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Abstract: The document presents a class of quasi-fractional analytic functions, exploring their
properties in complex analysis and fractional calculus. Definitions, theorems, and proofs are
established that link these functions with concepts such as Gauss’s Theorem and the Cauchy-
Pompeiu formula. Additionally, the relationship between harmonicity and quasi-fractional
analyticity is investigated, also introducing the concept of quasi-generalized fractional analytic

functions.
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1. INTRODUCTION

This paper introduces an expansive area of research that
merges the fields of complex analysis and fractional calcu-
lus, laying the groundwork for a class of quasi-fractional
analytic functions and their generalizations in hypercom-
plex algebras.

The research delves into how the tools and concepts
of fractional calculus which extends differentiation and
integration operations to non-integer orders can be applied
to complex analysis, which traditionally studies functions
of complex variables. This approach seeks to explore new
properties and applications in domains where classical
operators are insufficient.

To achieve this, the work builds upon a solid foundation of
Complex analysis, a fundamental branch of mathematics
that focuses on functions of complex variables. In this field,
a complex-valued function is called analytic over a specific
domain if it meets the conditions of the Cauchy-Riemann
equation, which essentially ensures its differentiability in
the complex plane. Key concepts such as Gauss’s Theorem
(in its complex form) and the Cauchy-Pompeiu formula
are foundational in this area, providing powerful integral
representations and revealing fundamental properties for
analytic functions, see Begehr (1996, 2005). Functions
that are analytic can also be locally expressed through
power series. Furthermore, harmonic functions, which are
twice continuously differentiable and satisfy a specific par-
tial differential equation related to the Laplacian opera-
tor, are closely linked to analytic functions, see Struppa
et al. (2012); Tutschke and Vasudeva (2004); Ablowitz and
Fokas (2003).

* This work was supported by the Basque Government (BEREZ-IA
Elkartek Project, Grant KK-2023/00012) and by Universidad San
Francisco de Quito (USFQ) through the Poli-Grants Program (Grant
33603).

Moving beyond classical paradigms, fractional calculus
extends the traditional notions of integration and differ-
entiation to non-integer orders. This field defines concepts
such as the Riemann-Liouville fractional integrals and
derivatives, which are generalizations of their integer-order
counterparts, see Samko et al. (1993); Kilbas et al. (2006);
Torres and Malinowska (2012). These definitions pave the
way for a theorem analogous to the fundamental theorem
of classical calculus, establishing a core relationship be-
tween fractional integration and differentiation, see Miller
and Ross (1993); Lovoie et al. (1976); Diethelm (2010);
Sabatier et al. (2007).

Fractional calculus has seen burgeoning importance due to
its wide-ranging applications in diverse fields, including:
Physics Such as quantum mechanics, addressing gauge
hierarchy problems, studying supersymmetries, and na-
noelectronics, see Hilfer (2003). Biology, economics, geo-
physics, medicine, and bioengineering. Among others, see
Magin (2006); Kilbas and Marzan (2005); Alsaedi et al.
(2015).

The convergence of these mathematical domains has led
to fractional complex calculus, where a fractional Cauchy-
Riemann operator is defined, generalizing its classical
counterpart. A complex function is then deemed fractional
analytic if it satisfies a fractional version of the Cauchy-
Riemann equation, see Ceballos et al. (2020); Kéahler and
Vieira (2014).

This paper introduces a novel class of functions called
quasi-fractional analytic functions. A function is defined as
quasi-fractional analytic within a given domain if its real
and imaginary parts satisfy a specific system of equations
involving both classical partial derivatives and Riemann-
Liouville fractional derivatives. An example of fractional
analytic function is provided within the paper, Coloma
et al. (2021); Ceballos et al. (2022); Gonzalez-Cervantes
and Bory-Reyes (2024) .
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One of the paper’s central contributions is establishing
a fundamental connection: a function is quasi-fractional
analytic if and only if a related auxiliary function (con-
structed using specific fractional integrals of its real and
imaginary components) is classically analytic. This means
that many well-known properties and theorems from clas-
sical complex analysis can be directly applied to these
new quasi-fractional functions. For instance, since this
auxiliary function is analytic, it consequently possesses a
power series representation.

Furthermore, the work investigates the relationship be-
tween harmonicity and this new class of analyticity within
the framework of fractional calculus. The paper also delves
into the class of quasi-generalized fractional analytic func-
tions. An important lemma states that if a function is
quasi-fractional analytic, a specific transformation of its
auxiliary function results in a generalized analytic func-
tion.

Finally, this paper presents a significant theorem by con-
tradiction: it establishes that if a function is classically an-
alytic and non-constant, with its real and imaginary parts
being non-constant separable functions, then it cannot be
quasi-fractional analytic.

2. PRELIMINARIES

In this section, we will present the basic results needed
to develop the article. We will introduce fundamental
concepts, definitions, and basic theorems from fractional
calculus, complex analysis, and the combination of both
topics in complex fractional calculus.

2.1 Fractional Calculus

Let [a,b] be a finite interval on the real axis R. The
Riemann—Liouville fractional integrals of order @ > 0,
denoted by IZ[f] , are defined as follows (see Kilbas et al.
(2006); Podlubny (1999); Samko et al. (1993)):

Lo fw
I =
HUCIE e =
where T'(«) denotes the Gamma function (see Kilbas et al.
(2006); Samko et al. (1993)).

dt, z=>a, (1)

In the next theorem, we introduce the class of functions h,
I%(L4), which consists of functions that can be represented
as a fractional integral (1) of a summable function, that
is, functions of the form h = I%[p], where ¢ € Li(a,b). A
description of this class of functions can be found in Kilbas
et al. (2006); Samko et al. (1993).

Theorem 2.1. A function h € I%(L1),a > 0, if and only
if its fractional integral I3~ *[h] € AC*([a,b]), where s =
[a] + 1 and (I3~ 2[h])*)(a) = 0, for k=0,...,s — 1.
Proof 1. See Samko, Theorem 2.3 Samko et al. (1993).
Remark 2.2. AC*([a,b]) denotes the class of functions h,
which are continuously differentiable on the segment [a, b],
up to order s — 1 and A1 is absolutely continuous on
[a,b]. Removing the last condition in Theorem 2.1, we get
a class of functions that admits a summable fractional
derivative.

Definition 2.8. The fractional Riemann—Liouville deriva-
tive, D%[h](x) , of order a > 0, (see Kilbas et al. (2006);
Miller and Ross (1993); Podlubny (1999)) is defined by

Do IR (z) = (;;) roh(z),  s=la]+1, #>a

(2)

For 0 < a < 1, (2) takes the form
d 1  h(t)
= i F(l—a)/a wons G
Definition 2.4. A function h € Li(a,b) has a summable
fractional derivative D [h](x) if
1;7[h)(x) € AC*([a, b)),
where s = [a] + 1 (see Samko et al. (1993)).

Dg[hl(z)

The definitions for fractional integral and differential op-
erators allow for an analogous theorem to the classical
fundamental theorem of calculus.
Theorem 2.5. Let o > 0. If f(z) € L,(a,b), 1 < p < oo,
then the following identity

(DZL)[fl(x) = f(=),
is valid almost everywhere on [a, b] (The space LP(£), for

1 < p < o0, consists of all measurable functions f such
that [, |f(z)|? dz < o).

Proof 2. See Kilbas, Lemma 2.4. Kilbas et al. (2006).

Ezample 2.6. Coloma et al. (2021); Ceballos et al. (2022)
Let u,A € (0,1), a >0,k € Nand 8 > —1, then

(1) I} [(z—a)P] = %(m —a)P A,
2) Dt [(@-a)] =
0,=p—1,
(5
L(B—p+1)
Ezample 2.7. Let A € (0,1), a =0, k € Nand 8 > —1,
then

(z — a)’™", otherwise.

L [ = M €R. (4)

2.2 Complex Analysis

Let a = ag +ia; and b = by + ib; be such that —o0 < a; <
b; < oo for ¢ = 0,1. We define the domain

Q:={z+iy|lag <z <ap, b <y<b}. (5)

The Cauchy—Riemann operator is defined on a function
f:QCcC—=Chby

1
O=f = 5(830 +10,) (u + iv) (6)
Then, the complex equation dzf = 0 leads to the well-
known Cauchy-Riemann system for f = wu + iv. Here

z = x + iy and the conjugate is Z = = — iy

Definition 2.8. A complex-valued function f is called an-
alytic over €, if it satisfies the Cauchy-Riemann equation
given by 0zf = 0.

Definition 2.9. A real-valued function f is called harmonic
over (), if it is twice continuously differentiable and satisfies
the following partial differential equation

Af:fmx+fyyzo
Theorem 2.10. Gauss Theorem (complex form) Let w €
CH{(Q;C)NC(;C) in a regular domain  of the complex
plane then
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1, / w(z)dz = / Dzw(z) dzdy (7)
v Joo Q

where Dz is twice the Cauchy-Riemann operator.
Theorem 2.11. Cauchy formula Let ' C C be a regular
domain and h € C*(2; C)NC(Q; C). Then, using ¢ = £+
i for z €

1

ne) = | K@ 2hodc 5)

where K (z) = 52 is the Cauchy’s kernel

Proof 3. See Begehr (2005); Ablowitz and Fokas (2003) for
the proof.

Theorem 2.12. Let f be analytic in a domain Q and
continuously differentiable with respect to z and y in the
closure . Then f({) can be written locally in the form

FQ) = an(¢—2)", (9)
n=0

where
oo L[ &)
"2mi Joq (2 — 29)n Tt
Proof 4. See Tutschke and Vasudeva (2004) for the proof.

Theorem 2.13. Let w be a complex-valued function such
that w € C1(Q,C) that satisfies

dz. (10)

O=(~w) :g:A—i—B%. (11)

Then w is generalized analytic if and only if ® = we™" is

analytic.
Proof 5. See Vekua (1962) for the proof.

2.8 Fractional complex calculus

The fractional Cauchy-Riemann operator is defined on a

function f: Q C C — C such that f € AC(Q2,C) by
Dz[f] = D [f] +iDy* [f],

where « € (0,1).

Definition 2.14. A complex-valued function f € AC(Q,C)

is called fractional analytic over ), if it satisfies the

fractional Cauchy-Riemann equation given by DZ[f] = 0.

Theorem 2.15. Let f be a complex valued function, such
that f = fo +if1, where fo, fi € AC*(Q), z = x0, y = 1

and
fo(ag ,21) = fi(zo, ) = 0.
Then the following statements are true:

(i) DgE(Dgx f;) = D2 f. for k,j € {0,1}.

k k
(ii) D (Dgt f;) = Dt (Dg) f;) for k # 5.
Proof 6. The proof follows by direct calculation, using the
results presented in Ceballos et al., Theorem. 3.2. Ceballos

et al. (2020).
3. QUASI-FRACTIONAL ANALYTIC FUNCTIONS

Definition 3.1. A function f € AC(Q,C) such that f =
u + v is quasi-fractional analytic on € if it satisfies the
following system of equations:

635];_“11 — 0,1 v =0,

Dgv+ Dju=0.

(12)
(13)

Ezample 3.2. Let o € (0,1) and define f € AC(£2,C) by

fz,y) = (= ao)(y — a)* " +i(z — ao)* "y — a1).
Using Example 2.7, we get
I;_“u = (z —ag)Cy

where C, = TSN ¢ R Thys,

INEEY!
DI %u = Ca.
Similarly,
Iiiav = (y — a1)Ca,
511];70‘11 =C,.
Thus,

Ol u— 0yl v =Cy — Cy =0,
and equation (12) is satisfied.

On the other hand, by Example 2.6 it follows that:

Dgv = (y — a1)DY[(z — ao)*~'] = 0,

Dyu= (z —ao)Dy[(y — a1)* "] =0,
satisfying (13). Therefore, f is quasi-fractional analytic.
Note that f is not analytic.

Lemma 8.3. A complex-valued function f = w + v in
AC(Q,C) is quasi-fractional analytic if and only if g =
I~ “u+1il;~“v satisfies the Cauchy-Riemann equation on
Q.

Proof 7. Necessity. Suppose f = wu + v is absolutely
continuous in Q. Then the function g = I;”%u + il;~%v

exists (is defined) in  and g € AC(Q,C). Applying the
Cauchy-Riemann operator over g, we get

Dzg(2) = (8me1*au — 9y I} ™) +i(Dgv + Dyu).
By hypothesis, real and imaginary part of Dzg(z) are both
zero, so Dzg(z) = 0, i.e. g is analytic in .
Sufficiency. Let f = u + iv be a complex-valued function
defined on 2 C C. Suppose the function g = Iqj*au +

iI1=%v is defined and analytic on Q, i.e. Dzg(z) = 0, then
Dzg(z) = (9, + i0y) (I, “u+ il “v)
= (0o L) “u— 0,1, %v) +i(0, I, v + 0y 1, “u)
= (01, “u— 9,1, v) +i(Dgv + Dy u)
=0
which leads to the following system of equations
895];*“11 —9,I} v =0,
Div+ Dju=0.
Hence, f is quasi-fractional analytic.

Definition 3.4. A function f € AC*(,C) such that f =
u + v is anti-quasi-fractional analytic on 2 if it satisfies
the following system of equations:

0oL, *u+ 0,1, v =0, (16)
D3v — Dyu = 0. (17)

Ezample 3.5. Let a € (0,1) and let f € ACY(Q,C) be
defined by

fz,y) = (& = ao)(y — a)* " —i(z — ag)* ' (y — a1).
Then f is anti-quasi-fractional analytic in €2, by calcula-
tions similar to those in Example 3.2.

)afl

The link between f and g is given by the following
expressions
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9(2) = L,”“Re[f(2)] + I, Im[f(2)],
f() = D" Relg(2)] + 1D}~ Im[g(2))
The second expression follows from the fact that
Dlmorlmn(2) = h(z)
for any h € AC(Q,R). Using the well-known identities
Re[f] = % and Im[f] = % in the expression above,
we get

1 -« —« —« —a\ F)
9(z) = I~ + L7 () + (1,7 = L) f(2)].
In a similar way, we can get an expression for f(z) in terms
of g(2) and g(z),

£(2) = (D)™ + DI)g(=) + (D}~ ~ DY)z

Lemma 3.6. Let Q C C be a regular domain and f = u +
iv quasi-fractional analytic such that f € C1(€;C) N
C(€;C). Then, using ¢ = £ +in

1) = 57 [ [RalC2)9(0)dC — Lo 2T (19
where
RalG.2) = (D} + DI )K(C - )
and

£a(¢,2) = (D)™ = D7) K(C ~ 2)

Proof 8. Suppose f is quasi-fractional analytic, so g is ana-
lytic. Moreover, g has the following integral representation

o) =7 [ K200 dc

where K(z) = i is the Cauchy’s kernel. Using this
formula on (18), we get the desired expression

f2) = = /a [80(¢2)9(0)d ~ £ (€A . (20)

[\~

7
RalC,2) = (D™ + D) K(C — 2)

£a(,2) = (D)™ = D) K(C ~ 2)

Note: K({ — z) = K(¢ — 2).

Lemma 3.7. Let  C C be a regular domain and f = u +
w € AC(Q,C) be quasi-fractional analytic on Q. Suppose
that the fractional integrals I;*au and I1=%v are well-
defined and continuously differentiable with respect to x
and y in ). Then

I;_au +aillm v = Z an(C—20)"

(21)
n=0
where
1 Iz}’o‘u + Z'I;*av
= — - dz. 22
" 9w /39 (z — zp)nt! “ (22)

Proof 9. Since f is quasi-fractional analytic, by lemma 3.3
we know that

g= I;*O‘u +aill %
is analytic on Q. Since g is also continuously differen-
tiable on €2, by Theorem 2.12, the power series represen-
tation (21) follows immediately.

Lemma 3.8. Let 0 < o < 1, v # 0 be constants, and let
f(t) be a function in AC(a,b) with a,b € R such that
I f(t) exists. If the following holds:

IPf() =7 ().
then f(¢) =0 for all ¢ € (a,b).
Proof 10. According to Samko et al. (1993), the solution
to the Abel integral equation

1 [f e(Qde
@, g =10 29)
is uniquely given by
R S A (9
o0 ), o
Substituting ¢(t) = v~ f(t) into (23) and (24), we obtain:

Which implies that f(¢) = 0.

Theorem 3.9. Let € be a domain containing the origin,
and let f = u+1iv be analytic and non-constant on €2, such
that v and v are both non-constant separable functions
given by:

u=nhi(z)f1(y), v=he(x)f2(y)

where each function composing u and v belongs to AC(€2).
Then f is not quasi-fractional.

Proof 11. We proceed by contradiction. Suppose that f
is quasi-fractional. Then, for every z = = + iy € ), the
following equations hold:
0 0
—hy(x) I} - = I=2h =0,
f2(y) Dy ha(z) + hi(x) Dy f1(y) = 0.

Since f is analytic, the Cauchy—Riemann equations also
hold:

@A) - 5 L@ =0, (@)
Sl + S @R =0 (29)

Applying the operator I;*“ to (27), we obtain:
0

S @ ) = 1 (R0 ) hale) = 0. 29)

Subtracting (29) from (25) yields:

0 o o0
SR e = @ (). 29
Now consider those points z € €2 for which both 8%fg(y) #+
0 and ha(z) # 0. Then:

(55 2(9) _ I~ ha(a)
a%f2(y) ha(x)

By the fact that each side of the previous equation depends
on a different variable, this implies that the ratio of the
two functions must be a real constant. However, using
Lemma 3.8, we find that this can only occur if hy(z) =0




248 Oscar Camacho et al. / IFAC PapersOnLine 59-37 (2025) 244-249

or %fg(y) = 0. By hypothesis, u # 0, so a%fg(y) =0,
which implies fo(y) = ¢1, where ¢; # 0 is a real constant.

Substituting this into (27), we obtain:

9 (@) fi(y) = 0.

ox
Since v # 0, it follows that a%hl(a:) =0, ie., hi(z) = o
with ¢o # 0 constant. Substituting into (28), we find:

0 0
6287yf1 (y) +c1 %hg(x) =0.

(30)
Suppose now that fi(y) and ho(x) are not constant func-
tions satisfying the previous relation. Applying the opera-
tor I~ to (30), we get:

el = (& 1)) + cla%hg(xﬂ;*“(l) =0. (31)
Noting that:
o0 ) Y A0y
I (&,fl(y)) ~ oy (I, fr) = T (32)

Substituting this into the previous expression, we obtain

2 (;y (I;_aﬁ) — %) + Cl%hz(x)j-;—a(l) —o.
(33)
Thus
0

— ha(a) I} (1) =

ez ([1(0)y~
cl< ()

_pen, <y>) (34)

Since the right-hand side of (34) depends only on y, this
implies that %ﬂ(f) must be constant. However, if it is
constant, then the equality only holds for a specific value
of y different from cero. Therefore, (30) is only satisfied
when both a%fl (y) = 0 and %hg(ﬂf) = 0, which implies

that f is constant a contradiction.

3.1 The connection between harmonicity and analyticity
using fractional calculus

In this section, we explore the relationship between har-
monicity and analyticity for a function g defined via Rie-
mann Liouville integrals. The approach is to begin with
harmonicity and, through the tools of fractional calculus,
characterize a particular class of analytic functions.

Lemma 3.10. If g = Iyl_au + iI}7%v is harmonic and
0zg = VU, then U is anti-analytic.

Proof 12. Let g be harmonic, that is, 9,059 = 0. Consider
Og = (9, +i0,) (I}~ *u +iI)~") =

&J;‘au — 0, I~ *v +i[D%v + Dy ul. (35)

Let
= 8,;]5_0‘11 — Oy I, (36)
2 = Dyv + Dyu. (37)

Accordingly, we express ¥ = @1 + iws. By applying 0, to
equation (35), and using that ¢ is harmonic, we obtain:

(0, — i0,)¥ = (9, —i0,)(0:9) = 0. (38)
Lemma 3.11. If g = Iyl_“u + ¢I}7%v is harmonic and
[ =u(y) +iv(z) then Dgv + Dyju is analytic.

Proof 13. Let g be harmonic. Then,
Ag = 0,[0:1) “u— 8,1, “v] + 8,[D3v + Dyu]
—i(ay[amI;*au — Oy I "] — 0,[DSv + Dyu]) =0. (39)
Since u = u(y) and v = v(z), it follows that Dgv + Dy is
analytic
Lemma 3.12. o If g = I)=*u+il,~“v is harmonic and
[ = u(z,y) +w(z,y) and O, I, *u — I} v = 0
then DZv + Djju is analytic.

o Ifg= I;_O‘u—i— iI1~%v is harmonic and f = u(z,y) +
w(z,y) and D¢v+ Dgu = 0 then 9,1, *u— 9,1}~ *v
is analytic. (

Proof 14. Both proofs follow by direct calculation using
system (39) with f = u(z,y) + iv(z,y).

4. QUASI-GENERALIZED FRACTIONAL ANALYTIC
FUNCTIONS

Theorem 4.1. Let f = u+iv be a complex-valued function.
Suppose g = I;_O‘u + iIl7%v is a generalized-analytic
function, i.e. g satisfies
gz + Ag+ Bg = 0.
where A and B are complex valued functions and —gz =
A+ B%. Then, f is quasi-fractional analytic.
Proof 15. Since —gzg = Ag + By, it follows that:
9z —9z9 =0
or equivalently,
gz(1 —g) = 0.
Then if gz = 0, f is quasi-fractional analytic. If that is not
the case, then:
= ]_7
I;_”‘u +allm v = 1.
And applying the Cauchy-Riemann operator gives:
(0 +1i0y) (I “u + il,~*v) = 0.
Which again shows that f is necessarily quasi-fractional
analytic in either case.
Lemma 4.2. Let f = u 4+ iv be a quasi-fractional analytic
function on € such that g = I;~%u + iI}~*v. Then w =
(I, “u+il}~*v)e 9 is a generalized analytic function.
Proof 16. Since f is quasi-fractional analytic, it follows
from Definition 3.1 that ¢ is analytic. By Theorem 2.13,
the analyticity of g implies that the function w, is gen-
eralized analytic. This can be expressed by the following
diagram:

Quasi-Fractional Analytic —— Analytic

\ l

Generalized Analytic

5. CONCLUSION

This work presents a study of quasi-fractional analytic
functions, a new class of functions that combines concepts
from complex analysis and fractional calculus. By extend-
ing the classical Cauchy-Riemann framework to include
Riemann—Liouville operators, we established a system of
conditions under which a function is considered quasi-
fractional analytic.
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A key result is the equivalence between the quasi-fractional
analyticity of a function and the classical analyticity of
an auxiliary function constructed from fractional integrals.
This connection enables the application of classical com-
plex analysis results, including power series expansions and
integral representations.

We further explored the relationship between harmonicity
and quasi-fractional analyticity, showing how fractional
calculus tools can characterize families of analytic and
generalized analytic functions. Additionally, the paper
identified limitations by proving that classical analytic
functions with separable real and imaginary parts cannot
be quasi-fractional analytic.

The results presented here open the path for future work
in fractional complex analysis and its applications in
hypercomplex algebras, physics and engineering problems
where classical tools are insufficient.
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