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This study introduces a novel method for identifying dynamic systems aimed at deriving reduced-fractional-
order models. Applicable to processes exhibiting an S-shaped step response, the method effectively characterizes 
fractional behavior within the range of fractional orders (𝛼 ∈ [0.5, 1.0]). The uniqueness of this approach lies in 
its hybrid nature, combining one-variable optimization techniques for estimating the model fractional order 𝛼
with analytical expressions to estimate parameters 𝑇 and 𝐿. This hybrid approach leverages information from 
the reaction curve obtained through an open-loop step-test experiment. The proposed method demonstrates 
its efficacy and simplicity through several illustrative examples, showcasing its advantages over established 
analytical and optimization-based techniques. Notably, the hybrid approach proves particularly advantageous 
compared to methods relying on the process reaction curve. To highlight its practical applicability, the 
identification algorithm based on this hybrid approach is implemented on hardware using a microprocessor. 
The experimental prototype successfully identifies the First-Order Plus Dead Time (FFOPDT) model of a thermal-
based process, validating the proposed method’s real-world utility.
1. Introduction

In industrial control, it is important to know the dynamic character-
istics of the process to design and tune the control loop controller. These 
data are typically collected from a simplified mathematical model [1,2]

In this framework, the reduced-order model of the controlled process 
to be considered must be chosen with two important aspects in mind: 
(a) it must be simple to estimate, and (b) it must provide information 
that is reliable for predicting the effect of the control system on the 
controlled variable’s behavior at the operating point [3].

It is widely known in the industrial and academic communities that 
the proportional-integral-derivative (PID) controller is still the most 
commonly used in industrial control applications; see [4,5]. In addi-
tion, it is common to use first-order, double-pole, and second-order plus 
dead-time models (FOPDT, DPPDT, and SOPDT) to tune this type of 
controller [6]. However, reduced-order models that precisely identify 
processes are sometimes required to improve control loop performance. 
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See, e.g., [7], where it is asserted that more precise models can be used 
to obtain optimal PID tuning rules.

In the past few decades, fractional-order calculus and new compu-
tational approaches have made possible the gradual adoption of new 
identification procedures in modeling those processes that non-integer 
differential equations can describe [8,9]. As a result, fractional models 
are increasingly used in industrial applications. See [10], where a com-
prehensive review of fractional-order systems in automatic control is 
reported.

It is well-known that the FOPDT model has been extensively em-
ployed in practical applications to characterize the dynamics of real-life 
processes to design control systems [4]. Therefore, the fractional first-
order plus dead-time (FFOPDT) model is the most natural approach to 
generalizing the classical FOPDT model [11].

The technical literature presents an emerging scope of methods for 
the identification of fractional-order models using the process reaction 
curve. An approach for fractional-order models with a wide range of 
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Abbreviations & Symbols

ABC artificial bee colony
C Caputo
CRONE robust control of non-integer order
DPPDT dual-pole plus dead-time
FOPDT first-order plus dead-time
FFOPDT fractional first-order plus dead-time
GWO grey wolf optimizer
ML Mittag-Leffler
MINLP mixed integer nonlinear programming
MSE mean squared error
GL Grunwald-Letnikov
PI proportional integral
PID proportional integral derivative
PLC programmable logic controller
PSO particle swarm optimization
RL Riemann-Liouville
RSM response surface methodology
SOPDT second-order plus dead-time
WOA whale optimizer algorithm
𝛼 FFOPDT model fractional order
Γ Gamma function
𝜃 vector of FFOPDT model parameters
𝑑𝑛

𝑑𝑡𝑛
classical n-order derivative

𝑎𝐷
𝛼
𝑡

non-integer order derivative operator

𝐶𝛼

𝑎+
Caputo fractional derivative

𝑅𝐿𝛼

𝑎+
Riemann-Liouville fractional derivative

Δ𝑥31 distance in % between points 𝑥3 and 𝑥1
Δ𝑢 amplitude of the input signal
Δ𝑦 amplitude of the output signal
𝑒(𝑡) error signal
𝐸𝛼 one-parameter Mittag-Leffler function
𝐸𝛼,𝛽 two-parameter Mittag-Leffler function

0𝐼
𝛼
𝑡

fractional integral of order 𝛼
𝐽 objective function
𝐾 process gain
𝐿 apparent deadtime
𝑁𝑆 number of samples
𝑁𝑆𝑇𝑆 time duration of the dynamic response
𝑆 time-domain fitting criterion
𝑡𝑥 time to reach 𝑥 point
𝜏𝑥 normalized time to reach 𝑥 point
𝑇 time constant
𝑇𝑆 sampling period
𝑢(𝑡) control signal
𝑦𝛼(𝑡) process output signal
𝑦̃𝛼(𝑡) normalized process output signal
identification methods employs an open-loop test; for instance, the iden-
tification methods presented in [12]. These identification procedures 
need minimal information about the process, which makes them very 
common and suitable for their application in industry. One of the pi-
oneering works in the identification of fractional-order models is the 
one presented by Tavakoli-Kakhki in [13], where some strategies are 
proposed to estimate the parameters of the FFOPDT model using step 
response data. These strategies combine graphical estimation and nu-
merical computation. Estimation methods based on integration were 
suggested in [14] and [15] by the same author. These methods are 
characterized by their robustness to measurement noise.

Specifically, the most widespread approach in industrial practice 
relies on nonlinear optimization. These techniques seek to minimize 
the error between the step response of the estimated model and the 
process reaction curve. Reference [16] identified fractional-order mod-
els by curve fitting and analytical solutions in the time domain given 
by the Mittag-Leffler (ML) function. [17] identified fractional mod-
els from individual step-test data using an integral equation approach. 
[18] identified FFOPDT models from step response measurement us-
ing Mittag-Leffler and Grunwald-Letnikov (GL) methods. [19] identified 
fractional-order models using the CRONE approach, which are used to 
design fractional-order PI and PID controllers in [20].

More recently, renewed interest has been focused on extending 
integer-order model identification procedures to the fractional-order 
case. More specifically, several recent works extend identification meth-
ods based on the reaction curve to the case of fractional-order mod-
els. The main motivation is that they are simple and easy-to-apply 
procedures, and the physical interpretation of the process step re-
sponse is straightforward. In this context, an identification procedure 
for FFOPDT models using three arbitrary points on the process reaction 
curve (𝑥1-𝑥2-𝑥3%) [21] was introduced by Gude and García Bringas. 
Reference [22] suggested a simplification of the previous procedure, 
considering the symmetry of the three points on the reaction curve of 
the process (𝑥-50-(100 −𝑥)%). Both methods are applicable to processes 
with overdamped response when applied to an open-loop step-input 
signal. The accuracy of the identified model has also been shown to 
be dependent to the points’ positions on the process reaction curve, 
2

and [21] provides empirical rules of thumb for the selection of a set of 
points. Based on this idea, the effect of displacing the central point 𝑥2
while keeping the existing symmetry between the extreme points (𝑥1
and 𝑥3) has been studied in [23]. It has also been found how an iden-
tified model can be estimated more accurately. The approach proposed 
in [24] combines obtaining the fractional order of the model using the 
asymptotic property of the Mittag-Leffler function with time-based pa-
rameter estimation by considering two arbitrary points (𝑥1 and 𝑥3) on 
the process reaction curve.

All these techniques are characterized by simplicity of application 
and significantly less computational effort compared to optimization-
based methods. Regarding hardware implementation of identification 
procedures, [25] presents the conceptualization of a practical and effi-
cient control hardware architecture intended to implement integer- and 
fractional-order identification and control algorithms. The effectiveness 
and applicability of the proposed control hardware architecture has 
been verified by implementing the proposed identification algorithms 
in [21], [22], [23], and [24] under different control technologies.

This paper introduces a novel approach to identify fractional-order 
models using information extracted from the reaction curve of the pro-
cess. This approach is applicable to processes with overdamped step 
response. This method enables the estimation of the fractional order 
in a range 𝛼 ∈ [0.5, 1.0] for processes with fractional behavior, as de-
fined in [26]. The hybrid approach considered in this work provides 
the fractional order of the model by means of an optimization tech-
nique and estimates the parameters 𝑇 and 𝐿 by analytical techniques 
using two points (𝑥1-𝑥3%). The process gain 𝐾 is estimated using the 
conventional method for integer-order models. Several illustrative ex-
amples will be used to demonstrate the effectiveness and simplicity 
of the proposed method in comparison to other well-known analytical 
and optimization-based approaches and methods based on the process 
reaction curve. And finally, the hybrid approach-based identification al-
gorithm proposed in this paper will also be implemented on hardware 
based on microprocessor to verify its suitability and applicability for 
the identification of the FFOPDT model of a temperature-based process 
in an experimental prototype.

Motivated by the above, the contributions of this study can be sum-

marized as follows:
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1. The proposed procedure presents a novel hybrid approach that 
combines the estimation of 𝛼 parameter by optimization-based 
techniques with the estimation of 𝐾 , 𝑇 , and 𝐿 parameters by ana-
lytical techniques.

2. This hybrid approach improves the accuracy of the identified 
fractional-order model with a lower computational effort than 
other options only based on optimization techniques.

3. The algorithm developed includes the search for the optimal value 
of a single parameter, that is, fractional order 𝛼. This makes it sim-
ple to implement on a hardware device.

4. The effectiveness and applicability of the proposed procedure are 
verified by simulation and experimental results applied on a lab-
oratory prototype, implementing the identification algorithm on 
microprocessor-based hardware.

The structure of this paper is as follows. Section 2 presents some 
preliminaries and a theoretical background. In Section 3, a novel hy-
brid approach of the FFOPDT model identification method is derived 
employing the process information collected from the reaction curve. 
Several experimental tests and numerical simulations are performed 
and the results are illustrated in Section 4 to verify the effectiveness 
and applicability of the proposed hybrid approach. Finally, Section 5
concludes this paper.

2. Theoretical background

2.1. Fractional calculus basics

In this section, some fundamental concepts and definitions of frac-
tional calculus are presented. Introductory principles of fractional cal-
culus can be explored in various books, including [27] and [28].

Fractional calculus can be understood as a generalization of the clas-
sical 𝑛− order derivative 𝑑

𝑛

𝑑𝑡𝑛
to a non-integer order derivative operator 

𝑎𝛼
𝑡
, where 𝑎 and 𝑡 denote the limits of operation, and 𝛼 denotes the 

fractional order. There are several different definitions of the fractional 
operator; see [27,29]. The definitions used in this paper are briefly 
listed below for the reader’s convenience.

Definition 1. The Riemann–Liouville (RL) fractional integral of order 
𝛼 > 0 for function 𝑓 (𝑡) is defined as [27,29–31]:

0𝐼
𝛼
𝑡
𝑓 (𝑡) ≡0 −𝛼

𝑡
𝑓 (𝑡) = 1

Γ(𝛼)

𝑡

∫
0

𝑓 (𝜏)
(𝑡− 𝜏)1−𝛼

𝑑𝜏, 𝑡 ≥ 0, (1)

where 𝛼 ∈ ℝ+ and Γ(⋅) is the Gamma function, [27,29]. Note that the 
subscripts 0 and 𝑡 in definition (1) are the limits of operation.

With this definition, we can define the two most used definitions:
First, the 𝛼-th order Riemann–Liouville definition of the fractional 
derivative for the given function 𝑓 (𝑡) is expressed as:

Definition 2. Let 𝑚 = [𝛼] and 𝑓 ∈ 𝐿1[𝑎, 𝑏], 𝛼 ≥ 0, the Riemann–
Liouville fractional derivative 𝑅𝐿𝜂

𝑎+
is represented by:

𝑅𝐿𝜂

𝑎+
𝑓 (𝑡) =

(
𝑑

𝑑𝑥

)𝑚 (
𝐼
𝑚−𝜂
𝑎+

)
𝑓, (2)

where 𝑚 ∈ℤ+, 𝑚 − 1 < 𝛼 < 𝑚.

Second, The 𝛼-th order Caputo (C) fractional derivatives of the given 
function 𝑓 (𝑡) is defined as:

Definition 3. Let 𝛼 ≥ 0, 𝑚 = [𝛼] and 𝑓 ∈ 𝐶𝑚[𝑎, 𝑏]. The Caputo fractional 
derivative 𝑐𝛼

𝑎+
is given by:(

𝐷𝛼 𝑓
)
(𝑡) ∶= 𝐼𝑚−𝛼

(
𝑑

)𝑚
𝑓, (3)
3

𝑐 𝑎+ 𝑎+ 𝑑𝑥
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whenever 
(

𝑑

𝑑𝑥

)𝑚
represent the classical derivative.

Connection between both derivatives:

Lemma 1. Let 𝛼 ≥ 0 and 𝑚 = [𝛼] + 1. Suppose that 𝑓 is such that 𝑐𝐷𝛼

𝑎+
and 𝑅𝐿𝐷𝛼

𝑎+
exists. Then

𝑐𝐷
𝛼

𝑎+
𝑓 =𝑅𝐿 𝐷

𝛼

𝑎+
𝑓 −

𝑚−1∑
𝑘=0

(𝑥− 𝑎)𝑘−𝛼

Γ(𝑘− 𝛼 + 1)

(
𝑑

𝑑𝑥

)𝑘
𝑓 (𝑎),

Proof. See [29,31,32]. □

We can have the following result as a result of the preceding lemma:

Lemma 2. Let 𝛼 ≥ 0 and 𝑚 = [𝛼]. Assume that 𝑓 is such that both 𝑐𝐷𝛼

𝑎+

and 𝑅𝐿𝐷𝛼

𝑎+
exist. Then 𝑐𝐷𝛼

𝑎+
𝑓 =𝑅𝐿 𝐷𝛼

𝑎+
𝑓 if and only if 

(
𝑑

𝑑𝑥

)𝑘
𝑓 (𝑎) = 0

for 𝑘 = 0, … , 𝑚 − 1.

Proof. Follow by direct calculation from the previous Lemma. □

To better understand these definitions, let’s introduce the following 
examples.

Example 1. Consider 𝛼 ∈ (0,1), 𝑎+ > 0 and for 𝑚 ∈ ℕ (See [29,31,33]).[
𝑅𝐿𝐷

𝛼

𝑎+ (𝑡− 𝑎)(𝑚+1)𝛼−1
]
= (𝑡− 𝑎)𝑚𝛼−1,[

𝑐𝐷
𝛼

𝑎+ (𝑡− 𝑎)𝛽−1
]
= (𝑡− 𝑎)𝛽−1 if𝛽 < 𝛼 + 1and𝑥 > 0,[

𝑅𝐿𝐷
𝛼

𝑎+ (𝑡− 𝑎)𝛼−1
]
= 0 if𝛼 < 1and𝑥 > 0,[

𝑐𝐷
𝛼

𝑎+
1
]
= 0.

Remark 1. Note that lim
𝛼→1−

[
𝑅𝐿𝐷

𝛼

𝑎+ (𝑡− 𝑎)𝛼−1
]
= 𝑑

𝑑𝑥
1 = 0 (the derivative 

of a constant in the Riemann-Liouville sense is not zero, but in the limit 
process is zero).

In this paper, considering Lemma 2, we can assume that 𝑅𝐿𝐷𝛼

𝑎+
=

𝑐𝐷
𝛼

𝑎+
=𝐷𝛼

0+ =𝐷𝛼 with appropriate initial conditions.
Additionally, in general, lim

𝛼→0+
𝐷𝛼𝑓 = 𝑓 .

2.2. The role of the Grünwald-Letnikov derivative and how it connects with 
the Riemann derivative

In fractional calculus, the Grünwald-Letnikov derivative is a com-
monly used approach to define fractional derivatives. It provides a dis-
crete approximation to fractional derivatives. The fractional Grünwald-
Letnikov derivative of a function 𝑓 (𝑡), denoted as 𝑎𝐷𝛼

𝑡
𝑓 (𝑡), is defined 

as:

𝑎𝐷
𝛼
𝑡
𝑓 (𝑡) = 1

Γ(1 − 𝛼)

∞∑
𝑛=0

(−1)𝑛
(
𝛼

𝑛

)
𝑓 (𝑡− 𝑛𝑎), (4)

where, 𝑎 is the step size, 𝛼 is the order of the fractional derivative, Γ
represents the gamma function and 

(𝛼
𝑛

)
is the binomial coefficient.

Example 2. Let’s consider a simple example to calculate the fractional 
Grünwald-Letnikov derivative of a function. Suppose we have the func-
tion 𝑓 (𝑡) = 𝑡2 and want to find 0𝐷0.5

𝑡
𝑓 (𝑡). Using the formula, we get:

0𝐷
0.5
𝑡
𝑓 (𝑡) = 1

Γ(1 − 0.5)

∞∑
𝑛=0

(−1)𝑛
(
0.5
𝑛

)
𝑡2

= 2
∞∑
(−1)𝑛 𝑡2

.
√
𝜋 𝑛=0 (2𝑛+ 1)!
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Fig. 1. Illustration of Grünwald-Letnikov, Riemann-Liouville, and classical 
derivatives on the function 𝑓 (𝑡) = 𝑡2.

The derivative based on the definition of Grünwald-Letnikov is 
closely related to the Riemann-Liouville fractional derivative. The 
Riemann-Liouville derivative of order 𝛼 is defined as:

0𝐷
𝛼
𝑡
𝑓 (𝑡) = 1

Γ(1 − 𝛼)
𝑑

𝑑𝑡

𝑡

∫
0

(𝑡− 𝜏)−𝛼𝑓 (𝜏)𝑑𝜏. (5)

The derivative based on this definition is often referred to as the dis-
crete or discrete-time version of the Riemann-Liouville derivative in the 
context of fractional calculus. This means that the Grünwald-Letnikov 
derivative is a way to approximate and compute fractional derivatives 
in a discrete way.

The Grünwald-Letnikov derivative is defined as a summation over 
discrete data points, making it suitable for applications where data is 
collected at discrete time intervals. On the other hand, the Riemann-
Liouville derivative is defined using an integral over a continuous inter-
val and is more suitable for continuous-time scenarios.

The Grünwald-Letnikov derivative can be seen as a discrete approx-
imation of the Riemann-Liouville derivative.

On the other hand, when considering the same function 𝑓 (𝑡) = 𝑡2, 
the computation of both the Riemann-Liouville and Caputo derivatives 
yields (𝑡 > 0):

𝑅𝐿𝐷
𝛼
0 𝑡

2 = 3
2
𝑡
3
2

𝑐𝐷
𝛼
0 𝑡

2 = 3
2
𝑡
3
2

Remark 2. Notice that Lemma 1 can be perfectly applied to the pre-
vious examples, highlighting the connection that exists between both 
derivatives and their equality for certain classes of functions

Finally, in Fig. 1, we can see how the three derivatives work.

2.3. The role of the Mittag-Leffler function and how we use

The Mittag-Leffler function plays a fundamental role in the develop-
ment of fractional calculus. It can be thought of as a generalization of 
the exponential function and plays a crucial role in solving fractional 
differential equations. In this article, it is a vital component for us to 
4

find the solution to the FFOPDT model.
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Definition 4. The two-parameter function of the Mittag-Leffler type, 
[34,35], can be defined for any given value 𝑧 ∈ℂ as:

𝐸𝛼,𝛽 (𝑧) =
∞∑
𝑟=0

𝑧𝑟

Γ(𝛼𝑟+ 𝛽)
, (6)

where 𝛽 ∈ℂ, 𝛼 ∈ℝ+, and Γ(⋅) denotes the Gamma function, [27,29].

Note that this function uniformly converges over the complex plane 
ℂ, exhibiting the following properties:

Let 𝛼, 𝛽 ≥ 0

(i) If 𝛽 = 1. The function aligns with the classical one-parameter 
Mittag-Leffler function, denoted as 𝐸𝛼,1 = 𝐸𝛼 . This function is de-
fined for any arbitrary value 𝑧 as follows:

𝐸𝛼(𝑧) =
∞∑
𝑟=0

𝑧𝑟

Γ(𝛼𝑟+ 1)
, (7)

(ii) If 𝛼 = 1 and 𝛽 = 1. The function is the exponential.

𝐸1,1(𝑧) =𝐸1(𝑧) = 𝑒𝑥𝑝(𝑧) (8)

(iii) If 𝛼 = 1 and 𝛽 = 1
2

𝐸 1
2 ,1

(𝑧) =𝐸 1
2
(𝑧) = 𝑒𝑥𝑝(𝑧2) erfc(−𝑧) (9)

Example 3. Consider 𝛼 > 0 and 𝜆 ∈ ℂ, then 𝑅𝐿𝐷𝛼
0𝐸𝛼(𝜆𝑡𝛼) = 𝜆𝐸𝛼(𝜆𝑥𝛼). 

See [31,36]

Remark 3. In this paper, for the sake of simplicity, we assume the same 
variable 𝑡 for both functions and their derivatives, lightly abusing the 
notation. “We do not use: (𝑅𝐿𝐷𝛼

0𝑓 (𝑡))(𝑥) = 𝑔(𝑥)”

2.4. Overview of the fractional-order model identification method based on 
fitting three arbitrary points on the process reaction curve

In this section, an overview of the identification procedure to be 
used as the basis for the hybrid approach proposed in this paper is 
presented.

The transfer function for a typical FFOPDT model is as follows:

𝑃 (𝑠) =
𝑌𝛼(𝑠)
𝑈 (𝑠)

= 𝐾𝑒−𝐿𝑠

1 + 𝑇 𝑠𝛼
(10)

where 𝑢(𝑡) is the input signal, which is usually the control signal, and 
𝑦𝛼(𝑡) is the output signal, which is usually the variable to be controlled.

FFOPDT model parameters are 𝜃 = {𝐾, 𝑇 , 𝐿, 𝛼}, where 𝐾 is the pro-
cess gain, 𝑇 > 0 the time constant, 𝐿 ≥ 0 the apparent deadtime, and 
𝛼 the non-integer order of the model. This model can be considered as 
the natural generalization to non-integer orders of the classical FOPDT 
model [11], widely utilized in practical applications to approximate the 
dynamics of numerous industrial processes for control purposes [4].

The general FFOPDT model identification procedure for character-
izing processes with S-shaped response based on the process reaction 
curve that has been recently proposed in [21] is summarized below.

Fig. 2 illustrates the step-input signal 𝑢(𝑡) with amplitude Δ𝑢 and 
the corresponding output signal of an FFOPDT model 𝑦𝛼(𝑡), which has 
an amplitude variation of Δ𝑦.

FFOPDT model (10) response to a Δ𝑢 step input change is:

𝑦𝛼(𝑡) =
⎧⎪⎨⎪⎩

0, 0 ≤ 𝑡 < 𝐿

𝐾

{
1 −𝐸𝛼,1

[
− 1
𝑇
(𝑡−𝐿)𝛼

]}
Δ𝑢, 𝑡 ≥𝐿

(11)

where the output signal change is Δ𝑦 =𝐾 ⋅Δ𝑢.
Normalizing the process output 𝑦𝛼(𝑡) with respect to the process out-
put total change Δ𝑦 =𝐾 ⋅Δ𝑢 and substituting the time variable 𝑡 for the 
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Fig. 2. Process reaction curve 𝑦𝛼(𝑡) obtained as a response of the FFOPDT 
model to a step-input signal 𝑢(𝑡). Three arbitrary points {𝑥1, 𝑥2, 𝑥3} on the pro-
cess reaction curve are also shown. The parameters required to identify the 
fractional-order model are {Δ𝑦, Δ𝑢, 𝑡𝑥1, 𝑡𝑥2, 𝑡𝑥3}.

shifted and normalized time 𝜏 = 1
𝑇
(𝑡 − 𝐿)𝛼 , eq. (11) is reduced to the 

following expression:

𝑦̃𝛼(𝜏) =
𝑦𝛼(𝜏)
Δ𝑦

= 1 −𝐸𝛼(−𝜏), 𝜏 ≥ 0 (12)

where 0 ≤ 𝑦̃𝛼(𝜏) ≤ 1 and depends on 𝛼 and 𝜏 .
Note that the parameter 𝜏𝑥 is defined as the normalized time, rep-

resenting the time it takes 𝑦̃𝛼(𝜏) to achieve 𝑥% of the total change, 
corresponding to the position (𝜏𝑥, 𝑦̃𝛼(𝜏𝑥)) on the normalized process out-
put curve. Consequently, 𝑡𝑥 signifies the time needed for 𝑦𝛼(𝑡) to achieve 
𝑥% of the total change, corresponding to the position (𝑡𝑥, 𝑦𝛼(𝑡𝑥)). The 
relationship between 𝑡𝑥 and 𝜏𝑥 is expressed as follows:

𝑡𝑥 =𝐿+ (𝜏𝑥𝑇 )1∕𝛼, (13)

According to [21], the following set of equations is obtained to 
estimate the FFOPDT model parameters 𝜃 using data information 
{Δ𝑦, Δ𝑢, 𝑡𝑥1, 𝑡𝑥2, 𝑡𝑥3} from the process reaction curve:

⎧⎪⎪⎨⎪⎪⎩

𝐾 = Δ𝑦
Δ𝑢

𝛼 = 𝑓1(Δ)
𝑇 = 𝑓2(𝛼)(𝑡𝑥3 − 𝑡𝑥1)𝛼

𝐿 =𝑚𝑎𝑥[𝑡𝑥3 − 𝑓3(𝛼)𝑇 1∕𝛼,0]

(14)

where {𝑡𝑥1, 𝑡𝑥2, 𝑡𝑥3} are the set of times required to reach 𝑥1% (𝑦𝛼(𝑡𝑥1)), 
𝑥2% (𝑦𝛼(𝑡𝑥2)), and 𝑥3% (𝑦𝛼(𝑡𝑥3)) of the process output total change, 
respectively, as illustrated in Fig. 2. Also note that expressions for func-
tions 𝑓1(Δ), 𝑓2(𝛼), and 𝑓3(𝛼) are experimentally determined by using 
normalized times {𝜏𝑥1, 𝜏𝑥2, 𝜏𝑥3} for 0.50 ≤ 𝛼 ≤ 1.00. Therefore, the func-
tion 𝑓1 relies on the ratio index Δ, determined by the normalized times 
𝜏𝑥1, 𝜏𝑥2, and 𝜏𝑥3; and functions 𝑓2 and 𝑓3 depend on 𝛼 and the times 
𝜏𝑥1 and 𝜏𝑥3, and 𝜏𝑥3, respectively.

Fig. 3 shows the overall schematic of the method for identifying 
the parameters of an FFOPDT model by fitting three arbitrary points 
(𝑥1-𝑥2-𝑥3%). Note that this scheme is divided into two distinct parts: 
Part A (in blue) consists of the general procedure for determining the 
rational expressions for functions 𝑓1(Δ), 𝑓2(𝛼), and 𝑓3(𝛼), which de-
pend on the location of the set of points (𝑥1-𝑥2-𝑥3%) and are obtained 
from the normalized times {𝜏𝑥1, 𝜏𝑥2, 𝜏𝑥3} for 0.50 ≤ 𝛼 ≤ 1.00 using curve 
5

fitting. Thus, the set of equations (14) is obtained. Part B (in red) 
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illustrates the identification algorithm using data extracted from the 
reaction curve of the process.

We refer the interested reader to [21] for a more detailed descrip-
tion of this identification method. Note that this procedure is based on 
fitting three arbitrary points (𝑥1-𝑥2-𝑥3%) on the reaction curve of the 
process, where the process information is obtained from a simple open-
loop test. This reference also includes an analysis of how the location 
of arbitrary points (𝑥1-𝑥2-𝑥3%) affects the identified model’s accuracy, 
along with providing some practical guidelines for the choice of sym-
metrical and asymmetrical set of representative points. In this context, 
[22] proposes a simplification of the previous procedure by particular-
izing in situations where only symmetrically positioned points on the 
reaction curve of the process (𝑥-50-(100 − 𝑥)%) are selected. As stated 
in [23], the identified fractional-order model’s accuracy is influenced 
by the location of the central point 𝑥2. New insights are offered on this 
central point selection 𝑥2 in the context of symmetrical identification 
procedure.

2.5. Brief overview of process identification optimization approaches

Optimization methods are frequently used in process model identi-
fication to estimate model parameters to identify the best-fit model for 
the experimental data. The following brief describes some commonly 
used optimization techniques in the context of process model identifi-
cation.

1. Blackbox optimization: Derivative-free optimization (also known as 
blackbox optimization) is a mathematical optimization discipline 
that does not employ derivative information to discover optimal 
solutions [37,38].

2. Gradient Descent: Gradient descent (also known as steepest de-
scent) is an iterative optimization method for locating the local 
minimum of a differentiable function by taking repeated steps in 
the opposite direction of the gradient. The stochastic gradient de-
scent method is the stochastic approximation of the steepest de-
scent method because it replaces the actual gradient (derived from 
the whole data set) with an estimate of the gradient (calculated 
from a randomly selected portion of the data). These approaches 
are widely utilized in science and engineering, particularly in ma-
chine learning and neural network training [39].

3. Nonlinear regression: Nonlinear regression estimates the model 
parameters by minimizing the difference between experimental 
data and the model predictions by successive approximations. The 
method is based on a linear approximation of the model and suc-
cessive iterations to adjust the parameters. Among the various ap-
proaches, the Gauss-Newton and Levenberg-Marquardt algorithms 
are commonly used [40,41].

4. Mixed integer nonlinear programming (MINLP): MINLP methods 
are used when the optimization problem involves discrete and con-
tinuous variables, common in chemical process optimization [42].

5. Metaheuristic optimization models are global optimization ap-
proaches that can provide a good solution to an optimization 
problem when the information is insufficient. Natural systems 
have inspired several current metaheuristics, particularly evolu-
tionary computation-based techniques. Nature provides concepts, 
techniques, and principles for the design of artificial computing 
systems to address complicated computational challenges. Such 
metaheuristics include simulated annealing [43,44], evolutionary 
algorithms [45], genetic algorithms [46], bio-inspired [47] and 
particle swarm optimization [48].

6. Bayesian Optimization: Bayesian optimization is a fast way to opti-
mize expensive black-box functions that don’t have any functional 
forms. It can be used to improve process conditions or model hy-
perparameters [49].

7. Response Surface Methodology (RSM): RSM models and optimizes 

complex processes by fitting response surfaces. It is particularly 
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Fig. 3. Overview of the entire method for identifying an FFOPDT model considering three arbitrary points (𝑥 -𝑥 -𝑥 %) on the process reaction curve.
useful when experimental data are costly or time-consuming to ob-
tain [50].

8. Neural networks: Machine learning techniques, such as neural net-
works, can be used for process identification and optimization 
when dealing with complex, high-dimensional data [51].

The optimization approach used is determined by the process’s 
specific characteristics, the type of the data, and the available com-
puter resources. Some problems may necessitate a combination of these 
strategies, and it is critical to validate the outcomes of optimization us-
ing proper statistical techniques. In the following sections, an analytical 
technique and a derivative-free optimization algorithm are combined to 
improve the parameter determination.

3. Hybrid identification approach based on the process reaction 
curve

As mentioned in the previous section, FFOPDT model parameters 
can be calculated by specifying three arbitrary points (𝑥1-𝑥2-𝑥3%) on 
the reaction curve of the process. Note that the location of these three 
representative points is a strict limitation on the model response con-
straining the whole curve.

Given that fractional order 𝛼 significantly influences the behavior of 
the model [13], it is critical to properly estimate the value of 𝛼. It is 
important to mention that a good estimate of 𝛼 can ensure the best fit 
between the step response of the FFOPDT model and the reaction curve 
of the process.

This section proposes a modification to the identification method 
summarized in the previous section that involves searching for the opti-
mal value of 𝛼 using an optimization method. The considered approach 
is hybrid since it combines analytical and optimization-based tech-
niques. On the one hand, parameters 𝐾 , 𝑇 , and 𝐿 are determined using 
the analytical expressions proposed in [21]. More precisely, the values 
of the parameters 𝑇 and 𝐿 are determined based on two points on the 
reaction curve of the process. The expressions for these parameters de-
pend on the position of these points (𝑥1 and 𝑥3) and the parameter 𝛼
value. On the other hand, the estimation of the fractional order is based 
6

on the search for the optimal value of 𝛼.
1 2 3

In the following, we detail how to estimate the parameters of the 
FFOPDT model (𝜃 = {𝐾,𝑇 ,𝐿,𝛼}) by using the hybrid approach pro-
posed in this paper. This identification procedure is described as an 
algorithm.

3.1. Estimation of 𝐾

The method of estimating process gain 𝐾 remains identical to that 
for conventional integer-order models, as detailed in [4]. The process 
gain can be estimated from data collected based on the following ex-
pression:

𝐾 = Δ𝑦
Δ𝑢

, (15)

where Δ𝑢 is the step input change and Δy is the process output total 
change, as shown in Fig. 4.

3.2. Estimation of 𝑇 and 𝐿

The normalized process output 𝑦̃𝛼(𝜏) is used to determine normal-
ized data 

{
𝛼,𝑓2(𝛼)

}
and 

{
𝛼,𝑓3(𝛼)

}
for 𝛼 ∈ [0.5, 1.0] and fit the charac-

teristic functions 𝑓2(𝛼) and 𝑓3(𝛼) required to estimate 𝑇 and 𝐿. Fig. 4
shows the reaction curve of the process and the characteristic points 
𝑥1 and 𝑥3 located on that curve at a distance Δ𝑥31 from each other. 
The times 𝑡𝑥1 and 𝑡𝑥3 needed for the estimation of 𝑇 and 𝐿 are also 
displayed.

According to [21], the analytical expressions for estimating param-
eters 𝑇 and 𝐿 in terms of 𝑡𝑥1 and 𝑡𝑥3, which are the times needed for 
the response to achieve the representative points 𝑥1 and 𝑥3, are given 
below:{

𝑇 = 𝑓2(𝛼)(𝑡𝑥3 − 𝑡𝑥1)𝛼

𝐿 =𝑚𝑎𝑥[𝑡𝑥3 − 𝑓3(𝛼)𝑇 1∕𝛼,0]
(16)

Remark 1. Functions 𝑓2 and 𝑓3 depend on 𝛼 and the normalized times 
𝜏𝑥1 and 𝜏𝑥3, and 𝜏𝑥3, respectively, for 0.5 ≤ 𝛼 ≤ 1.0. The selection of 𝑥1
and 𝑥3 has a significant influence on the accuracy of the model parame-

ters. The results obtained in [22] verify that the accuracy of the FFOPDT 
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Fig. 4. Step-input signal 𝑢(𝑡), S-shaped step response signal 𝑦𝛼(𝑡), and selected 
representative points 𝑥1 and 𝑥3 on the reaction curve of the process. The figure 
also illustrates process data 

{
Δ𝑢,Δ𝑦, 𝑡𝑥1, 𝑡𝑥2

}
collected from the process reaction 

curve, required for the identification of the FFOPDT model. Δ𝑥31 = 𝑥3 − 𝑥1
represents the distance in % between points 𝑥3 and 𝑥1.

model parameters is sensitive to the selection of the set of points on the 
process reaction curve. It is also suggested that the distance between 
points 𝑥3 and 𝑥1 (Δ𝑥31) to be long to improve the accuracy of 𝑇 and 
𝐿. In this respect, both references [21] and [23] have provided new in-
sights and rules of thumb for the selection of the set of points in the 
context of the identification procedure based on the process reaction 
curve.

3.3. Estimation of 𝛼

The main feature of the proposed approach consists in the estimation 
of 𝛼 parameter, which can be formulated as a minimization problem of 
the following objective function:

𝐽 (𝜃) = min
𝛼

{
𝑁𝑆∑
𝑘=1

[
𝑒(𝑘𝑇𝑆, 𝜃)

]2} =min
𝛼

{
𝑁𝑆∑
𝑘=1

[
𝑦(𝑘𝑇𝑆 ) − 𝑦𝛼(𝑘𝑇𝑆, 𝜃)

]2}
(17)

where 𝜃 is the vector of FFOPDT model parameters, 𝑒(𝑘𝑇𝑆, 𝜃) is the 
error, which is the difference between the process reaction curve 𝑦(𝑘𝑇𝑆 )
and the step response of the identified model 𝑦𝛼(𝑘𝑇𝑆, 𝜃), 𝑁𝑆 is the 
number of collected samples, and 𝑇𝑆 is the sampling period. Note that 
the selected objective function is the squared error.

The above minimization problem is subject to the constraints previ-
ously considered in eq. (16).

Remark 2. As discussed above, the estimation of 𝛼 parameter is based 
on the search for the optimal value that minimizes the cost function 
𝐽 (𝜃). The values of 𝑇 and 𝐿, which are dependent on the position of 
the representative points 𝑥1 and 𝑥3, are set as constraints.

For the minimization of eq. (17) the fminbnd optimizer as imple-
mented in Matlab is employed. This optimizer is based on golden sec-
tion search and parabolic interpolation. The golden-section search is a 
method for locating the minimum of a function inside a certain inter-
val. If the minimum is on its boundaries, the optimizer will converge 
to that point. The approach works by gradually decreasing the range of 
values on the set interval, making it extremely robust.

An interpretation of the problem could be summarized as the search 
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for the optimal value of 𝛼 that best fits the step response of the FFOPDT 
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model to the process reaction curve, requiring the response to pass 
through points 𝑥1 and 𝑥3. The proposed hybrid approach can be seen as 
seeking a compromise between simplicity and accuracy of the method, 
requiring low computational effort compared to other methods based 
only on optimization. The optimal setting of 𝛼 also improves the accu-
racy of 𝑇 and 𝐿. Since 𝑓2 and 𝑓3 depend on 𝛼, a more precise estimation 
of 𝛼 will result in an even more precise estimation of 𝑇 and 𝐿. Note that 
the values of 𝑓2 and 𝑓3 are updated at each iteration of the algorithm, 
and, therefore, so are 𝑇 and 𝐿.

3.4. Identification algorithm proposal

The approach proposed in this paper can be formulated as an al-
gorithm summarized in Fig. 5 and discussed below. The procedure for 
obtaining the reduced-order fractional model parameters {𝐾, 𝑇 , 𝐿, 𝛼}
that minimize the objective function involves initialization, main algo-
rithm, and termination phases.

A. Initialization

This phase involves the selection of the values of 𝑥1 and 𝑥3 (step 1). 
Some insights into the selection of the representative points on the 
process reaction curve are provided in [21] and [22] to improve the 
identified fractional-order model’s accuracy. Expressions for functions 
𝑓2(𝛼) and 𝑓3(𝛼) considering 0.5 ≤ 𝛼 ≤ 1.0 are also determined by curve 
fitting (step 2). The detail of obtaining rational functions for 𝑓2(𝛼) and 
𝑓3(𝛼) from the normalized data 

{
𝜏𝑥1, 𝜏𝑥3

}
is also illustrated in the fig-

ure. See also [24].

B. Main algorithm

This phase presents the main algorithm of an optimal approach based 
on the process reaction curve. It includes the following steps:

• Collect the process reaction curve vector 𝑦(𝑘𝑇𝑆 ) with a time length 
𝑁𝑆𝑇𝑆 (step 3).

• Determination of times 𝑡𝑥1 and 𝑡𝑥3 to reach 𝑦(𝑡𝑥1)∕Δ𝑦 = 𝑥1∕100 and 
𝑦(𝑡𝑥3)∕Δ𝑦 = 𝑥3∕100 (step 4).

• Initialization of the parameter 𝛼 = 𝛼0 ∈ [0.5, 1.0] (step 5).
• Estimation of process gain 𝐾 by using analytical expression (15)

(step 6).
• Update of 𝑓2 and 𝑓3, as functions of 𝛼, and estimation of 𝑇 and 𝐿

using analytical expressions (16) (step 7).
• Estimation of 𝛼 by minimization of eq. (17) using the fminbnd op-

timizer (step 8).
• Evaluate whether the objective function 𝐽 (𝜃0) takes its minimum 

value (step 9).
• In case 𝐽 (𝜃0) is not minimal, update 𝛼 = 𝛼

𝑢𝑝𝑑

0 (step 10).

Steps 6-10 of this procedure combine the search for the optimal 
value of 𝛼0 that minimizes the objective function 𝐽 (𝜃0), which is based 
on optimization, with the determination of parameters 𝑇 and 𝐿 using 
analytical expressions (16). Note that this procedure is hybrid because 
it combines analytical techniques (steps 6 and 7) with those based on 
optimization (steps 8-10). Determination of parameters T and L depends 
on 𝛼 and, therefore, the optimal setting of 𝛼 contributes to both 𝑇 and 
𝐿 being set more accurately.

C. Termination

Depending on the user-defined step size, the nested loop runs for the 
required number of iterations until optimal value of 𝛼0 is obtained. 
The updating set 𝜃𝑢𝑝𝑑0 =

{
𝐾,𝑇

𝑢𝑝𝑑

0 ,𝐿
𝑢𝑝𝑑

0 , 𝛼
𝑢𝑝𝑑

0

}
changes to the optimal 

set 𝜃𝑜𝑝𝑡0 =
{
𝐾,𝑇

𝑜𝑝𝑡

0 ,𝐿
𝑜𝑝𝑡

0 , 𝛼
𝑜𝑝𝑡

0

}
(step 11). Note that the superscript upd
means updated and opt means optimal.
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Fig. 5. Optimal approach-based FFOPDT model identification algorithm flowchart.
3.5. Some final remarks and limitations of the work

This section presents some observations and limitations of the hy-
brid approach proposed in this work, particularly regarding industrial 
practice.

The hybrid approach proposed in this paper is applied to the iden-
tification of processes exhibiting fractional behavior characterized by 
a monotonic S-shaped response. These processes, which are prevalent 
in process control [4], can be represented by an FFOPDT model with 
fractional order in the range 0.50 ≤ 𝛼 ≤ 1.00.

The proposed method takes the process information from the re-
action curve, which is essentially the open-loop step response. It is a 
fundamental tool in process control that provides information about 
the dynamic behavior of a system. It allows engineers to design effec-
tive control strategies, optimize performance, and ensure the stability 
and reliability of industrial processes [2].

In an industrial environment, it is common for the feedback signal 
of the controlled process to contain measurement noise. This requires 
appropriate filtering when the signal is used for model identification 
and control purposes. Given that the filter dynamics will be an inte-
gral component of the controlled process to be identified, the proposed 
identification procedure does not account for the noise from the mea-
surement [52,53].

Since the dynamic characteristics of the process change with the op-
erating point of the control loop and this can vary due to the effect 
of disturbances or due to a change in the setpoint, there is an implicit 
uncertainty in the nominal model. The main purpose of the identified 
fractional-order model is to design the control system, as considered 
above. Therefore, the usual approach is to consider the uncertainty 
of the model when designing the control system; see, e.g., [16,54,55]. 
Thus, this ensures a certain degree of robustness of the designed control 
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system to model uncertainties.
4. Experimental results

The previous section discusses the proposed hybrid approach to 
identify a reduced-order fractional model based on the reaction curve. 
The parameters of the model are estimated by combining optimization-
based methods with analytical expressions using information taken 
from the reaction curve of the process.

This section provides the experimental models estimated by apply-
ing the FFOPDT model identification method suggested in this work. 
These models have been compared with those obtained using different 
analytical and optimization-based identification methods proposed in 
the technical literature.

Although the proposed procedure is general and valid for any set of 
points (𝑥1-𝑥3%), the following considerations have been addressed in 
the experiments conducted in this section. Points 𝑥1 and 𝑥3 are 𝑥1 =
𝑥 = 10% and 𝑥3 = (100 − 𝑥) = 90% without loss of generality, showing 
symmetry to the center of the total range and a distance between points 
of Δ𝑥31 = 80%.

Figs. 6 and 7 show data sets {𝛼, 𝑓2(𝛼)} and {𝛼, 𝑓3(𝛼)} for 0.50 ≤ 𝛼 ≤
1.00, and curve fitting results for points 𝑥1 = 10% and 𝑥3 = 90%. The fit-
ting curves have been obtained by applying the Levenberg-Marquardt 
least-squares algorithm for data fitting using the following rational func-
tions:

𝑓2 =
𝑝1𝛼 + 𝑝2

𝛼2 + 𝑞1𝛼 + 𝑞2
, (18)

𝑓2 =
𝑝1𝛼

2 + 𝑝2𝛼 + 𝑝3

𝛼2 + 𝑞1𝛼 + 𝑞2
, (19)

The parameter values {𝑝𝑖, 𝑞𝑖} corresponding to the functions 𝑓2(𝛼)
and 𝑓3(𝛼) in eqs. (18) and (19) are shown in Tables 1 and 2, respec-

tively.
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Fig. 6. Data set {𝛼, 𝑓2(𝛼)} for 0.5 ≤ 𝛼 ≤ 1.0 and the result of curve fitting for 
𝑓2(𝛼) considering 𝑥1 = 10% and 𝑥3 = 90%.

Fig. 7. Data set {𝛼, 𝑓3(𝛼)} for 0.5 ≤ 𝛼 ≤ 1.0 and the result of curve fitting for 
𝑓3(𝛼) considering 𝑥1 = 10% and 𝑥3 = 90%.

Table 1

Parameters {𝑝𝑖, 𝑞𝑖} of the rational function 𝑓2(𝛼) for set of 
points 𝑥1 = 10% and 𝑥3 = 90%.

(𝑥1-𝑥3) 𝑝1 𝑝2 𝑞1 𝑞2

𝑥1 = 10%, 𝑥3 = 90% −0.0673 0.1578 −2.501 1.699

Table 2

Parameters {𝑝𝑖, 𝑞𝑖} of the rational function 𝑓3(𝛼) for set of points 𝑥1 =
10% and 𝑥3 = 90%.

(𝑥1-𝑥3) 𝑝1 𝑝2 𝑝3 𝑞1 𝑞2

𝑥1 = 10%, 𝑥3 = 90% 4.066 −7.705 5.055 −0.4136 0.02868

The set of equations (16) can be modified for this particular set of 
points (𝑥1-𝑥3) as follows:{

𝑇 = 𝑓2(𝛼)(𝑡90 − 𝑡10)𝛼

𝐿 =𝑚𝑎𝑥[𝑡90 − 𝑓3(𝛼)𝑇 1∕𝛼,0]
(20)

where 𝑥1 = 10% and 𝑥3 = 90%, and data information taken from the re-
action curve required to identify the FFOPDT model is {Δ𝑦, Δ𝑢, 𝑡10, 𝑡90}.

The time-domain fitting criterion that has been used to evaluate the 
accuracy of the identified models is the mean squared error (MSE):

𝑆(𝜃) = 1
𝑁𝑆

𝑁𝑆∑
𝑘=1

[𝑒(𝑘𝑇𝑆, 𝜃)]2 =
1
𝑁𝑆

𝑁𝑆∑
𝑘=1

[𝑦(𝑘𝑇𝑆 ) − 𝑦𝑚(𝑘𝑇𝑆, 𝜃)]2, (21)

where 𝜃 is the vector of process model parameters, 𝑁𝑆 is the number of 
samples collected, 𝑇𝑆 is the sampling period, 𝑁𝑆𝑇𝑆 is the time duration 
of the dynamic response, and 𝑒(𝑘𝑇𝑆 , 𝜃) is the difference between the 
process reaction curve and the step response of the identified model, 
denoted as 𝑦(𝑘𝑇𝑆 ) and 𝑦𝑚(𝑘𝑇𝑆 , 𝜃), respectively.

The examples in this section are used to determine the superiority of 
the proposed method compared to analytical methods. Moreover, one 
of the outstanding features of the hybrid identification method is that 
it finds a compromise between the accuracy of the identified model 
and the computational effort in its implementation. The first two ex-
amples are also used to compare the proposed hybrid approach with 
other optimization-based methods. The last example is used to demon-
strate the applicability of the proposed identification procedure and its 
implementation on microprocessor-based hardware when applied to a 
laboratory prototype.

The first two examples were conducted using Matlab 2019b software 
on a Windows 10 PC equipped with an Intel®, CoreTM 𝑖7 − 7500𝑈 pro-
cessor running at 2.9 GHz. FOTF toolbox [56], which provides many 
built-in Matlab functions to handle fractional systems, was used to 
simulate fractional order models. When configuring the optimization 
algorithms, we used an initial population of 50 search agents and set 
a maximum limit of 70 iterations. Example 3 was developed using the 
hardware architecture described in [25]. This was carried out using 
LabVIEW and implemented on the NI myRIO platform microprocessor, 
which boasts a 667 MHz dual-core ARM®, CortexTM-A9 processor. The 
sampling period is 𝑇𝑆 = 0.1 s, and the number of samples 𝑁𝑆 for the 
examples is indicated in each experiment.

This section is divided as follows. Sections 4.1 and 4.2 present the 
results obtained using two fractional-order process models. Section 4.3
shows the results obtained by applying the proposed hybrid approach 
to a thermal process-based hardware-in-the-loop experimental setup. 
Finally, Section 4.4 discusses the experimental results obtained in the 
previous sections.

4.1. Example 1

This example selects a fractional-order process model dominated by 
higher-order lag [13]:

𝑃1(𝑠) =
𝐾1

3∏
𝑖=1

(1 + 𝑇𝑖𝑠
𝜆1 )

, (22)

where 𝐾1 = 3, 𝑇1 = 3 s, 𝑇2 = 2 s, 𝑇3 = 1 s, and 𝜆1 = 0.88.
In this case, the FFOPDT model estimated considering the suggested 

identification method is contrasted with models estimated with other 
identification procedures.

Firstly, the FFOPDT model is estimated using the suggested identi-
fication procedure. An open-loop step-test experiment is applied to the 
process 𝑃1 to obtain the process reaction curve, as illustrated in Fig. 8. 
Table 3 presents process data needed to apply the proposed identifica-
9

tion approach with the selected set of points (10-90%).
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Fig. 8. Result of the open-loop step-test experiment applied to process 𝑃1 : Step-
input signal and process reaction curve.

Table 3

Process information obtained from the 
process reaction curve and required for 
FFOPDT model identification of pro-
cess 𝑃1 .

Process 𝑃1(𝑠)
Proposed method (𝑥1 = 10%, 𝑥3 = 90%)

Δ𝑢 = 1.00
Δ𝑦 = 3.00
𝑡10 = 2.0290 s

𝑡90 = 20.8030 s

Fig. 9. Step response of the FFOPDT model estimated with the suggested iden-
tification procedure and reaction curve of the process 𝑃1 . Points 𝑥1 = 10% and 
𝑥3 = 90% are also included in the figure for illustrative purposes.

Fig. 9 shows the comparison between the reaction curve of the pro-
cess 𝑃1 and the corresponding step response of the FFOPDT model 
10

estimated using the suggested identification method.
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Fig. 10. Illustration of the performance index values 𝑆(𝜃1,𝑗 ) determined with 
the models estimated using different identification methods for process 𝑃1 .

In addition, several FFOPDT and FOPDT models have also been 
obtained considering various integer- and fractional-order model iden-
tification methods. More precisely, FFOPDT models have been obtained 
using the process reaction curve-based methods proposed by Gude et 
al. in [24], and in [21] for the symmetrical set (10-50-90%) and for the 
asymmetrical set (10-55-90%), respectively. FFOPDT models using the 
procedure described by Tavakoli-Kakhki in [13] and the one estimated 
using the optimization-based method followed by Guevara et al. in [19]
have also been obtained. Finally, the optimal parameters for the FOPDT 
model have also been estimated.

Table 4 shows model parameters 𝜃1,𝑗 = {𝐾1,𝑗 , 𝑇1,𝑗 , 𝐿1,𝑗 , 𝛼1,𝑗} for 𝑗 =
1, ..., 7, which have been obtained using the corresponding identification 
methods mentioned above.

The values of 𝑆(𝜃1,𝑗 ) have been calculated for the models estimated 
using the different identification procedures (𝑗 = 1, ..., 7) applied to 
the process 𝑃1. These values provide an evaluation of the identified 
models’ accuracy, as illustrated in Fig. 10 and in Table 5. Addition-
ally, Table 6 and Fig. 11 show the relative performance index values 
𝑆1,𝑗 = 𝑆(𝜃1,1)∕𝑆(𝜃1,𝑗 ) for the different models (𝑗 = 1, ..., 7) compared to 
that obtained with the proposed method (𝑗 = 1). This figure illustrates 
that the proposed method reduces the value of 𝑆 by 3%, 42%, 31%, 34%, 
37%, and 73% compared to the procedures proposed by Gude with the 
Mittag-Leffler based method, for the symmetrical method, for the asym-
metrical method, the method by Tavakoli-Kakhki, the one by Guevara, 
and for the optimal FOPDT model, respectively.

In addition, the FFOPDT model parameters have also been estimated 
using several optimization-based identification methods. More specifi-
cally, the following optimization techniques have been used to deter-
mine FFOPDT model parameters: Artificial Bee Colony (ABC), Grey 
Wolf Optimizer (GWO), Particle Swarm Optimization (PSO), and Whale 
Optimizer Algorithm (WOA).

Table 7 contains the parameters of the FFOPDT model 𝜃1,𝑗 =
{𝐾1,𝑗 , 𝑇1,𝑗 , 𝐿1,𝑗 , 𝛼1,𝑗} for 𝑗 = 1, ..., 5, which have been estimated using 
the different optimization-based techniques mentioned above.

In Table 8, the values of the model performance index in the time 
domain 𝑆(𝜃1,𝑗 ) have been calculated for the models estimated using the 
different identification methods (𝑗 = 1, ..., 5) applied to the process 𝑃1. 
Information on the execution time of optimization-based procedures has 
also been included to give insight into the computational effort of each 
method. This table illustrates that the proposed method provides a more 
accurate model than the one obtained using the WOA technique, while 

the models obtained with the remaining techniques are more accurate 
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Table 4

FFOPDT model parameters for the process 𝑃1 estimated using various identification 
techniques (𝑗 = 1, ..., 6) and parameters estimated for an optimal FOPDT model (𝑗 = 7).

j Technique FFOPDT model parameters 𝜃1,𝑗

1 Proposed 𝐾1,1 = 3.00 𝑇1,1 = 5.69 s 𝐿1,1 = 1.50 s 𝛼1,1 = 0.915
2 Gude Mittag-Leffler [24] 𝐾1,2 = 3.00 𝑇1,2 = 5.81 s 𝐿1,2 = 1.51 s 𝛼1,2 = 0.920
3 Gude Symmetrical [21] 𝐾1,3 = 3.00 𝑇1,3 = 6.64 s 𝐿1,3 = 1.39 s 𝛼1,3 = 0.947
4 Gude Asymmetrical [21] 𝐾1,4 = 3.00 𝑇1,4 = 6.38 s 𝐿1,4 = 1.43 s 𝛼1,4 = 0.939
5 Tavakoli-Kakhki [13] 𝐾1,5 = 3.00 𝑇1,5 = 6.30 s 𝐿1,5 = 1.00 s 𝛼1,5 = 0.920
6 Guevara [19] 𝐾1,6 = 3.00 𝑇1,6 = 5.63 s 𝐿1,6 = 1.88 s 𝛼1,6 = 0.926
7 Optimal FOPDT 𝐾1,7 = 3.00 𝑇1,7 = 8.74 s 𝐿1,7 = 0.00 s −
Table 5

Time-domain performance index values 𝑆(𝜃1,𝑗 ) de-
termined using the models estimated using different 
identification procedures for the process 𝑃1 .

j Technique Set of points 𝑆(𝜃1,𝑗 )

1 Proposed (10-90%) 7.39 ⋅ 10−4

2 Gude Mittag-Leffler (10-90%) 7.63 ⋅ 10−4

3 Gude Symmetrical (10-50-90%) 1.28 ⋅ 10−3

4 Gude Asymmetrical (10-55-90%) 1.08 ⋅ 10−3

5 Tavakoli-Kakhki − 1.12 ⋅ 10−3

6 Guevara − 1.18 ⋅ 10−3

7 Optimal FOPDT − 2.71 ⋅ 10−3

𝑁𝑆 = 1,501

Table 6

Relative performance index values 𝑆1,𝑗 determined using 
different identification procedures (𝑗 = 1, ..., 6) compared 
to the proposed method (𝑗 = 1) for the process 𝑃1 .

j Compared techniques 𝑆1,𝑗 Improvement

1 Proposed-Proposed 1.0000 –

2 Proposed-Mittag-Leffler 0.9688 3%
3 Proposed-Symmetrical 0.5762 42%
4 Proposed-Asymmetrical 0.6847 31%
5 Proposed-Tavakoli-Kakhki 0.6570 34%
6 Proposed-Guevara 0.6279 37%
7 Proposed-Optimal FOPDT 0.2732 73%

at the cost of a larger execution time, which indicates a higher compu-
tational effort. The present black box model is two order of magnitude 
most faster than other robust meta-heuristic techniques. This outperfor-
mance of the current methodology could be explained by the fact that 
only one variable is optimized; meta-heuristics with a large number of 
variables are likely to do considerably better.

In conclusion, the results of this example demonstrate that the ac-
curacy of the FFOPDT model estimated using the proposed hybrid 
approach is significantly better than that of the analytical methods. Ad-
ditionally, the proposed approach provides a compromise between the 
accuracy of the identified model and the computational effort required. 
Indeed, the proposed hybrid method preserves the simplicity of the pro-
cedure when compared to other identification procedures.

4.2. Example 2

In this case, a higher-order lag-dominated fractional-order process 
model suggested in [13] is employed:

𝑃2(𝑠) =
𝐾2

, (23)
11

(1 + 𝑇2𝑠
𝜆2 )𝑛
Fig. 11. Comparison based on the relative performance index between the re-
sults obtained using different identification procedures (𝑗 = 1, ..., 6) and the one 
obtained using the proposed procedure (𝑗 = 1) for the process 𝑃1 .

where 𝐾2 = 2, 𝑇2 = 1 s, 𝑛 = 5, and 𝜆2 = 0.85.
Firstly, the proposed hybrid approach is used to estimate the 

FFOPDT model. An open-loop step-test experiment is applied to the 
process 𝑃2 to obtain the reaction curve of the process, as illustrated 
in Fig. 12. Table 9 presents the process data required for the proposed 
identification procedure.

The FFOPDT model parameters for the proposed hybrid approach 
can be determined by utilizing process data in Table 9. Fig. 13 shows 
both the reaction curve of the process 𝑃2 and the step response of the 
FFOPDT model estimated using the suggested identification technique.

In addition, several FFOPDT models for the process 𝑃2 have also 
been obtained using various fractional identification methods. More 
specifically, FFOPDT models have been obtained using the methods 
based on the reaction curve of the process proposed by Gude et 
al. in [24], in [22] for the symmetrical set of representative points 
(10-50-90%), and in [23] for the asymmetrical set of points (10-65-90%), 
respectively. Finally, FFOPDT models have also been estimated follow-
ing the three strategies followed by Tavakoli-Kakhki in [13].

Table 10 contains model parameters 𝜃2,𝑗 = {𝐾2,𝑗 , 𝑇2,𝑗 , 𝐿2,𝑗 , 𝛼2,𝑗 , } for 
𝑗 = 1, ..., 7, which have been obtained using the corresponding identifi-
cation methods mentioned above.

The values of 𝑆(𝜃2,𝑗 ) have been calculated for the models estimated 
using various identification procedures (𝑗 = 1, ..., 7) applied to the pro-
cess 𝑃2. These values provide an evaluation of the different identified 
models’ accuracy, as illustrated in Fig. 14 and in Table 11. Addition-

ally, Table 12 and Fig. 15 show the relative performance index values 
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Table 7

FFOPDT model parameters estimated for the process 𝑃1 using various optimization-based 
identification techniques (𝑗 = 1, ..., 5).

j Technique FFOPDT model parameters 𝜃1,𝑗

1 Proposed 𝐾1,1 = 3.0000 𝑇1,1 = 5.6900 s 𝐿1,1 = 1.5000 s 𝛼1,1 = 0.9155
2 Optimization (ABC) 𝐾1,2 = 2.9605 𝑇1,2 = 5.7192 s 𝐿1,2 = 1.8766 s 𝛼1,2 = 0.9355
3 Optimization (GWO) 𝐾 = 2.9740 𝑇 = 5.5872 s 𝐿 = 1.6050 s 𝛼 = 0.9163
1,3 1,3 1,3 1,3

4 Optimization (PSO) 𝐾1,4 = 2.9711 𝑇1,4 = 5.9463 s 𝐿1,4 = 1.5194 s 𝛼1,4 = 0.9331
5 Optimization (WOA) 𝐾1,5 = 2.9252 𝑇1,5 = 6.5324 s 𝐿1,5 = 1.9893 s 𝛼1,5 = 1.0039

Table 8

Time-domain performance index values 𝑆(𝜃1,𝑗 ) deter-
mined with the models estimated using different identi-
fication methods for the process 𝑃1 .

j Technique 𝑆(𝜃1,𝑗 ) Execution time

1 Proposed 7.39 ⋅ 10−4 0.67 s

2 Optimization (ABC) 5.78 ⋅ 10−4 71.87 s

3 Optimization (GWO) 4.13 ⋅ 10−4 37.61 s

4 Optimization (PSO) 3.64 ⋅ 10−4 37.68 s

5 Optimization (WOA) 2.20 ⋅ 10−3 36.67 s

𝑁𝑆 = 1,501

Fig. 12. Result of the open-loop step-test applied to process 𝑃2 : Step-input signal 
and process reaction curve.

Table 9

Process information obtained from the 
process reaction curve and required for 
FFOPDT model identification of pro-
cess 𝑃2 .

Process 𝑃2(𝑠)
Proposed method (𝑥1 = 10%, 𝑥3 = 90%)

Δ𝑢 = 1.00
Δ𝑦 = 2.00
𝑡10 = 2.3450 s

𝑡90 = 19.200 s

Fig. 13. Step response of the FFOPDT model estimated with the suggested iden-
tification procedure and reaction curve of the process for 𝑃2 . Points 𝑥1 = 10%
and 𝑥3 = 90% are also included in the figure for illustrative purposes.

𝑆2,𝑗 = 𝑆(𝜃2,1)∕𝑆(𝜃2,𝑗 ) for the different models (𝑗 = 1, ..., 7) in compari-
son with that obtained with the proposed method (𝑗 = 1).

This figure illustrates that the proposed method reduces the value 
of 𝑆 by 4%, 38%, 3%, 75%, 76%, and 90% compared to the procedures 
proposed by Gude with the Mittag-Leffler based method, for the sym-
metrical method, for the asymmetrical method, and by Tavakoli-Kakhki 
using three different strategies, respectively.

The parameters of several FFOPDT models for the process 𝑃2 have 
also been estimated using the same optimization-based identification 
methods than for the previous example, i.e., ABC, GWO, PSO, WOA 
techniques have been used. Table 13 contains the parameters of the 
FFOPDT model 𝜃2,𝑗 = {𝐾2,𝑗 , 𝑇2,𝑗 , 𝐿2,𝑗 , 𝛼2,𝑗} for 𝑗 = 1, ..., 5.

In Table 14, the time-domain model performance index values 
𝑆(𝜃2,𝑗 ) and the execution time of the optimization-based procedures 
have been computed for the models estimated using various identifica-
tion methods (𝑗 = 1, ..., 5) applied to process 𝑃2.

4.3. Example 3

In this section, we use a thermal-based experimental prototype that 
has recently been constructed for teaching and research purposes [57].

The thermal process takes place in the upper part of the apparatus, 
which consists of a 3D-printer extruder head inside a methacrylate duct. 
The equipment also has a fan installed in front of the hot end.

Fig. 16 illustrates the appearance of the thermal experimental pro-
totype, detailing the extruder head, its different parts, and the various 
forms of heat transfer that provides the controlled process its fractional 
12
behavior.
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Table 10

FFOPDT model parameters for the process 𝑃2 estimated using various identification 
techniques (𝑗 = 1, ..., 7).

j Technique FFOPDT model parameters 𝜃2,𝑗

1 Proposed 𝐾2,1 = 2.00 𝑇2,1 = 4.29 s 𝐿2,1 = 2.01 s 𝛼2,1 = 0.877
2 Gude Mittag-Leffler [24] 𝐾2,2 = 2.00 𝑇2,2 = 4.44 s 𝐿2,2 = 2.00 s 𝛼2,2 = 0.884

3 Gude Symmetrical [22] 𝐾2,3 = 2.00 𝑇2,3 = 5.07 s 𝐿2,3 = 1.89 s 𝛼2,3 = 0.912
4 Gude Asymmetrical [23] 𝐾2,4 = 2.00 𝑇2,4 = 4.34 s 𝐿2,4 = 2.00 s 𝛼2,4 = 0.879
5 Tavakoli-Kakhki 1 [13] 𝐾2,5 = 2.00 𝑇2,5 = 5.00 s 𝐿2,5 = 1.50 s 𝛼2,5 = 0.850
6 Tavakoli-Kakhki 2 [13] 𝐾2,6 = 2.00 𝑇2,6 = 5.00 s 𝐿2,6 = 0.69 s 𝛼2,6 = 0.850
7 Tavakoli-Kakhki 3 [13] 𝐾2,7 = 2.00 𝑇2,7 = 4.48 s 𝐿2,7 = 1.50 s 𝛼2,7 = 0.850

Fig. 14. Illustration of the performance index values 𝑆(𝜃2,𝑗 ) determined with 
the models estimated using different identification methods for process 𝑃2 .

Fig. 15. Comparison based on the relative performance index between the re-
sults obtained using different identification procedures (𝑗 = 1, ..., 7) and the one 

Table 11

Time-domain performance index values 𝑆(𝜃2,𝑗 ) deter-
mined with the models estimated using different iden-
tification methods for the process 𝑃2 .

j Technique Set of points 𝑆(𝜃2,𝑗 )

1 Proposed (10-90%) 2.80 ⋅ 10−4

2 Gude Mittag-Leffler (10-90%) 2.91 ⋅ 10−4

3 Gude Symmetrical (10-50-90%) 4.49 ⋅ 10−4

4 Gude Asymmetrical (10-65-90%) 2.90 ⋅ 10−4

5 Tavakoli-Kakhki 1 − 1.12 ⋅ 10−3

6 Tavakoli-Kakhki 2 − 1.18 ⋅ 10−3

7 Tavakoli-Kakhki 3 − 2.71 ⋅ 10−3

𝑁𝑆 = 2,501

Table 12

Relative performance index values 𝑆2,𝑗 determined using 
different identification procedures (𝑗 = 1, ..., 7) compared to 
the proposed procedure (𝑗 = 1) for the process 𝑃2 .

j Compared technique 𝑆1,𝑗 Improvement

1 Proposed-Proposed 1.0000 –

2 Proposed-Mittag-Leffler 0.9622 4%
3 Proposed-Symmetrical 0.6236 38%
4 Proposed-Asymmetrical 0.9655 3%
5 Proposed-Tavakoli-Kakhki 1 0.2500 75%
6 Proposed-Tavakoli-Kakhki 2 0.2373 76%
7 Proposed-Tavakoli-Kakhki 3 0.1033 90%

One of the versatile features of this experimental prototype is that 
the control hardware can control both the heating power of the resistor 
inside the extruder head and the speed of the air fan. Therefore, the 
controlled process is configurable. The configuration considered in this 
work uses the air fan as the actuator while the heating resistor is kept 
constant.

The scheme in Fig. 17 illustrates the thermal-based experimental 
setup. It distinguishes the prototype, which below presents the block 
diagram of the controlled process, the hardware, where the proposed 
hybrid identification procedure is implemented, and the local PC, where 
the graphical user interface is shown. A microprocessor, which is part 
of the hardware architecture proposed in [57], is employed in this work 
as hardware for the implementation of the hybrid algorithm.

The reader is referred to [25] for a more detailed description of 
the benefits of this hardware architecture compared to other potential 
options.

The procedure followed consists of an open-loop step-test experi-
ment. First, the control signal to the air fan is 𝑢𝐹 = 40% and the com-
mand signal to the heating resistor is 𝑢𝐻 = 100%. A step change with 
13

obtained with the proposed procedure (𝑗 = 1) for the process 𝑃2 .
 amplitude Δ𝑢𝐹 = −20% is applied at 𝑡 = 0 s, while the command signal 
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Table 13

FFOPDT model parameters estimated for the process 𝑃2 using various optimization-based 
identification techniques (𝑗 = 1, ..., 5).

j Technique Model parameters 𝜃2,𝑗

1 Proposed 𝐾2,1 = 2.0000 𝑇2,1 = 4.2873 s 𝐿2,1 = 2.0100 s 𝛼2,1 = 0.8773
2 Optimization (ABC) 𝐾2,2 = 1.9873 𝑇2,2 = 4.8388 s 𝐿2,2 = 1.7042 s 𝛼2,2 = 0.9110
3 Optimization (GWO) 𝐾2,3 = 1.9843 𝑇2,3 = 4.0981 s 𝐿2,3 = 2.1914 s 𝛼2,3 = 0.8803
4 Optimization (PSO) 𝐾2,4 = 1.9807 𝑇2,4 = 4.4643 s 𝐿2,4 = 2.0602 s 𝛼2,4 = 0.8974
5 Optimization (WOA) 𝐾2,5 = 1.9554 𝑇2,5 = 3.7290 s 𝐿2,5 = 4.0917 s 𝛼2,5 = 0.9442

Fig. 16. Detail of the thermal process taking place in the extruder head and image of the experimental prototype.

Fig. 17. Diagram of the thermal-based experimental setup, which includes the prototype and the microprocessor-based hardware. This figure also includes a local 

PC.

Table 14

Time-domain performance index values 𝑆(𝜃2,𝑗 ) determined 
with the models estimated using different identification meth-
ods for the process 𝑃2 .

j Technique 𝑆(𝜃2,𝑗 ) Execution time

1 Proposed hybrid approach 2.80 ⋅ 10−4 0.57 s

2 Optimization (ABC) 3.69 ⋅ 10−4 137.06 s

3 Optimization (GWO) 2.59 ⋅ 10−4 69.08 s

4 Optimization (PSO) 2.27 ⋅ 10−4 71.65 s

5 Optimization (WOA) 5.50 ⋅ 10−3 73.01 s

𝑁𝑆 = 2,501

𝑢𝐻 is kept constant, as depicted in Fig. 18. The measured temperature 
14

at the thermal block 𝑇𝑚(𝑡), which is recorded in Fig. 19, is the process 
Table 15

Process information collected from the 
process reaction curve and required for 
FFOPDT model identification of exper-
imental controlled process.

Experimental Setup

Proposed method (𝑥1 = 10%, 𝑥3 = 90%)

Δ𝑢 =Δ𝑢𝐹 = −20%
Δ𝑦 =Δ𝑇𝑚 = 26◦𝐶
𝑡10 = 8.30 s

𝑡90 = 130.50 s

reaction curve and varies from 113.75 to 139.75◦𝐶 (Δ𝑇𝑚 = 26◦𝐶). Ta-
ble 15 contains the information taken from the process reaction curve 

that is necessary to apply the proposed identification method.
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Table 16

FFOPDT model parameters obtained for the experimental thermal-based controlled process us-
ing the proposed identification method and the ones obtained using the identification method 
proposed in [23] considering 𝑥1 = 10% and 𝑥3 = 90% and moving the location of 𝑥2 (𝑥2 = 50%
and 𝑥2 = 65%).

j Technique FFOPDT model parameters 𝜃3,𝑗

1 Proposed 𝐾3,1 = 1.30◦𝐶∕% 𝑇3,1 = 42.02 s 𝐿3,1 = 3.50 s 𝛼3,1 = 0.957
2 Gude Symmetrical [21] 𝐾3,2 = 1.30◦𝐶∕% 𝑇3,2 = 39.52 s 𝐿3,2 = 3.82 s 𝛼3,2 = 0.948
3 Gude Asymmetrical [23] 𝐾3,3 = 1.30◦𝐶∕% 𝑇3,3 = 39.93 s 𝐿3,3 = 3.76 s 𝛼3,3 = 0.949
Fig. 18. Input signals applied in an open-loop step-test experiment: command 
signal to the heating resistor 𝑢𝐻 (𝑡)[%] and control signal to the air fan 𝑢𝐹 (𝑡)[%].

Fig. 19. Output signal obtained with an open-loop step-test experiment: process 
reaction curve 𝑇𝑚(𝑡)[◦𝐶].

Table 16 contains the FFOPDT model parameters estimated using 
the hybrid approach proposed in this paper and those obtained using 
the analytical methods developed by Gude and García Bringas in [21]
and by Gude in [23] considering both the symmetrical (10-50-90%) and 
the asymmetrical (10-65-90%) set of representative points, respectively.

Fig. 20 compares the process reaction curve obtained using an open-
loop step-test experiment with the step response of the FFOPDT model 
15

estimated with the suggested hybrid approach. The figure also illus-
Fig. 20. Process reaction curve for 𝑃1 and step response of the FFOPDT model 
estimated using the proposed identification procedure. Points 𝑥1 = 10% and 
𝑥3 = 90% are also included in the figure for illustrative purposes.

Table 17

Time-domain performance index values 𝑆(𝜃3,𝑗 ) obtained 
for the experimental thermal-based controlled process 
using different identification procedures.

j Technique Set of points 𝑆(𝜃3,𝑗 )

1 Proposed (10-90%) 4.8279 ⋅ 10−5

2 Gude Symmetrical (10-50-90%) 6.1586 ⋅ 10−3

3 Gude Asymmetrical (10-65-90%) 5.6591 ⋅ 10−3

𝑁𝑆 = 4,001

trates the representative points (𝑥1 = 10% and 𝑥3 = 90%) on the reaction 
curve.

The performance index values 𝑆(𝜃3,𝑗 ) for the different identification 
procedures (𝑗 = 1, 2, 3) applied to the temperature-based controlled pro-
cess are shown in Table 17.

The results obtained using the hybrid approach are significantly bet-
ter in terms of accuracy than those obtained using the symmetrical and 
asymmetrical analytical procedures. The computational effort of the hy-
brid approach is higher than that of the analytical procedures, although 
searching only for the optimal value of the 𝛼 parameter provides a sig-
nificant improvement at the cost of moderate computational effort.

4.4. Discussion

Several examples have been used in this section to illustrate the 
applicability and effectiveness of the proposed hybrid approach. The 
first two illustrative examples serve to verify the good results obtained 

with the proposed identification procedure, in contrast to other methods 
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relying on the reaction curve of the process. Alternatively, the third 
example verifies the applicability of this procedure by implementing the 
proposed approach on a microprocessor-based hardware and applied to 
a temperature-based experimental prototype.

The hybrid approach proposed in this work has been compared with 
different identification procedures, some analytical and others based on 
optimization. The potential advantages of this procedure are discussed 
below.

• Examples 1 and 2 have demonstrated that the hybrid procedure 
provides more accurate FFOPDT models than those estimated using 
analytical methods based on the reaction curve of the process.

• Among these analytical methods, the method suggested by Gude 
and collaborators in [24] that estimates the parameter 𝛼 using the 
asymptotic property of the Mittag-Leffler function is remarkable. 
Note that this approach provides an analytical technique to accu-
rately determine the 𝛼-parameter. Since the way of estimating the 
parameters 𝐾 , 𝑇 , and 𝐿 are the same as in the proposed procedure, 
the low value of the time-domain performance index 𝑆 indicates 
that the estimated 𝛼 value is very close to the optimum.

• Furthermore, obtaining very accurate FFOPDT models using the 
proposed approach, i.e. those with low values of 𝑆 , confirms the 
hypothesis that parameter 𝛼 is the most significant parameter for 
accurately fitting the step response of the identified fractional 
model to the process reaction curve.

• Additionally, the optimal FOPDT model has also been included in 
Example 1 to verify that the FFOPDT model significantly outper-
forms integer-order optimal models. This supports the known ad-
vantage derived from using reduced-order fractional models, which 
is documented in several technical references in terms of more ac-
curate models; see, e.g., [12], [18], and [19].

• Examples 1 and 2 have also compared the FFOPDT model estimated 
using the proposed hybrid approach with several methods using 
various optimization techniques. In such examples, it is shown 
that this method provides good results, in some cases even outper-
forming some optimization-based methods. Note that the proposed 
hybrid method computes the optimal value of a single variable of 
the model, while optimization-based methods compute the optimal 
values of all the parameters of the FFOPDT model. The accuracy of 
the models estimated with more complex procedures is expected to 
improve at the cost of increasing the computational effort and the 
complexity of the procedure, as can be observed from the results 
obtained in the previous sections.

• In relation to optimization-based methods, it should be noted that 
they generally require good initial settings of the model parame-
ters. Given that analytical methods based on three symmetrical or 
asymmetrical points on the process reaction curve generally pro-
vide good results in terms of accuracy with minimal computational 
effort, these model parameters can be used as initial values in an 
optimization-based identification procedure.

• Example 3 has been used to gain insight into the practical appli-
cation of fractional identification algorithms on real-time targets 
[23]. For this purpose, the control hardware architecture proposed 
in [25] has been used to validate the applicability and effective-
ness of the proposed hybrid algorithm applied to a temperature-
based experimental setup. Furthermore, this example contributes 
to bridging the gap between real-time hardware solutions and 
software-based fractional modeling simulations [23].

Since fractional behavior is ubiquitous in industrial processes, see 
[58] and [26], the availability of methods for the identification of 
reduced-order fractional models and the capability to be deployed on 
real-time targets is a requirement of industry [59]. In the context of this 
work, an interesting discussion arises as to whether the extra effort of 
considering optimization to obtain a more accurate model is worth it. 
16

In this regard, it is important to note that the mathematical background 
Results in Engineering 21 (2024) 101757

of plant technicians and operators is generally limited and that a typical 
process plant usually includes a large number of control loops. There-
fore, for such a new identification method to have a potential impact on 
industry, key requirements are simplicity and a trade-off between the 
accuracy of the identified fractional model and the computational effort 
required for its implementation on an industrial-level hardware device.

In conclusion, the industry requires simple-to-apply fractional-order 
model identification procedures that are easy-to-implement on a hard-
ware device. The authors believe that these characteristics are fulfilled 
by the procedure proposed in this work while providing the required 
balance between accuracy and computational effort.

5. Conclusions

This work presents a new method for identifying reduced-order frac-
tional models applied to describe the dynamic behavior of processes 
with overdamped step response.

The proposed approach uses information collected from the reaction 
curve of the process, which was obtained by applying an open-loop step-
test experiment. The proposed method is hybrid because it combines 
single-variable optimization techniques and analytical expressions for 
the estimation of model parameters.

The results obtained with the examples in this paper prove the effec-
tiveness of this hybrid approach in the identification of fractional mod-
els. It also demonstrates the applicability of the hybrid approach and the 
straightforwardness of its practical implementation on microprocessor-
based hardware by being applied to a temperature-based experimental 
setup.

The authors believe that this hybrid approach that finds an appropri-
ate balance between the simplicity of the procedure and the accuracy of 
the identified model will promote the adoption of this type of reduced-
order fractional models at the industrial level.

In the context of the research presented in this paper, the following 
future work can be suggested:

• The proposed approach is restricted to fractional order values in 
the range 0.5 ≤ 𝛼 ≤ 1.0, a natural extension to this work is to apply 
it to the range 1.0 ≤ 𝛼 ≤ 2.0, i.e., for processes with underdamped 
behavior.

• Although microprocessor-based hardware has been used in this 
work for the implementation of the proposed fractional-order iden-
tification algorithm, it is well known that the Programmable Logic 
Controller (PLC) is the most widespread device in the process in-
dustry. A future work aims to implement this identification proce-
dure in a PLC.
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