parameters
of an FOPDT model for the process P3

Method #12 Method #13 Method #14

K3,12 = 3.00 K3,13 = 3.00 K3,14 = 3.00

T3,12 = 6.30 s T3,13 = 5.63 s T3,14 = 8.74 s

L3,12 = 1.00 s L3,13 = 1.88 s L3,14 = 0.00 s

α3,12 = 0.9200 α3,13 = 0.9263 −

Fig. 25 Step response of the FFOPDT model identified by employing
the developed technique with x2 = 50% (method #6) for the process
P3

mal FOPDT model, exhibits significantly reduced accuracy
compared to the FFOPDT model. Among all methods,
method #9 (x2 = 65%) achieves the best results, even out-
performing optimization-based methods #13 and #14.

The index S9, j (θ3,9, θ3, j ), comparing methods #1-14 to
method #9 (x2 = 65%), is listed in Table 17. Here, θ3,9
denotes themodel parameter vector obtained frommethod #9
for process P3, while θ3, j represents the parameters derived
from method # j ( j = 1, . . . , 14) for process P3. This data
is illustrated in Figs. 32 and 33.

Figure32 shows the S9, j values for techniques #1-11 ( j =
1, . . . , 11) compared to #9, revealing that S increases sharply
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Fig. 26 Step response of the FFOPDT model identified by employing
the developed technique with x2 = 65% (method #9) for the process
P3

Fig. 27 Step response of the FFOPDT model identified by employing
the approach outlined in [25] for the process P3

to nearly 80% for x2 = 25%when x2 < 65%. For x2 ≥ 65%,
the S values remain similar, indicating no significant benefit
in further increasing x2.

Figure33 shows S9, j values for techniques #6, #12, #13,
and #14 compared to #9. Method #9 (x2 = 65%) reduces
S by 33.9% compared to method #6 (x2 = 50%), and by
36.4%, 23.8%, and 83.8% compared to models #12, #13,
and #14, respectively. This example also demonstrated that
setting x2 to approximately 65% can significantly improve
the accuracy of the fractional model.

Fig. 28 Step response of the FFOPDT model identified by employing
the approach outlined in [18] for the process P3

Fig. 29 Step response of the optimal FOPDT model for the process P3

5.4 Discussion

A variety of non-integer process models was employed to
evaluate the performance of the proposed identification tech-
nique for estimating FFOPDTmodels and to investigate how
adjusting x2 in the representative points (x-x2-(100 − x)%)

affects the accuracy of the approximate model. This study
specifically focuses on identifying processes with fractional-
order behavior, with the FFOPDT model order constrained
to 0.50 ≤ α ≤ 1.00. Such processes are commonly encoun-
tered in process control [3].

For the academic community, it is widely known that the
accuracy of the estimated fractional model is influenced by
the positions of selected points along the process reaction
curve [2]. In traditional identification techniques for integer-
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Table 16 Performance index
S(θ3, j ) computed for the
FFOPDT models determined
employing the identification
techniques considered with
j = 1, . . . , 14 for the process
P3.

j Method Model x2 (%) Set of points S(θ3, j )

1 #1 FFOPDT 25 (10–25–90%) 3.80 × 10−3

2 #2 FFOPDT 30 (10–30–90%) 3.00 × 10−3

3 #3 FFOPDT 35 (10–35–90%) 2.40 × 10−3

4 #4 FFOPDT 40 (10–40–90%) 2.00 × 10−3

5 #5 FFOPDT 45 (10–45–90%) 1.60 × 10−3

6 #6 FFOPDT 50 (10–50–90%) 1.30 × 10−3

7 #7 FFOPDT 55 (10–55–90%) 1.10 × 10−3

8 #8 FFOPDT 60 (10–60–90%) 9.55 × 10−4

9 #9 FFOPDT 65 (10–65–90%) 8.65 × 10−4

10 #10 FFOPDT 70 (10–70–90%) 8.44 × 10−4

11 #11 FFOPDT 75 (10–75–90%) 8.68 × 10−4

12 Tavakoli-Kakhki FFOPDT − − 1.40 × 10−3

13 Guevara FFOPDT − − 1.10 × 10−3

14 Optimal FOPDT − − 5.30 × 10−3

NS = 15, 001

Fig. 30 Values of S(θ3, j ) calculated using methods #1-11 for the pro-
cess P3

order models, however, the selection of these points is often
quite arbitrary. In some cases, no rationale is provide for their
selection [6], while for others, key points are chosen based
on their relationship to model parameters [5]. Some meth-
ods strategically select these points to optimize parameter
accuracy [4]. In contrast, fractional-order identification tech-
niques provide well-documented insights into the influence
of representative points, showing that both asymmetrical and
symmetrical sets impact model accuracy [32], with a partic-
ular emphasis on symmetrical sets in [41].

This study focuses exclusively on the symmetrical case
described in [33]. Considering the symmetry requirements,
the representative points (x1-x2-x3%) are chosen by opti-

Fig. 31 Values of S(θ3, j ) calculated using techniques #6, #9, and #12-
14 for the process P3

mally positioning one point (x1 = x%), while the opposing
point is defined symmetrically (x3 = (100 − x)%). The pri-
mary aim of this paper is thus to locate the optimal placement
of the central point, x2.

A key finding is the validation of the estimated model’s
accuracy and sensitivity in relation to the positions of the
three selected points. In particular, significant improvements
inmodel accuracy are achieved byplacing x2 at a location dif-
ferent from x2 = 50%, while preserving symmetry and fixed
positions for x1 and x3. Specifically, as discussed in Sect. 5,
the accuracy of the identifiedmodel reaches aminimumvalue
for x2 > 50, with the optimal position consistently observed
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Table 17 Relative performance values comparing different fractional-
order models for the process P3

Compared methods S9, j = S9/S j Improvement (%)

#9 - #1 0.2259 77.4

#9 - #2 0.2842 71.6

#9 - #3 0.3549 64.5

#9 - #4 0.4430 55.7

#9 - #5 0.5457 45.4

#9 - #6 0.6609 33.9

#9 - #7 0.7844 21.6

#9 - #8 0.9058 9.4

#9 - #9 1.0000 −
#9 - #10 1.0257 −
#9 - #11 0.9971 −
#9 - #12 0.6359 36.4

#9 - #13 0.7623 23.8

#9 - #14 0.1623 83.8

Fig. 32 Relative performance values calculated using techniques #1-11
with respect to the one calculated using technique #9 for the process P3

around x2 = 65% across various fractional dynamics within
the order range 0.50 ≤ α ≤ 1.00.

The method proposed in this paper introduces several
novel aspects compared to the authors’ previous work. More
specifically:

1. The relationship between model accuracy and the central
point’s location has been established. This behavior has
been generalized for various fractional-order dynamics.

2. A selection criterion for x2 has been established to mini-
mize the model’s accuracy.

Fig. 33 Relative performance values calculated using techniques #6
and #12-14 with respect to the one calculated using technique #9 for
the process P3

3. Compared to the method proposed in [33], improvements
are primarily based on more accurate estimations of the
α parameter.

4. The problem and methodology of the experimental pro-
cedure used are clearly defined in Sect. 4.

5. These contributions have been validated through simu-
lation, using several examples commonly found in the
literature. In particular, Example 1 in Sect. 5.1 extensively
evaluates 99 fractional-order processes with orders in the
range α ∈ [0.6, . . . , 1.0].

This section demonstrates a significant improvement in
accuracy across multiple fractional-order process models
when the central value is adjusted to x2 = 65%. This
adjustment enhances the effectiveness of the identification
technique and retains its essential characteristics:

1. This analytical method significantly simplifies hardware
implementation, as discussed further in Sect. 6.

2. The method’s simplicity stems from the straightforward
physical interpretation and ease of application of the
three-point identification approach. Simplicity is main-
tained since the value of the central point is fixed at
x2 = 65% and the symmetry of the remaining points, x1
and x3, is also held. Furthermore, the recommendations
provided in [33] for the selection of the x-value remain
valid for this procedure.

3. This identificationmethod is highly effective and improves
the model’s accuracy. The reduction of the performance
index S when moving central point x2 to 65% compared
to x2 = 50% has been quantified. More specifically, the
reduction in S is 30% for P1,5, 36% for P2, and 34% for
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Fig. 34 Scheme of Deusto HES equipment, including a detailed picture
of the thermodynamic phenomena in the extruder head

P3. The proposed identification method demonstrates a
significant improvement in accuracy compared to well-
known identification methods, including those based on
optimization techniques.

Additionally, while this paper does not address measure-
ment noise and model uncertainty, these aspects have been
thoroughly discussed in [32].

6 Experimental results

The objectives to be fulfilled in this section are the following:
First, to confirm that the proposed identification procedure
can be applied to an experimental prototype; and second, to
understand the practical aspects of applying the proposed
algorithm on industrial hardware. This section is divided
as follows: first, a brief overview of the temperature-based
experimental setup is presented. Then, the proposed identi-
fication technique for (x-x2-(100− x)%) is implemented on
a microprocessor hardware. The procedure is then applied
to an experimental setup, thus verifying the applicability
of the FFOPDT model identification technique to indus-
trial equipment. Finally, we address practical considerations
related to the hardware implementation, more specifically on
a microprocessor-based platform, and conclude with some
final remarks.

6.1 Thermal-based experimental setup

This section utilizes an experimental setup based on a
hardware-in-the-loop system.Figure34 illustrates theDeusto
Heater Experimental Setup (HES), which is the equipment
being considered. The thermal process occurs at the top of
the prototype, where an air fan and the extruder head of a 3D
printer are housed within a methacrylate duct. This figure
also highlights the thermodynamic phenomena occurring in
the extrusion head. Although the prototype supports several
configurations [42], the one used in this study maintains a
constant air fan speed, with the heating resistor functioning

as the actuator. For a more comprehensive description of this
equipment, see [41, 42].

6.2 FFOPDTmodel estimation

To implement the identification procedure and verify our
results, we utilized the hardware architecture described in
[43] along with the experimental prototype.

The hardware consists of an NI myRIO-1900 device,
selecting its onboard microprocessor to implement the
FFOPDT model identification method, with LabVIEW used
as the programming environment. Figure35 illustrates the
complete layout of the experimental setup, including the
microprocessor-based device employed as hardware for the
practical implementation of the identification algorithms dis-
cussed in this paper.

The identification technique described in Algorithm 1,
based on the representative points (x-x2-(100 − x)%), was
implemented using LabVIEW on the microprocessor device.
The required process data to determine model parameters θP
are the process output variation �y, the input signal varia-
tion �u, and the times taken to achieve x% (tx ), x2% (tx2),
and (100 − x)% (t100−x ) of the total response interval, as
indicated in Algorithm 1.

Algorithm 1 Identification technique with symmetrical
points (x-x2-(100 − x)%)

Require: {tx , tx2, t100−x , �y, �x}
Ensure: θP = {K , T , L, α}
1: Determine the process gain: K = �y

�u .
2: Extract the times tx , tx2, and t100−x from the process reaction curve.
3: Determine the ratio index: � = t100−x−tx

tx2−tx
.

4: Compute α = f1(�).
5: Use the rational expressions to find f2(α) and f3(α).
6: Calculate T = f2(α) · (t100−x − tx )α .

7: Derive L = max
[
t100−x − f3(α) · T 1

α , 0
]
.

8: Fractional model parameters: θP = {K , T , L, α}

Figures 36 and 37 present the process data used to identify
the reduced-order model at a specific operating point. Ini-
tially, the command signal uF is held constant at 10%, while
a step inputwith amagnitude of�uH = 30% is applied to the
heating element (seeFig. 36).At this operating point, the tem-
perature Tm(t) exhibits a change of�Tm = 42oC , increasing
from 60.5oC to 102.5oC (see Fig. 37). Note that the output
signal is effectively filtered using a first-order low-pass filter,
and the sample time for this experiment was TS = 100 ms.

These figures provide the signal data used to determine
the process parameters listed in Table 18. Table 19 sum-
marizes the FFOPDT model parameters derived with the
technique detailed in [32] for the points (10–50–90%) and
(10–65–90%). Then, Figs. 38 and 39 illustrate the process
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Fig. 35 Overview of the experimental setup for implementing model identification algorithms on a microprocessor-based device. The figure also
contains a block diagram with the configuration of the thermal process

Fig. 36 Input signal uH (t), in the form of a step with �uH = 30%,
and the command signal uF (t) = 10% applied to the thermal process
in the experimental prototype

Table 18 Process information required for the thermal process

Method #6 Method #9

�y = �Tm = 42oC

�u = �uH = 30%

t10 = 16.80 s

t50 = 53.30 s t65 = 76.10 s

t90 = 174.50 s

response and the step responses of fractional-order models
whose parameters are detailed in Table 19.

The models obtained using methods #1-11 are presented,
with Table 20 displaying the values of S(θ4, j ) for each iden-

Fig. 37 Output signal Tm(t) [oC] of the thermal process in the experi-
mental prototype

Table 19 FFOPDT model parameters identified employing the devel-
oped technique with sets of points (10–50–90%) and (10–65–90%) for
the thermal process

Method #6 Method #9

K4,6 = 1.40oC/% K4,9 = 1.40oC/%

T4,6 = 49.83 s T4,9 = 46.62 s

L4,6 = 11.08 s L4,9 = 11.49 s

α4,6 = 0.9468 α4,9 = 0.9373

tification technique ( j = 1, . . . , 11) applied to the thermal
process. Figure40 visually illustrates the data summarized
in Table 20. The behavior observed in the temperature-based
process mirrors that of the examples in Sect. 5, exhibiting a
minimum value in S(θ4, j ) for x2 > 50%. Specifically, the
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Fig. 38 Step response of the FFOPDT model identified by employing
the developed technique for (10–50–90%)

Fig. 39 Step response of the FFOPDT model identified by employing
the developed technique for (10–65–90%)

minimum occurs at x2 = 60% ( j = 8), although the dif-
ference from x2 = 65% ( j = 9) is negligible. Performance
indices increase slightly for values of x2 above 60%, as dis-
cussed in Sect. 5. In this case, using x2 = 65% instead of
x2 = 50% results in an 8.7% reduction in S.

The proposed approach is compared with other identifi-
cation techniques for FFOPDT models that are based on the
reaction curve. Specifically, the symmetrical approach pro-
posed for x2 = 65% is compared with the symmetrical and
asymmetrical methods presented in [32], corresponding to
the points (10–50–90%) and (20–60–95%), respectively, as
well as with the method proposed by Nie in [44]. Addition-
ally, comparisons are included with the optimal methods for
FOPDT and DPPDT models.

Table 20 Performance index S(θ4, j ) computed for the FFOPDT mod-
els determined employing the identification techniques considered with
j = 1, . . . , 11 for the thermal process

j Method Model x2 (%) Set of points S(θ4, j )

1 #1 FFOPDT 25 (10–25–90%) 3.12 × 10−4

2 #2 FFOPDT 30 (10–30–90%) 2.20 × 10−4

3 #3 FFOPDT 35 (10–35–90%) 1.62 × 10−4

4 #4 FFOPDT 40 (10–40–90%) 1.15 × 10−4

5 #5 FFOPDT 45 (10–45–90%) 9.02 × 10−5

6 #6 FFOPDT 50 (10–50–90%) 7.34 × 10−5

7 #7 FFOPDT 55 (10–55–90%) 6.68 × 10−5

8 #8 FFOPDT 60 (10–60–90%) 6.50 × 10−5

9 #9 FFOPDT 65 (10–65–90%) 6.70 × 10−5

10 #10 FFOPDT 70 (10–70–90%) 7.28 × 10−5

11 #11 FFOPDT 75 (10–75–90%) 8.01 × 10−5

NS = 4001

Fig. 40 Values of S(θ4, j ) calculated using methods #1-11 for the ther-
mal process

Table 21 presents the parameters of the FFOPDT model
for the thermal process at the considered operating point,
obtained using the previously selected techniques. The MSE
values calculated for these models are shown in Table 22.
Based on this data, it can be observed that the proposed
method delivers satisfactory results compared to other tech-
niques for FFOPDT models based on the process reaction
curve. Specifically, the S values obtained with the proposed
symmetrical method for x2 = 65% are 8.7%, 43.2%, and
32.0%lower than thoseobtainedwith the symmetrical, asym-
metrical, and Nie’s methods, respectively.

Furthermore, any of the FFOPDT model identification
methods significantly outperforms the MSE optimization-
based methods for FOPDT and DPPDT models, confirming

123



Improving a reaction curve-based analytical... Page 23 of 27   106 

Table 21 FFOPDT model
parameters identified using
different identification
techniques for the thermal
process

Method Model Set of points K (◦C/%) T (s) L (s) α

Proposed FFOPDT (10–65–90%) 1.40 46.62 11.49 0.9373

Symmetrical [32] FFOPDT (10–50–90%) 1.40 49.83 11.08 0.9468

Asymmetrical [32] FFOPDT (20–60–95%) 1.40 47.28 11.05 0.9333

Nie [44] FFOPDT (20–60–95%) 1.40 43.39 13.62 0.9279

Optimal FOPDT FOPDT − 1.40 69.10 7.55 −
Optimal DPPDT DPPDT − 1.40 32.43 0.00 −

the superiority of fractional-order models over integer-order
models for modeling purposes.

Therefore, it can be concluded that the proposed approach
achieves more accurate estimation of FFOPDTmodels com-
pared to other well-established methods, while maintaining
the simplicity of the procedure.

Figure41 shows the front panel of the interface imple-
mented using LabVIEW for FFOPDT model identification.
This figure highlights the various features available in the
LabVIEW-based application:

1. Selection of the symmetrical method, including x% and
x2% for (x-x2-(100 − x)%).

2. Obtaining process information {�y,�u, tx , tx2, t100−x }.
3. Estimation of θP = {K , T , L, α}.
4. Two charts for recording the different variables and

responses. One of them shows uF (t) [%] and uH (t)
[%], while the other one shows Tm(t) [oC], the reduced-
order fractional model step response, and the selected set
(tx , Tm(tx )), (tx2, Tm(tx2)), and (t100−x , Tm(t100−x )).

5. Determination of S (model performance index).
6. Export the process variables as text- or excel-format.

6.3 Discussion and final remarks

Fractional behavior appears in processes of different natures:
physical, electrical, biological, and thermal-based processes,
among others [10, 11, 45, 46]. There is a wide variety of
natural processes that exhibit fractional behavior. Many of
them, with α-values in the range considered in this work, can
be typically encountered in many engineering applications.
Note that thermal processes are particularly significant in the
process industry [12, 13].

Given that this type of behavior is ubiquitous, the avail-
ability of this type of identification procedures for fractional
reduced-order models such as the one used in this paper
is of significant interest in the industrial environment. Fur-
thermore, any accuracy improvement in the identification
methods of the identified model is of major relevance.

This section discusses the usefulness and improvement
obtained with the considered FFOPDT model identifica-
tion method by moving the central point x2 with respect

to x2 = 50% in an industrial context. The main purpose
is to validate the relevance of the identification method and
assess the effect of varying x2’s position when when applied
to industrial hardware and tested with an experimental pro-
totype.

Without loss of generality, the identification technique
presented in this work is implemented on microprocessor-
based hardware. However, it is equally adaptable to any tech-
nology compatible with the hardware architecture described
in [43]. As discussed above, the FFOPDT model identifica-
tion method is analytical and may be easily implemented on
any hardware device.

Concerning the practical aspects of implementing this
method on microprocessor hardware, several key consider-
ations emerge in the context of the identification technique
explored in this work:

1. The considered identification procedure requires the fol-
lowing process data: {�y,�u, tx , tx2, t100−x }.

2. The reaction curve can be stored by using two vectors: one
containing the temperature information (Tm) and another
with the time information (t). Both vectors are character-
ized by several points NS , a sampling period TS , and a
total duration NSTS .

3. Determining the times tx , tx2, and t100−x (with 0 < x <

50 and x < x2 < 100 − x) in terms of software involves
traversing the vector Tm to locate the amplitudes corre-
sponding to x% (Tm(tx )), x2% (Tm(tx2)), and (100−x)%
(Tm(t100−x )), respectively.

4. The FFOPDT model parameters are obtained using
{�y,�u, tx , tx2, t100−x } and applying the analyticalEqua-
tions (25), with x1 = x and x3 = 100 − x . Additionally,
the analytical formulas for f1, f2, and f3 calculated for
the points (x-x2-(100 − x)%).

5. Methods for identifying process models that involve
selecting specific points from the response curve are gen-
erally straightforward to implement. Examples include
fractional-ordermodel identification, as described in [33],
and integer-order model identification, as outlined in [4].

6. As observed, implementing this identification procedure
is straightforward on hardware platforms due to its ana-
lytical nature.
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Table 22 Performance index
S(θ4, j ) computed for the
FFOPDT models determined
employing the reaction
curve-based identification
techniques, with j = 1, . . . , 6,
for the thermal process

j Method Model Set of points S(θ4, j )

1 Proposed FFOPDT (10–65–90%) 6.70 × 10−5

2 Symmetrical [32] FFOPDT (10–50–90%) 7.34 × 10−5

3 Asymmetrical [32] FFOPDT (20–60–95%) 1.18 × 10−4

4 Nie [44] FFOPDT (20–60–95%) 9.85 × 10−5

5 Optimal FOPDT FOPDT − 5.80 × 10−4

6 Optimal DPPDT DPPDT − 9.40 × 10−4

NS = 4001

7. Unlike MATLAB, LabVIEW lacks a specific toolkit for
fractional systems. Thus, the simulation of the FFOPDT
model step response in LabVIEW was implemented
by approximating the non-integer differential operators
using adiscretizationof theGrünwald-Letnikovdefinition
for fractional derivatives. However, other approximation
methods are also possible.

Some remarks and limitations
This section presents some observations and limitations of
the approach proposed in this work, particularly regarding
its practical application.

The proposed approach is used for the identification of
processes exhibiting fractional behavior, characterized by
a monotonic S-shaped response. These types of processes,
commonly found in process control [3], can bemodeled using

an FFOPDT model with a fractional order in the range of
0.50 ≤ α ≤ 1.00.

In an industrial environment, it is common for the feed-
back signal of the controlled process to contain measurement
noise. This requires appropriate filtering when the signal is
used for model identification and control. Since the filter
dynamics will be an integral part of the controlled process to
be identified, the proposed identification procedure does not
account for the measurement noise [47].

Finally, because the proposed identificationmethod is ana-
lytical, it requires low computational effort. This ensures that
the characteristics of the hardware used do not limit the effec-
tiveness of the procedure.

Implementing algorithms for identifying fractional mod-
els on hardware and applying them to a laboratory prototype
has provided valuable insights into practical implementation

Fig. 41 Graphical user interface of the LabVIEW application to implement model identification algorithms on a microprocessor-based device
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challenges. This experience will help demonstrate the bene-
fits of using fractional-order models, recognized in technical
literature for their enhanced accuracy in modeling, in indus-
trial applications.

7 Conclusions

This paper introduces an FFOPDT model identification
technique that fits three symmetrical points of the process
response curve. This technique aims the improvement of the
FFOPDT model’s accuracy through the adjustment of the
position of x2, while preserving the symmetry of points x1
and x3 relative to the middle of the output interval.

This study reveals that the position of x2 has a substantial
effect on the approximate FFOPDT model’s accuracy. To
confirm these results, an experimental procedure has been
designed and implemented. In particular, a more accurate
FFOPDT model can be achieved by increasing x2 to approx-
imately 65%, significantly improving the accuracy within
the context of the identification procedure considered here.
Additionally, the study provides new insights into selecting
x2, emphasizing that the improvement in model accuracy is
primarily due to a more precise estimation of the parameter
α.

Various simulation examples were employed to illustrate
the effectiveness and practical application of this technique,
while also exploring the impact of x2 on model accu-
racy. Additionally, a hardware-in-the-loop thermal prototype
was employed to validate these findings in the context of
microprocessor-based hardware implementation.

For industrial applications, note that this approach is ana-
lytical and involves less computational effort than more
complex, optimization-based algorithms. In large-scale pro-
cess industries, which often include many hundreds of
control loops, the simplicity of the proposed method makes
it particularly valuable for model identification in control
applications.

The following lines of future work are suggested in the
context of this research:

• Given that the workhorse in the process industry is the
programmable logic controller (PLC), these identifica-
tion procedures must be implemented in a PLC in order
for this research to have an impact at the industrial level.

• Hybrid identification methods that combine analytical
and optimization-based methods should be explored.

We believe that emphasizing simplicity in identification
methods will help connect theoretical studies of fractional
modelingwith their practical implementation in the industrial
sector, thereby promoting their adoption in industry. This
expectation serves as a key motivation for our current work.

Appendix A Glossary of acronyms

BIBO bounded-input bounded-output
DPPDT dual-pole plus dead time
FFOPDT fractional first-order plus dead time
FOPDT first-order plus dead time
FOTF fractional-order transfer function
FSOPDT fractional second-order plus dead time
HES heater experimental setup
LabVIEW Laboratory Virtual Instrument Engineering
Workbech
MATLAB MATrix LABoratory
MSE mean squared error
PLC programmable logic controller
SOPDT second-order plus dead time
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