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ARTICLE INFO ABSTRACT

Keywords: This paper presents a unified nested weighted framework for the systematic synthesis of
Fractional calculus Podlubny-type fractional PID controllers through the constructive generation of generalized
Generalized fractional operators fractional operators. The proposed methodology adopts a composition-based perspective in

Nested weighted operators

- which generalized fractional operators are recursively constructed from weighted differential
Fractional-order control

. and integral mappings, allowing classical formulations, including the Riemann-Liouville and
Podlubny-type fractional i o N .
PID controllers Caputo operators, to be recovered as particular cases. Within this framework, a novel pulling-
Controller synthesis type weighted fractional operator is introduced and its fundamental analytical properties,
including linearity, kernel characterization, boundedness, semigroup behavior, and Laplace-
domain representation, are rigorously established. These results provide the mathematical
foundation for deriving a generalized family of weighted Podlubny-type fractional PID con-
trollers, where the weighting functions become explicit design parameters governing memory
distribution and closed-loop dynamics. Consequently, the proposed framework transforms the
construction of generalized fractional operators into a systematic methodology for fractional
controller synthesis, establishing a constructive link between generalized fractional calculus and
fractional-order control design.

1. Introduction

During the last three decades, fractional-order control has evolved from a primarily theoretical research topic into a mature
methodology for addressing the complex dynamics exhibited by many practical systems. Unlike classical integer-order formulations,
fractional operators naturally describe memory and hereditary effects, providing more accurate representations of diffusion
phenomena, viscoelastic materials, thermal processes, electrochemical systems, and distributed-parameter dynamics [1-3]. Conse-
quently, fractional-order controllers have demonstrated significant improvements in robustness, disturbance rejection, and tracking
performance across a broad range of engineering applications, including robotics, chemical processes, energy systems, biomedical
engineering, and industrial automation [4,5]. Despite these advances, most existing controller architectures continue to rely on a
relatively limited set of predefined fractional operators, restricting the structural flexibility available for developing new classes of
control laws with tailored memory characteristics.

Among the various fractional-order control strategies, the fractional-order PID (FOPID) controller proposed by Podlubny remains
the most influential and widely adopted architecture [1]. By introducing independent fractional integration and differentiation
orders, this formulation extends the classical PID controller from three to five tuning parameters, providing additional flexibility for
shaping closed-loop dynamics. Since its original introduction, extensive research has focused on tuning methodologies, optimization
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algorithms, digital implementation, robustness analysis, and practical applications [2,4,6-9]. Recent experimental studies have
further demonstrated the applicability of fractional-order control to practical process systems. Continuous and discrete FOPID
controllers have been implemented in real time on coupled-tank systems [10], while optimized discrete FOPID control has been
applied to pressure swing adsorption processes for bioethanol production under reference changes and external disturbances [11].
More recently, fractional-order integral state-feedback control has also been investigated for disturbance attenuation in pressure
swing adsorption systems [12]. Beyond these experimental developments, adaptive, variable-order, intelligent, and data-driven
formulations have further expanded the applicability of the original architecture [5,13]. Weighted FOPID structures have also
recently been explored for the control of nonlinear systems with variable time delay [14]. Nevertheless, these developments have
generally focused on specific controller formulations, tuning, and implementation, rather than on providing a systematic framework
for extending the underlying fractional operator and deriving broader families of controller architectures.

Meanwhile, fractional calculus has experienced remarkable theoretical advances through the development of generalized oper-
ators, including weighted, proportional, tempered, and non-singular kernel formulations, considerably extending the mathematical
framework beyond the classical Riemann-Liouville and Caputo definitions [15-17]. Many of these operators are constructed through
the systematic composition of elementary fractional mappings, leading to operators with customized memory characteristics [18].
Although these developments have substantially enriched the theory of fractional calculus, they have had only limited impact on
controller synthesis. Consequently, the evolution of generalized fractional operators and that of fractional PID controllers have
largely followed independent paths, leaving a significant gap between modern operator theory and fractional control design. As a
result, no systematic methodology currently exists for translating generalized fractional operator theory into generalized controller
architectures.

Motivated by this gap, this paper develops a unified composition-based framework for constructing nested weighted fractional
operators and exploiting them in the systematic synthesis of Podlubny-type fractional PID controllers. Rather than proposing another
tuning strategy or an isolated FOPID variant, the proposed methodology enlarges the controller design space by generalizing
the fractional operator itself through recursive weighted compositions, where the weighting functions become structural design
variables. Within this framework, the classical PI*D¥ controller naturally emerges as a particular case, while broader families of
weighted FOPID controllers can be systematically generated through different nested operator compositions.

To establish this framework, a novel pulling-type weighted fractional operator is first introduced and its main analytical proper-
ties, including linearity, kernel characterization, boundedness, and semigroup behavior, are rigorously established. These analytical
results provide the mathematical basis for deriving a generalized family of weighted Podlubny-type fractional PID controllers.
The resulting controller synthesis methodology is finally validated through real experimental implementations, demonstrating that
generalized fractional operator theory can be systematically translated into practical controller synthesis. To the authors’ knowledge,
this work presents a unified framework based on nested weighted fractional operator compositions for the systematic construction
of generalized Podlubny-type fractional PID controllers.

The main contributions of this paper can be summarized as follows:

« Establishes a unified composition-based framework for constructing nested weighted fractional operators.
+ Introduces a novel pulling-type weighted fractional operator and rigorously analyzes its main analytical properties.
+ Derives a generalized family of weighted Podlubny-type fractional PID controllers from the proposed framework.

The remainder of the paper is organized as follows. Section 2 reviews the fundamental concepts of fractional calculus and
the composition-based viewpoint adopted throughout this work. Section 3 introduces the proposed nested weighted composition
framework. Section 4 develops the generalized weighted fractional operators and establishes their main analytical properties.
Section 5 presents the systematic synthesis of generalized Podlubny-type fractional PID controllers based on the proposed framework.
Section 6 illustrates the proposed methodology through representative examples and discusses its implications for fractional-order
controller design. Finally, Section 7 concludes the paper and outlines directions for future research.

2. Fractional calculus

In this section we recall the main definitions and properties of fractional calculus used throughout the paper. We adopt a uniform
notation based on the Riemann-Liouville and Caputo operators.

2.1. Riemann-Liowville fractional integral

Definition 1 (Riemann-Liouville Fractional Integral). Let 1 > 0 and f € L'(a, b). The Riemann-Liouville fractional integral of order
A is defined by

1
alnHe = ﬁ/ (- f()dr, t>a a
We denote by II‘(L') the class of functions representable as fractional integrals of summable functions, that is, f = If(p,

@ € L'(a,b) (see [19-23]). The operator 17 is understood as the classical Riemann-Liouville fractional integral of order a. This
convention is adopted to simplify notation and to emphasize the convolutional structure of the proposed framework.
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2.2. Riemann-Liowville fractional derivative

Definition 2 (Riemann-Liouville Fractional Derivative). Let u > 0 and let s = [u] + 1. The Riemann-Liouville fractional derivative
of order yu is defined by

(D 1) = (%) U H), t>a. @
For 0 < u < 1, this reduces to

(DO = 517 1o ®)

Remark 1. A function f € L'(a, b) is said to have a summable fractional derivative if
17" f € AC*([a, b)),
where AC*([a, b]) denotes the space of functions whose (s — 1)-th derivative is absolutely continuous on [a, b] (see [19,20,24-26]).
The action of fractional operators on power functions provides explicit examples and serves as a fundamental computational

tool [27,28].

Example 1. Let A, € (0,1) and g > —1. Then
rg+1

Ap_ g = — T 7 (4 gt

==
and

i = LBFD e

D!(t—a) _F(ﬁ—u+1)(t ay’ ™",

provided that g # u — 1 (see [23,29]).

Remark 2. A notable feature of the Riemann-Liouville derivative is that constants are not annihilated. In particular,
(t—a
L(l—p)’
This distinguishes the Riemann-Liouville framework from the classical derivative and from Caputo-type formulations. However,
in the classical limit one recovers

DIl =

lim D1 =0,
51
which restores the standard annihilation property (see [19-21,23]).

2.3. Basic properties

In this subsection we collect some fundamental properties of the weighted fractional framework. Throughout this subsection, we
assume:

* f,g : [a,b] = R are sufficiently smooth functions;

+ f € L'(a,b) and the corresponding Riemann-Liouville fractional integrals and derivatives exist;
» whenever composition properties are considered, the required initial data are well-defined;

» for product rules, f and g are assumed analytic in a neighborhood of [a, b].

These assumptions guarantee that all operators below are well-defined [19-23,30]).

Limit Case. Under the previous assumptions, the Riemann-Liouville derivative recovers the classical derivative in the integer-order
limit

lim D11 = <70
This property ensures consistency of the fractional framework with the classical differential setting (see [19,20,23,30])
Semigroup Property. In general, the Riemann-Liouville derivative does not satisfy the semigroup law
DDl f+ Dy
However, the semigroup property
p/Dlf=p""r )
holds whenever fY(a) =0, =0,...,s — 1, with s = [#], and f possesses sufficient regularity.

This condition will play an important role when constructing nested weighted operators.
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2.4. Caputo fractional derivative

Besides the Riemann-Liouville formulation, the Caputo derivative plays a central role in control applications owing to its
compatibility with classical initial conditions.

Definition 3 (Caputo Derivative). Let ; > 0 and m = [u]. The Caputo fractional derivative is defined by

i)m 70, (5)

DLr0 =17 (4

provided £ € L'(a, b).

ForO<u<1, Di'f(n) = I;]_M £'@). Unlike the Riemann-Liouville derivative, ,D¥1 = 0 (see [31]).
2.5. Laplace transform

For control applications, the Laplace transform provides the natural frequency-domain representation of fractional operators.
Assuming a = 0 and sufficient regularity [22,30,32], the following relations hold
Fractional Integral:

LU FOY(s) = sTHF(s).

Riemann-Liouville Derivative:
s—1

LD D)) = " F&) - 35 [P rw] - ©

—0+
k=0 =0

Under zero initial conditions, E{Dﬁ‘ F®}(s) = s*F(s).
Caputo Derivative (zero initial conditions):

L{ D' f()}(s) = s* F(s).

These classical operators constitute the elementary building blocks of the nested constructions introduced in the next section.
2.6. Convolution structure and fundamental properties

The convolution product provides the algebraic foundation in the construction of the weighted fractional operators introduced in
this work. It provides the natural algebraic mechanism through which memory kernels interact and allows a unified representation
of several generalized integral and differential operators (see [33-35]).

Definition 4 (Convolution Product). Let f,g € Lllnc([a, b]). The convolution of f and g is defined by

t

(f = &)®) 3=/ [t —1)g(r)dr, t>a. @
Proposition 1 (Differentiation of the Convolution). Let f,g be sufficiently smooth functions such that the convolution (f * g)(t) is
well-defined. Then,

d

E(f # g)(1) = [(0)g®) + (f" + ), (8)
where f' denotes the classical derivative of f. Equivalently,

d

E(f # g)(1) = gO)f (1) + (f * ). ©)
Corollary 1 (Symmetric Differentiation Rule). Let f, g be sufficiently smooth such that (f = g)(t) is well-defined. Then the derivative of
the convolution can be written in the symmetric form

L1+ 00 =3¢+ 00+(f * 1)), (10)

Proof. From the classical differentiation formulas,

%(f * g)(1) = f0)g®) + (f * g)®), 1n
and

%(f * ©)(1) = g0V f () + (f * gD (12)
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Adding both expressions and dividing by two yields

0 0 , ,
41« g = TOEOLEOT L L (1 gy 4. 2 800, a3)
In particular, if the boundary terms vanish, namely
f0) =g0) =0,
the symmetric representation follows
Lir 00 =3¢+ 00+ * 1)), (14)

These properties establish the convolution algebra that underlies the generalized weighted compositions developed in the next
sections.

2.6.1. Convolution representation
The fractional integral admits the convolution form
1H
r-p
This representation will be essential when analyzing Laplace transforms of the weighted operators introduced later (see [22]).

=k« f. k0=

2.7. Composition framework

Let ©, denote a linear differential operator and O, a linear integral operator acting on a suitable function space.

Definition 5 (Composition Operator). Let k € N. The composition operator of depth k is defined by

o]

Ci=0,00, 000, , @{,j €{0,,0;},
where ¢ = (6,05, ...,0;) is an arbitrary sequence o differential and integral operators.
The above definition allows the construction of a broad family of operators generated from differential and integral building
blocks. Typical examples include
0,00,00,,
0,00,00;,
60,00,00,00;, (15)
as well as repeated structures such as (0,00,)%, (©,00,). The ordering of differentiation and integration determines the resulting

memory structure of the operator. Consequently, different composition chains may generate substantially different dynamical
behaviors.

Remark 3. The present work focuses on the construction and application of nested weighted fractional operators. A detailed study
of algebraic properties such as commutativity, associativity, and the equivalence of different composition chains is left for future
research. Such an analysis could provide a more complete characterization of the operator algebra generated by the proposed
framework.

2.8. Recovery of classical fractional operators

The compositional viewpoint naturally recovers several classical fractional operators as particular arrangements of differential
and integral operators.

. . d\" : e ( d\™
Definition 6. Let 4 € (0,1) and let n,m € {0,1}. Let f € L'(a, b) be such that (E) f€L(ab),and I,7# (Z) f € AC((a, b)).
We define

crf) = (%)" ol!Ho (%)m 0. t>a

Recovery of classical operators

The parameters » and m determine the position of the integer-order differentiation relative to the fractional integral. Different
choices recover several well-known operators:
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o If (n,m) = (1,0),
d _
Hor_ & (rl-u — DH
Cl’of_dt (Ia f)_Daf’

which corresponds to the Riemann-Liouville fractional derivative.
* If (n,m) = (0, 1),
1—u (4 c
ot =17 (55 ) = Dir.
which corresponds to the Caputo fractional derivative.
« If (n,m) = (0,0),

Mg plep
Coof =111
which corresponds to a fractional integral operator.

Therefore, classical fractional operators arise naturally as particular configurations of a differential-integral composition chain.

Remark 4. The compositional structure introduced above is not restricted to discrete configurations determined by (n,m) € {0,1}.
More general operators can be obtained by redistributing fractional integrals around the differentiation stage.

Hilfer operator as a structured composition

Let y € (0,1) and v € [0, 1]. Assume that all expressions below are well-defined. We define (see [36])

o p=mg 4 ra=v-m)
Clf@) =1 "oEoIa V=1 £(7), t>a.

Remark 5. The operator C! coincides with the Hilfer fractional derivative and provides a continuous transition between the
Riemann-Liouville and Caputo definitions. Indeed, v = 0. Then C} = D}, while v = 1. Then C}' = ©D}. Consequently, the Hilfer
derivative may be interpreted as a structured redistribution of fractional integration stages around the differentiation operator.

Katugampola operator as a weighted composition

The compositional philosophy can also be extended to generalized fractional operators involving deformation parameters and
weighted differential structures. A representative example is the Katugampola derivative, which can be written in the structural
form (see [37])

DSy =1 (117 p ), p> 0,

where 137””’ denotes the generalized Katugampola fractional integral. The above expression reveals that the Katugampola

derivative can be interpreted as a weighted differential operator acting on a generalized fractional integral. Therefore, it remains
compatible with the composition-based framework developed in this section.
The previous examples show that several classical and generalized fractional operators can be interpreted as structured compositions
of differential and integral operators. In particular, Riemann-Liouville and Caputo operators arise from simple compositions, Hilfer
operators emerge through a redistribution of fractional integration stages, and Katugampola-type operators introduce weighted
deformations while preserving the underlying compositional structure. This observation suggests that operator composition plays
a more fundamental role than any individual fractional definition. Motivated by this point of view, the next section introduces
weighted composition chains, where each stage of the operator may be modulated through suitable weighting functions.

3. Nested weighted composition chains

The Katugampola derivative illustrates that weighted differential structures can be naturally incorporated into a composition
framework. Motivated by this observation, we consider a broader class of weighted composition chains in which both the differential
and integral stages are modulated through weighting functions.

In contrast with classical fractional operators, the weighting functions may depend not only on time and the fractional order,
but also on auxiliary signals associated with the dynamical system under consideration. This additional flexibility will allow for
the construction of fractional PID-type operators and control-oriented architectures later. To this end, we introduce the weighted
differential block

— .d — ™
0, = (th(t,u,p)a - Vl(t,u,p)) ,

where n; € N, ¢, and y, are sufficiently smooth functions, u = {y;} I’i . denotes a collection of fractional orders to represent and
p denotes an auxiliary function. Similarly, we define the weighted integral block

N "
—_ 1- i -
;= (qz(t,ﬂ,g)Zf),-I, g —rz(t,u,g)> .
i=1
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where 6, € R, n, € N, ¢, and y, are sufficiently smooth functions, g is an auxiliary function. Therefore, the general weighted
composition chain takes the form

NWE =

N |
_ d _ niy _ 1-y; _
(‘Iu(l,ll,P)E _J/l](tvﬂ7p)) °<021(laﬂ,8)29,’11, " —J/21(I,Ilag)> 0 xe
i=1

ny;

_ d _ nyj — N 1—u; —
wo (aywimp L= Ep) o a0 Y01 = paRe) ) (16)
i=1

To make explicit the notation used in the nested composition, let 7 = (u;, ty, ..., tin), 0 < p; < 1, denote the vector of fractional-
order parameters, where N denotes the number of fractional-memory channels, and let @ = (n;,nyy,...,n15,m5) € N?/ denote
the collection of integer-valued exponents associated with the differential and integral blocks at each composition level, where J
denotes the number of nested composition levels. For each j = 1,..., J, the functions ¢,; and g,; are real-valued weighting functions,
whereas y,; and y,; are real-valued shift functions, with the regularity required for the corresponding differential or fractional
integral operations to be well-defined. Likewise, 6; ;ER, i=1,...,N, j=1,...,J,are real-valued coefficients that determine the
contribution of each fractional-memory channel at the jth composition level. The regularity assumptions on the functions ¢, ;, g,;,
71j> and y,; are understood to be imposed according to the analytical property under consideration.

This generalized chain provides a hierarchical mechanism for combining differential and memory effects across multiple nested
levels. Each stage of composition j introduces a local interaction between weighted differentiation and weighted fractional memory,
while repeated nesting allows these effects to propagate through successive layers of operators.

The finite family of fractional orders { y[}ﬁ | defines the memory spectrum of the operator. In particular, the parameter N
determines the number of simultaneous memory integrals, allowing the coexistence of short-term and long-term memory effects. The
coefficients 6;; modulate the contribution of each memory integral at every composition level, producing a nonuniform distribution
of memory influence across the chain.

On the other hand, the integer exponents n,;,n,;, determine the local structural depth of the differential and integral blocks.
Larger values of n,; increase the local differential order, whereas larger values of n,; amplify the internal memory accumulation.
Consequently, the interplay between the composition depth j, the number of memory channels N, and the exponents n,;,n,;
generates a highly flexible operator family capable of reproducing a broad range of dynamical behaviors.

The previous discussion leads to the following structural interpretation of the generalized composition chain:

* For N =1 and n,; = ny; = 1, classical weighted fractional operators are recovered;

+ Increasing N enriches the memory structure by introducing multiple fractional layers;

» Increasing j deepens the nested composition hierarchy, producing multistage memory-differential interactions;
* Increasing n,; or n,; intensifies the local action of differentiation or memory accumulation.

In control applications, the auxiliary functions p and g will typically be associated with tracking errors (see [38]), state variables,
or other closed-loop signals. This dependence allows the weighting functions and shifts to adapt dynamically to the system evolution,
leading to nonlinear and time-varying fractional control architectures. At the present stage, however, these functions are kept general
in order to preserve the operator-theoretic nature of the construction.

Example 2 (Nested Weighted generalized Riemann Liouville Structure).
Choosing n; =1, n, =1, y; =y, =0, gives

N
— .d — 1—p;
04°0; = q,(t. 1. p) (qz(t, H,8) Z I, > .

i=1

For ¢, = ¢, = 1, N =1, the classical Riemann-Liouville derivative is recovered.

Example 3. Under the appropriate hypotheses, consider
d 1- 11—
0,00,f = Lo (tﬂlt “) F=0Dif 4o IV EL pER.
This operator differs from classical Riemann-Liouville and Caputo derivatives and represents a time-varying fractional dynamics,
which is particularly relevant in control applications with variable gains.

This construction is related to generalized weighted fractional operators appearing in the literature, including the Katugampola
derivative, fractional derivatives with respect to another function, and conjugation-based fractional operators. However, the present
operator arises naturally from the composition-chain framework developed here, providing a direct structural interpretation of
variable-coefficient fractional dynamics [37,39].

Example 4 (The triple nested configuration). Let q;(t, 1, f;) = q; and y;(t,u, g;) = y; be sufficiently smooth functions, n;,n,,n; € N.
We define the nested weighted operator

d ny _ n d n3
6,00,00, = (‘hE —71) (421; Hp)” (%E —}’3) .
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4. Weighted fractional operators

The weighted structure of the Katugampola derivative reveals that fractional operators may be enriched by introducing nontrivial
weighting mechanisms into their differential-integral composition. Motivated by this observation, and seeking greater structural
richness and flexibility, particularly for the construction of PID-type dynamical models, we consider a broader class of generalized
weighted fractional operators.

In contrast to classical fractional definitions, the proposed formulation incorporates multiple memory layers, variable weighting
functions, and auxiliary functions (see [40,41]). This allows the simultaneous interaction of several memory integrals, each with
potentially different fractional orders, while the weighting functions provide an additional mechanism for modulating their influence.
Such a framework naturally extends the weighted philosophy introduced by Almeida [39,42], Contreras [43], Fernandez [16], and
Katugampola [37,44], while considerably enlarging its structural capacity. In particular, this richer architecture provides a suitable
foundation for generating fractional PID-type operators and adaptive multi-memory control laws.

Definition 7 (Weighted Fractional Operator).
Let 5 = (up, Moo ..., un),0 < p; < 1, and let 9, € R,i = 1,..., N. Assume that ¢, = ¢,(, u, p(t)), g, = q,(t, 1, g(1)), are sufficiently
smooth weighting functions, where p and g are auxiliary functions. The weighted fractional operator is defined as
N
u " - d m I=p;
WEF() = NWEF(© = g, p0) - | a2t .80) Y 0,1, £ ).
n dt P
Remark 6 (Auxiliary Functions).
The functions p and g play the role of auxiliary variables that may be selected according to the application under consideration.
For the theoretical developments presented in this section they are assumed sufficiently smooth so that all derivatives and fractional

integrals are well-defined. In control applications, these auxiliary variables will later be associated with the tracking error and other
closed-loop signals, allowing the weighting functions to adapt the operator structure to the system dynamics.

Remark 7 (Motivational Structure).

Although the general compositional framework introduced in the previous section allows arbitrarily deep nested configurations,
in this work we restrict our analysis to the weighted operator defined above. This choice is motivated by two main reasons. First, the
proposed structure already contains enough flexibility to generate a broad family of fractional proportional-integral-derivative (PID)
models through suitable choices of the coefficients g;, the fractional orders y;, and the weighting functions ¢, and ¢,. Second, this
simplified configuration preserves the essential interplay between differentiation and memory while keeping the resulting operators
tractable for analysis, identification, and control implementation.

In this sense, the weighting functions provide an additional degree of freedom that extends classical fractional PID constructions, allowing
adaptive, nonlinear, and multi-memory effects without increasing the structural complexity of the operator chain.

4.1. Basic properties

+ Linearity: Assume that the weighting functions ¢; = ¢,(t, 1), ¢, = ¢,(t, 1) are prescribed and independent of the state. Then the
operator , D} is linear. Let ¢;,c, € R and let u, v belong to the domain of the operator. Then

N
d I—p;
WH(cru+ cyv) = g o [42 Z 0,1, Hi(eyu+ czv)] .
=
Using the linearity of the fractional integral, I, ™ (cju + ¢,v) = ¢; I *u+ ¢, 1! "' v, we obtain

N N
d 1—p; d 1-p;
Wi e+ ep0) = erar - [‘12 201" u] +oq, [42 200" U] :
i=1 iz
Therefore, W/ (cju + ¢yv) = ey WHu+ e, WHo.

Remark 8 (Loss of Linearity).

If g, = q,@t, 1, p(1)), g, = q5(t, i, g(1)) depend explicitly on the state or auxiliary variables, the operator is not necessarily linear.
Indeed, q,(t, u,u + v) # q,(t, 4, u) + q,(t, 1, v) in general. Consequently, the proposed framework includes both linear and nonlinear
weighted fractional operators as particular cases.

(t—a)l=*

—————, we obtain
re-uw

+ Constant-Annihilating: Suppose that N =1, g; = 1, and ¢,(, u) = (t—a)*~'. Then W1 = 0. Using I,l_" 1=
1

. . . d 1-
————. Since the above expression is constant, — ( t,l 1) = 0. Hence, W*1 = 0.
TC—n P ar \ L0l i

17
ot wl, "1 =
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« Constant-Annihilating Multi-integral Property: Suppose that for each i = 1,..., N, g,,(t, 4;) = (t—a)*i~L. Then W¥1 = 0. Indeed,
_r
r@-p)

(t—a)!~Hi

s T=pi ¢ _
using I, "1 = To-m

N
, we obtain g, (1, u)I, "1 = , which is constant. Therefore, % (Z By i, up T~ 1> =0,
i=1

and consequently, W¥1 =0.
Remark 9. The constant-annihilating property is not guaranteed for arbitrary weighting functions. Instead, it can be enforced
through an appropriate selection of the weighting functions, as illustrated above. When this property is satisfied, a constant error
contribution is annihilated by the corresponding fractional derivative channel, thereby avoiding a persistent contribution from that
channel at steady state. Conversely, for a general Riemann-Liouville-based weighted operator without the constant-annihilating
condition, a constant error need not be annihilated. Consequently, zero steady-state error cannot be inferred solely from the use of

the Riemann-Liouville operator and must instead be established from the specific controller structure and the selected weighting
functions.

+ Convolution Structure and Transfer Function Representation. Let q,, ¢,, f € L]'OC (0, o0) and consider the weighted fractional
operator W/ defined in Definition 7. The operator is given by

WEF®) = 010 T PO (000,70 8OIM 1)

where

M=o (175 ) @

i=1

with
O<p <1, 0, eR.

Using the Riemann-Liouville fractional integral representation, the memory term admits the convolution representation

N
M0 =6 (k, 1),
i=1
where
T Hi
= Ty

The following statements hold.
(i) For constant weighting functions ¢, and ¢,, the operator reduces to
d
W f(t) = qlqzaMf(tl

Under zero initial conditions, its Laplace transform is £ {Wt” f } (s) = 145 s M f(s). Since

N
M (s) = <Z eis‘(“””) F(s),

i=1

we obtain
N
L {Wrﬂf} ® =949 <Z 9:'5”’> F(s).
i=1

(ii) If at least one of the weighting functions depends explicitly on time,
d d
qu(t) #0 or qu(f) #0,

then, in general, the operator is time-varying and does not admit a pure convolution representation. In particular,
writing

WET®) = 60 [ M 0]
the product rule gives
WEF®) = 1D OM (1) + g, (DM (1),
Consequently, in general, there does not exist a multiplicative symbol G(s) such that

L{WEf} () = G(s)F(s).
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(iii) For constant weighting functions, the transfer-function representation follows from part (i). Defining
N

Gu(9) =105 Y. 0,5,

i=1

we have

L{WIF}(S) = Gu(9)F(s). a7

Proof. Using the representation of the Riemann-Liouville fractional integral, for 0 < y; < 1 we have

1=p; _ 1 ! g
(I, f)(t)——r(l_”i)/o(t )M f (o) dx.

Define
tHi
I(l—p)

Hence, (Izl_” f ) @) = (km % f ) (t), and therefore

ey, () =

M) = iei (km * f) ),
i=1

which establishes the convolution representation of the memory term.
For part (i), when ¢, and ¢, are constant, Definition 7 gives

d
WS = 41ay 7 My (D).
Under zero initial conditions, the Laplace transform of the derivative is

e{ S M} ) =5My ).

Moreover, using the Laplace transform of the Riemann-Liouville fractional integral,

N N
M(s) = Z 0,5~ (1~H) F(s) = <Z 0,-s(1”")> F(s).

i=1 i=1

Consequently,

L {W,Mf} (8) = q1925M 4 (s)

N
=q198 <Z 91‘5(1”")) F(s)

i=1

N
=919 <Z 9i3”’> F(s),

i=1
which proves part (i).
For part (ii), suppose that at least one of the weighting functions depends explicitly on time. Then

WEF®) = 005 [axOM, 0]

Applying the product rule yields W,” f@) =q (t)q;(t)M O+ qgOM } (). Thus, the operator contains products of time-dependent
functions with the memory term and its derivative. In general, these products cannot be represented as a convolution with a
kernel depending only on the time difference. Hence, the operator is generally time-varying and does not admit a multiplicative
Laplace-domain representation of the form £ {W! f} (s) = G(s)F(s). This proves part (ii).

Finally, for constant weighting functions, part (i) gives

N
L{WESY () = a0 < Gis""> F(s).

i=1
Therefore, defining G,(s) = 4,9, Zfi | 0;s%, we obtain
L{WE Y (5) = G ()F(s),
which proves part (iii).
Remark 10. The convolution representation above refers specifically to the fractional-memory term M ,(¢) through the Riemann-
Liouville fractional-integral kernels k, . The weighting functions ¢; and ¢, in Definition 7 act multiplicatively on the memory

term and are not themselves interpreted as convolution kernels. Accordingly, the multiplicative transfer-function representation
is restricted to the case of time-independent weighting functions.

10
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4.2. Illustrative examples

Example 5 (Multi-Memory PID Structure). Let N = 3, let f € L'(a,b), g, € C'(a,b), 6,,6,,6; € R and choose u; = a, i = u, u3 =
v,0 < a,pu,v<1. Then

d - - -v
WD = 6,05 [0 (617 O + 0,17 f 0 + 6117 0))].
This structure contains three independent fractional-memory integrals and serves as a natural building block for generalized PID-type

architectures.

Example 6 (Polynomial Weights in Convolutional Realization). Choose ¢, (1) = (1+1)", ¢,(t) = (1+1)* fort > 0, r,s € R, §; € R, and let

N
fe Llloc(O, o0). Assume that the convolution ¢, * <z 0.1 11 “Hip > is locally absolutely continuous on (0, c0). Then, the convolutional

i=1
realization is given by

N N
r d K I—p; _ r K i
Wh SO =(1+1) .o [(1+z) *;0,.(1[ ”f)(t):| =1+ * [(1+z) *Z{Gi(D; RIOIE

The parameters r and s control the growth or attenuation of the weighting kernels and are particularly convenient for visualization
purposes.

Example 7 (Exponential Weights depending on u in Convolutional Realization).
Let N =2 Choose ¢, (1) = pe™, g,(t) = e™%2', with a,b > 0 and 6,,0, € R, for f € L!(a,b). Then
Wh e/ = e % [e_b"z’ * (611['_" +92111_”) f] .
This choice introduces an exponentially decaying memory contribution and will be used later for numerical illustrations and

control implementations.

Example 8 (Weighted Caputo in Convolution Form). Let f € C'(a, b). Consider the weighted Caputo-type operator
WSO =17 (a5 1 0).

Using the convolution representation of the Riemann-Liouville fractional integral, it can be written as
WEf =k, * (qf").

If ¢ is constant, then
W f=a(k, =),

and under zero initial conditions,

L{WES}(s)=qs"F(s).

Remark 11. If the weight function ¢(t, #) depends explicitly on time, then in general
ky # (qf') # (gk,) = [’

and the operator is no longer a pure convolution operator. In this case, the Laplace transform does not reduce to a simple
multiplicative symbol ¢(s)s#, but instead involves a convolution in the Laplace domain or a pseudo-differential symbol depending
on the joint structure of g and the kernel k. Therefore, the representation

L{WHE fY(s) = q(s)s" F(s)

is rigorously valid when the weight is constant (or sufficiently slowly varying so that convolution structure is preserved) and zero
initial conditions are assumed.

Example 9 (Numerical Implementation via Griinwald-Letnikov Approximation).

To illustrate the numerical behavior of the proposed weighted fractional operator, we consider an implementation based on the
Griinwald-Letnikov approximation (see [22,30]) combined with discrete convolution. Consider the input function f(r) = sin(2t),t €
[0, 10], with the weighting functions g, (¢) = =%, ¢,(r) = cos1.

Let N = 3, with fractional orders y; = 0.2, u, = 0.5, u3 = 0.8, and coefficients 6, = 1,0, = —0.5,6; = 0.8. For comparison purposes,
we consider two realizations of the weighted fractional structure. The convolutional realization is defined as

3
d —u
Wt‘,‘convf(t) = ql(t) * E |:‘I2(t) * ;ei <Iyl M‘f) (t):| 5

11
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With convolution Without convolution
0.4 4
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0.2 4
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0 2 4 6 8 10 0 2 4 6 8 10

t t

Fig. 1. Numerical comparison of the two realizations considered in Example 9 for f () = sin(2t). The left panel shows the convolutional realization,
while the right panel shows the multiplicative realization. Both realizations use the same fractional orders, coefficients, and weighting functions.

whereas the multiplicative realization, consistent with Definition 7, is given by

3
W[’fmuhf(t) =q (t)% [qz(t) Z 0; (le_”'f) (z)] .
i=1

Both realizations use the same input function, fractional orders, coefficients, and weighting functions. The numerical simulations
allow us to compare the effect of treating the weighting functions as convolution kernels with their multiplicative use in the weighted
fractional operator.

Fig. 1 illustrates the numerical results obtained for the two realizations of the weighted fractional operator. As shown in the
figure, the convolutional realization introduces additional smoothing and delayed memory effects compared with the multiplicative
realization. This behavior is associated with the convolution kernels distributing the corresponding contributions over the history
of the signal.

5. PID-type operators generated by weighted fractional compositions

The objective of this section is to demonstrate that the weighted fractional operators introduced previously naturally generate
a broad class of PID-type control structures. By appropriately selecting the memory orders, weights, and convolution kernels, the
proposed framework recovers classical PID controllers, fractional Podlubny-type controllers, and new multi-memory architectures
(see [1,22,45]).

Throughout this section we assume: f € AC([0,T]), y; € (0, 1), §;, A €R, ¢;,9, € L'(0,T), all convolutions are well-defined. The
adaptive weighting functions are assumed to have the general form

a1 = q,(t, e, ), a0 = q(t. e, ),

where e(r) denotes the tracking error and u represents the fractional tuning parameters of the control architecture (see [38,46,
47D.

5.1. General fractional PID generator
We begin by introducing the fundamental operator from which all subsequent PID-type structures will be generated.

Definition 8 (Nested Weighted Fractional Operator).

Let @ = (4y,pas-sfin), O < p; < 1, and let f,4 € R, i = 1,...,N. Assume that q;,¢, € AC([0,T]) n L'(0,T), and let
f € AC([0,T]) n L'(0,T) be such that all the fractional integrals and derivatives exist. We define the nested weighted fractional
operator by

N
Wion /O = a1 () * % <q2<z) x ) e,-I,“"’> FO+2f®). (18)

i=1

where * denotes the convolution product.

The operator W combines proportional, integral, and fractional-memory effects within a single weighted convolutional
framework. Different controller architectures can be generated through suitable choices of the coefficients g;, the memory orders

u;, and the proportional parameter A.

12
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Using the symmetric convolutional differentiation identity (f x g)’ = % ( flxg+fxg ), which follows directly from the standard
differentiation property of convolutions, the operator (18) can be rewritten as

dgy (D) < - AN
W S = %ql () * < Z() * Z{ 0,17 £ (1) + ax(0) * Z 0,D" f(t)> + AL (). (19)

i=1
This representation provides a Leibniz-type decomposition of the operator: the first term captures the interaction between the
variation of the weighting kernel and the memory contribution, while the second term acts directly on the fractional derivative
structure.
Applying the Laplace transform to (19), and using the standard convolution and fractional integral properties, we obtain

N N
£ {chonvf } ()= %Q. (s)(st(s) D 05707 £ 0y(5) Y] 6‘,-s”i)F(s) + AF(s). (20)
i=1 i=1
Simplifying,
N
L {th,lconvf} ()= (M 2 0;s"i + /1) F(s). 1)
i=1

This representation clearly shows how the weights influence the multi-order fractional dynamics of the operator.

5.1.1. PI and PD-type structures generated by the nested weighted operator

Starting from the general operator (18), different PID-type architectures arise naturally through suitable choices of the memory
orders, weighting functions, and coefficients. For frequency-domain analysis, we consider weighting functions of the form ¢, =
q,(t, 1), ¢» = q,(t, 1), and assume that, for fixed ¢; and ¢, are locally integrable and possess Laplace transforms in a common right
half-plane, i € Z. Under these assumptions, we denote their Laplace transforms by Q(s, u) = L{q; (-, 1) }(s), Os(s, ) = L{q,(-, 1)} (5).
The resulting expressions provide a general Laplace-domain representation of the weighted fractional operator, without requiring a
specific functional form for the weighting functions.

The multiplicative transfer-function representation is obtained only under the additional conditions that the weighting factors
enter the operator through time-invariant convolutional or multiplicative structures for which the corresponding Laplace-domain
factorization is valid. For general time-dependent weighting functions, the Laplace transform of the products does not, in general,
factorize into Q,(s)Q,(s), and the resulting operator must instead be treated as a time-varying weighted operator.

5.1.2. Integral representation
The original operator (18) naturally provides a pure integral-memory representation

N
WHE 10 = a0 * % <q2(z,m £y 0,-1,1_”"f(t)> + A1 (). (22)

i=1

Using (17), its Laplace transform is given by

N
LWt )= <Q1(s,ﬁ)Q2(s,ﬁ) o7+ A) F(s). 23)
i=1

5.1.3. Derivative representation
Using the equivalent form (19), the operator can be interpreted as a derivative-based structure:

N

_ {da, S _ .
W [0 = %ql(t,u) * <—q2;t n Z 0,171 £(1) + a5 (8, 70) * 2 0,.D;‘f(z)> + Af (D). 24)
i=1

i=1

Using (21), its Laplace representation remains

- — N
(s <w 3050+ i) Fo) o5
i=1

This form highlights the direct contribution of the fractional derivatives.

5.2. PID-type structures generated by the nested weighted operator

The operator introduced in (18) naturally generates multi-memory integral and derivative structures through the differentiation
of the nested fractional integrals. However, the simultaneous presence of independent integral and derivative channels is not directly
obtained from the original definition. Nevertheless, motivated by the same weighted convolutional architecture, it is natural to
consider the following extension:

13
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Definition 9. Assume that z = (,ul,...,uN]) and v = V1, ..., vN,) are finite sets of fractional orders with 0 < Hiv; <1,

and let 0;,x;,4 € R. Moreover, assume that the weighting kernels ¢,(-, ) and ¢,(-, ) belong to AC([0,T]) n L'(0,T), and that

f € AC([0,T]) n L'(0,T) is such that all fractional integrals Itl_” "f(@ and I[l_v’ f() exist. Finally, we assume that all convolution
products involved in the definition are well-defined.

Ni Ny
v — d — —; I-v;
WS [0 = a7 * <_dt <£12(LM) i f=§1 9i1,1 ! f(t)> + j§=l K1, 'f(t)> +Af(@. (26)

This extended operator preserves the nested weighted structure while introducing an additional independent integral.
Applying the derivative inside the first nested block, we obtain

Ny Ny
Wi SO = a7 * <qz<r,ﬁ> * 20D FO+ Y, K,-I,I_V’f(t)> + AL (). 27)
i=1 Jj=1

This representation combines derivative and integral memory effects in a unified weighted framework, providing a natural mixed
fractional PID-type structure. Its Laplace transform is

N Ny
£ {Wfé;nvf} ()= <Q1(S)Q2(S) [Z O, + Y xjs““vﬂ] + /1> F(s). 28)
i=1 j=1
This representation combines proportional, derivative, and integral memory effects.

5.3. Illustrative examples

We now present several examples showing how the proposed weighted nested framework naturally generates different fractional
PID-type structures.

Example 10 (PD controller).
Consider the simplest case N = 2, ¢,;(t) = 1, ¢,(t) = g, with ¢ € R constant, and let y; = u, u, = 0, under the appropriate
hypotheses for f. Then the operator (18) becomes
8 _d -
wilrn =2 <q (011, + 921,) f(t)) + AL ().
Its Laplace transform is
LW 11(9) = (abs" + P, + A) F(s),

which corresponds to a Podlubny-type fractional PD controller.

Example 11 (Memory Correction Term). Product version Let ¢,(t) = 1, ¢,(t) = 1 + ¢, and consider N = 2, under the appropriate

hypotheses for f. Then
WIS = (A0 + 0TS 0) + AT

Applying product rule yields
W £(@0) = L+ DB D + B DI SO+ (BT + BT f () + AF(O),
+ To illustrate the behavior of the proposed operator, consider f(r) = sin(27), t € [0, 10], and the weighted fractional structure
W0 = (1+0) (5D} +B,D%) f+ (A1, + o1 ™) 10 + 21 O
We choose the parameters u; = 0.3, u, = 0.7, g, =0.78, p, = 0.2, 1 = 0.5. Thus, the operator becomes
W2 £ () = (1 +1) (0.78D% +0.2D%7) sin(2r) + (0.78127 +0.21%3) sin(21) + 0.5 sin(21).

Fig. 2 illustrates the response of the proposed nested weighted operator to a sinusoidal input. In contrast to conventional
fractional operators, the resulting signal is shaped not only by the distributed-memory effects of the fractional derivatives
and integrals but also by the time-varying weighting function (1 + 7). Consequently, the output exhibits a gradual amplitude
modulation while preserving its oscillatory nature. The nested integral contribution further smooths the response and slightly
modifies its phase, illustrating how the simultaneous selection of the fractional orders and weighting functions provides
additional flexibility for shaping the operator dynamics. The numerical results were obtained using the Griinwald-Letnikov
approximation for the fractional derivatives together with the Liouville representation for the fractional integrals.
+ Consider the input signal

f=e", t € [0,10],

14
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Model 1 Model 2

—— 1 Derivative + 1 Integral BOI== 2 Derivatives + 2 Integrals

40
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t t

Fig. 2. Response of the proposed nested weighted fractional operator for the input f(r) = sin(2¢). The left figure (Model 1) uses one Liouville
fractional integral and one fractional derivative, whereas the right figure (Model 2) employs two Liouville fractional integrals and two fractional
derivatives, providing a richer multi-memory dynamics.

Model 1 Model 2

= 1 Derivative + 1 Integral 500 1"— 2 Derivatives + 2 Integrals

t t

Fig. 3. Response of the proposed nested weighted fractional operator for the input f(r) = e™'. The left figure (Model 1) uses one Liouville
fractional integral and one fractional derivative, whereas the right figure (Model 2) employs two Liouville fractional integrals and two fractional
derivatives, providing a richer multi-memory dynamics.

and the weighted fractional operator
W f@) = L+ 1) (B D) +BDI%) £+ (BT + ol ) 1)+ 7).
For the parameter values y; = 0.3, u, = 0.7, §; =0.78, f, = 0.2, 2 = 0.5, the operator becomes

W2 () = (1+1) (0.78D%* +0.2D%7) e + (078127 +0.21°3) e + 0.5¢7".

Fig. 3 illustrates the response of the proposed nested weighted operator for an exponentially decaying input. Although the excitation
decreases monotonically with time, the combined action of the fractional derivatives, fractional integrals, and the time-varying
weighting function produces a response that differs markedly from the original exponential profile. The distributed-memory property
introduced by the fractional terms reshapes the transient dynamics, while the weighting function (1 +¢) progressively modulates the
operator response.

The obtained result demonstrates that the proposed formulation can effectively modify the temporal evolution of exponentially
decaying signals while preserving their asymptotic behavior. More importantly, together with the previous sinusoidal example, it
illustrates the generality of the proposed nested weighted operator. By jointly selecting the fractional orders and the weighting
functions, the proposed framework provides additional degrees of freedom for tailoring the response of both oscillatory and
monotonic signals, extending the capabilities of conventional fractional operators.

Remark 12 (Memory Correction Term). The test functions f(r) = sin(2t) and f(r) = e™" are selected as representative benchmark
examples due to their complementary analytical and dynamical properties. The trigonometric function sin(2¢) provides an oscillatory
signal, allowing us to evaluate how the proposed operator captures periodic behavior, phase effects, and memory interactions under
convolutional structures. On the other hand, the exponential function e~ represents a decaying process, which is particularly relevant

15
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in the study of dissipative systems, transient responses, and stability analysis. Moreover, both functions possess well-known fractional
derivatives and Laplace transforms, making them convenient prototypes for validating the theoretical properties of the proposed
framework and illustrating its computational tractability.

Convolution version Let g, (t) = (1), ¢,(r) = 1 + ¢, and consider N = 1, under the appropriate hypotheses for f. Then
WL @ = S (05 B 1+ 1750 ) + A5 O

Applying Proposition 1 yields
W2 F() = (1 +1) % DY f(1) + Af ().

or

t
th,‘convf(t) =1x lrliﬂf(l) + j'f(t) :/ ]Tl_/‘f(‘t') dr + lf(t).

a

On the other hand, applying (14) yields

1 1 _
Wh o S = FA+0x DI f(r)+ 2* 1L7HF@ + A1)
Its Laplace transform is

LW V) = 2 (% + S%) () + 3547 P + () =

%s“_zF(s) + s*7LF(s) + AF(s). (29)

Example 12 (Hierarchical Fractional Integral Structure). Let ¢ € [t,, T], and assume 0 < y < l,a > 0,q € C'([to, T, f € L'([ty, T1).
Assume, in addition, that the fractional derivative D/ f exists in the sense adopted throughout this work. Let 4,0 € R. Consider the
operator

WHf =0, [q(r)z,“" + u,] f+OI% .
Using the product rule and the relation o, I,1 “#f = D!f, the operator can be written as
WHf =qOD! f+ 401 7" f + 01 f + Af.

We now analyze the hierarchy between the two fractional integral terms. Since 0 < < 1 and a > 0, both 1 — i and « are positive,
and the semigroup property

I =10% ab>0,
can be employed.
Case 1: a > 1 —pu. Let
a=(-p+A,  A>0.

Then, by the semigroup property,

Agl=
1 =1A1
and hence
WHf = q@)D! f +dI ™" f + 01 1 ™" f + Af. (30)

Thus, the fractional integral I;* f contains Itl_” f as an inner memory layer followed by an additional integration of order A.
Case 2: 0<a<1—pu. Let
l—pu=a+A, A>0.
Then
17 =IA1E

and consequently
WEf = qOD!'f + OIA I f + 01 f + Af. (31)
In this case, I,]_" f contains I f as an inner memory layer followed by an additional integration of order A.

Therefore, the relative ordering of @ and 1 — u determines the nesting of the fractional integral operators and, consequently, the
hierarchy of the associated memory layers.
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Example 13 (Hierarchical Fractional Derivative Structure). Let t € [t,,T], and assume 0 < « < 1,0 < u < 1,q € C‘([tO,T]), f e
L'([ty, T)). Assume that the fractional derivatives Df f and Df‘ f exist in the sense adopted throughout this work. Furthermore, assume
the additional regularity required for the composition of fractional derivatives used below. Let 1,6 € R. Consider the operator

wek g =g lort=e + g1 + u,] s
Using the product rule and the identities 9,1~ f = D*f, 9,1 ,]_" f = D!f, we obtain
WO = gD f + 41" f + 0D f + Af.
We now analyze the hierarchy between the two fractional derivative terms. Under the assumed composition property
Dyt f = DEDl,
the ordering of « and u determines the corresponding nested derivative structure.
Case 1: a > pu. Let
a=pu+A, A>0.
Then
D* = DAD¥,
and therefore
WEHf = gD f +¢)1 7" f +0DAD! £+ af. (32)

Thus, the higher-order fractional derivative D{f can be interpreted as an additional differentiation layer acting on the
lower-order fractional derivative D f.

Case 2: 0 < @ < p. Let
u=a+A, A>0.
Then
D! =DpDE,
and consequently
W f = gODADEf + 41" f + 0D f + Af. e

In this case, the lower-order fractional derivative Df f constitutes the inner derivative layer, while D;‘ f corresponds to an
additional differentiation of order A.

Therefore, under the assumed composition property, the relative ordering of « and y determines the nesting of the fractional
derivatives and the corresponding hierarchical differential structure.

Remark 13 (Computational Implementation and Finite-Memory Approximation). The nested fractional structure generally requires
a larger history buffer than a conventional FOPID controller, since each fractional memory layer may involve its own history of past
samples. Consequently, the computational and memory requirements increase with the number of fractional memory terms N.
For real-time implementation, a practical approach is to employ a finite-memory approximation, in which the fractional history is
truncated to a moving window of length T),. Thus, only the most recent samples within [t — T,,,t] are retained. The memory length
T,, can be selected according to the desired accuracy and available computational resources, with larger values providing a more
accurate approximation of the long-memory dynamics.

6. Constructive weight selection methodology

Once the generalized controller structure has been established, the remaining design problem consists of prescribing the
weighting functions. Unlike the conventional FOPID controller, where the design variables are limited to controller gains and
fractional orders, the proposed framework introduces the weighting functions as additional structural design parameters. Since
different weight selections may produce comparable closed-loop responses, the objective is not to identify a unique solution but
to develop a constructive design methodology that satisfies both the analytical requirements of the proposed operators and the
practical constraints associated with controller implementation.

The first requirement is analytical consistency. In order for the weighted fractional operator to be well defined, the weighting
functions must satisfy the regularity assumptions established throughout this paper. In particular, we assume

0,,0, € AC(10,T) n L' (0, T),

which guarantees the existence of the required convolution products and preserves the validity of the corresponding Laplace-domain
representation.
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GENERAL PROCEDURE: PRESCRIBED WEIGHTS FOR A PROPER WEIGHTED CONTROLLER
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Fig. 4. Constructive methodology for prescribing the weighting functions.

The second requirement is dynamic consistency. The main idea is to prescribe the weighting functions so that the desired transient
characteristics are embedded directly into the operator itself. Instead of constructing a desired closed-loop characteristic polynomial
explicitly, the dominant dynamics are incorporated through the poles of the weighting functions.

The rationale behind prescribing the poles of g,(s) is that they directly determine the dominant memory dynamics introduced by the
weighted operator. Consequently, transient specifications can be incorporated into the controller through the weighting structure
itself before the closed-loop characteristic polynomial is obtained. In this manner, the weighting functions become additional
structural design variables that complement the conventional controller parameters.

Based on these principles, the weighting functions can be prescribed according to the following constructive design procedure:

1. Specify the desired dominant closed-loop dynamics.

2. Select g,(s) so that its poles reproduce the desired dominant dynamics.

3. Choose ¢, (s) to guarantee realizability and properness of the resulting controller.

4. Construct the controller through the proposed nested weighted operator representation.

This methodology provides a systematic design procedure in which the weighting functions are prescribed to achieve the desired
dynamic behavior while preserving the analytical well-posedness and realizability of the resulting fractional operator. As illustrated
in Fig. 4, the design process begins with the plant model, from which the weighting functions are selected according to the desired
closed-loop characteristics and incorporated into the nested operator to construct the controller. The resulting controller is then
verified for properness, analyzed in closed loop, and validated with respect to stability, performance, and robustness. If the prescribed
specifications are not satisfied, the weighting functions and controller parameters are iteratively refined until the desired behavior
is achieved.

The proposed workflow emphasizes that the weighting functions are fundamental design variables rather than simple scaling factors.
Their appropriate selection simultaneously guarantees operator realizability and provides additional degrees of freedom for shaping
the closed-loop dynamics, extending the capabilities of conventional fractional-order controller design.

Example 14 (Prescribed Fractional Weights and Emergent Dominant Modes).
Consider the plant

1
(s+2)(s+3)

The proposed weighted fractional controller is constructed from the same structural form introduced in Section 6, namely

G(s) =

Cr(s) = kO(s) Q1(s) Q1(9),
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sP+5 1

where O(s) = s# + 1,0 < u < 1, and = , 0 < p <1, while = -
©)=s # Q1) P+ 10 s Q2(s) 520 44257 49

controller is given by

0 < a < 1. Hence, the fractional

(" + 1)(s? +5)
(s? + 10)(s2 +4.25¢ +9)

For the numerical study, the parameters are selected as

Cr(s) =k

k=1, a=07, f=05  u=06.

These values satisfy 0 <a < 1,0 < # < 1, 0 < u < 1, as required for the fractional-order formulation. Moreover, 2a = 1.4 > u = 0.6,
which guarantees a strictly proper high-frequency behavior of the fractional controller. Indeed,

Cr(s) ~ ks

as |s| = oo, and therefore C(s) — 0 for the selected orders. This provides a realizable controller structure from the high-frequency
properness viewpoint.
The fractional weighting function Q,(s) is selected to introduce a prescribed fractional modal structure. Its characteristic equation
is
% +425%4+9=0.

Introducing the auxiliary variable z = 5% yields z2 + 4.2z + 9 = 0, whose roots are z;, = —2.1 + 2.14i. Accordingly, the associated
fractional modes are s;, = (2.1 = 2.141)"/%, with the appropriate branch convention for the fractional power.

These fractional modes should not be interpreted directly as the poles of the complete closed-loop system. Instead, they
characterize the fractional modal structure introduced through Q,(s) and therefore contribute to the shaping of the transient
response. The actual closed-loop modes are determined by the complete characteristic equation 1 + Cp(s)G(s) = 0. The remaining
weighting function Q,(s) is proper and satisfies lim Q;(s) = 1. Consequently, it does not compromise the properness of the overall

s|—o0
controller and provides an additional degree of freedom for fractional transient shaping.
For comparison, an integer-order benchmark is constructed directly from the same controller structure by setting all fractional

orders equal to one, « = # = u = 1. Thus, with the same gain k = 1, the corresponding integer-order controller is

(s+1)(s+5)
(s+10)(s2 +425+9)

This choice provides a structurally consistent benchmark: the integer-order and fractional-order controllers differ only through the
fractional realization of the corresponding powers of s. Hence, the comparison does not rely on independently tuned controller
structures, but rather contrasts the integer-order realization with its fractional counterpart.

The fractional powers appearing in Cp(s) are implemented using the Oustaloup recursive approximation. Specifically, an
Oustaloup recursive approximation with N = 3 is employed for each fractional power, with

Cr(s) =

w, = 0.1 rad/s, w;, =10 rad/s.

Thus, s#, s?, and s* are replaced by their corresponding rational approximations over the frequency interval 0.1 < @ < 10 rad/s. The
resulting rational approximation provides a finite-dimensional realization suitable for numerical simulation and implementation.
For both controllers, the open-loop transfer function is defined as

L(s) = C()G(s),

where C(s) = C(s) for the integer-order benchmark and C(s) = Cp(s) for the proposed fractional controller. The corresponding
closed-loop transfer function is

_ L)
T =1

The integer-order benchmark has the plant poles s = —2, s = —3, while the controller introduces the poles associated with s = —10
and s> +4.2s+9=0.

No exact pole-zero cancellation between the plant and controller is introduced by construction. In particular, the plant poles —2
and —3 do not coincide with any controller zeros. For the integer-order closed loop, the actual poles are obtained from the complete
characteristic equation 1+ C;(s)G(s) = 0, rather than from the controller or plant poles considered independently.

For the fractional controller, the same principle applies. The fractional modes introduced by Q,(s) interact with the plant
dynamics through the complete closed-loop characteristic equation 1 + C(s)G(s) = 0. Therefore, possible unfavorable interactions
between the plant dynamics and the fractional weighting modes are not inferred from Q,(s) alone, but are assessed from the resulting
closed-loop system. For the parameter set considered here, the resulting closed-loop response is asymptotically stable.

Fig. 5 compares the impulse responses obtained with the integer-order benchmark controller and the proposed fractional
controller. Both responses decay toward zero, confirming the asymptotically stable behavior observed for the selected parameter
sets. Nevertheless, their transient characteristics are markedly different.

The integer-order controller exhibits a pronounced initial peak, followed by a noticeable undershoot before converging to the
equilibrium. In contrast, the proposed fractional controller produces a substantially smaller initial peak, a reduced undershoot,
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Impulse Response Comparison
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Fig. 5. Impulse response comparison between the integer-order benchmark controller and the proposed nested weighted fractional controller.

and a smoother decay toward the steady state. This behavior is consistent with the distributed-memory effect introduced by the
fractional weighting structure, which provides additional degrees of freedom for shaping the transient response. In particular, the
fractional weighting does not simply add additional poles to the controller. Rather, it modifies the distribution of the dynamic
memory across different fractional orders. The interaction of these memory components with the plant dynamics determines the
resulting closed-loop transient behavior.

Therefore, this example illustrates how the proposed nested weighted formulation extends the classical pole-shaping philosophy
to the fractional-order setting. Instead of prescribing the complete closed-loop characteristic polynomial directly, fractional modal
information is embedded in the weighting structure, while the actual closed-loop dynamics, realizability, and stability are assessed
at the level of the complete controller-plant interconnection.

7. Conclusions

This paper developed a unified nested weighted framework for the systematic construction of generalized fractional operators
and their application to Podlubny-type fractional PID controllers. Unlike conventional formulations that rely on predefined fractional
operators, the proposed methodology adopts a composition-based perspective in which generalized operators are generated through
recursive combinations of weighted differential and integral mappings. From this viewpoint, the classical PI*D# controller naturally
emerges as a particular case within a broader family of weighted fractional PID controllers.

A central contribution of this work is the establishment of a constructive connection between generalized fractional operator
theory and controller synthesis. Within the proposed framework, the introduced pulling-type weighted operator was shown to
satisfy the fundamental analytical properties required for fractional-order modeling, including linearity, kernel characterization,
boundedness, semigroup behavior, and Laplace-domain representation. These results provide the mathematical foundation for
constructing generalized controller families while preserving the physical interpretation of the classical Podlubny formulation.
The proposed framework also provides a new interpretation of fractional PID design. Rather than selecting a particular fractional
operator a priori, the controller is obtained through the systematic construction of nested weighted operators, where the weighting
functions become structural design variables governing the memory distribution and the resulting dynamic behavior. Consequently,
operator construction and controller synthesis are unified within a common analytical framework.

Future research will focus on extending the proposed framework to broader classes of generalized fractional operators, developing
systematic methodologies for weighting-function selection, investigating adaptive and variable-order extensions, and exploring
applications to nonlinear, distributed-parameter, and multi-agent dynamical systems.
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