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 a b s t r a c t

In federated learning (FL), a central server typically allocates training efforts to clients. However, from a market-
oriented perspective, clients may independently choose their training efforts based on rational self-interest. To 
study this setting, we propose a potential game framework in which each client’s payoff is determined by its 
individual effort and the rewards provided by the server. The rewards are influenced by the collective efforts 
of all clients and can be modulated by a reward factor. We first establish the existence of Nash equilibria (NEs) 
and then investigate their uniqueness in a stationary setting. We show that the NEs depend nonlinearly on the 
reward factor and exhibit a nonsmooth transition at a critical value, where the stationary potential loses strict 
curvature, leading to nonunique NEs and a jump between low-effort and high-effort branches. Furthermore, we 
prove the convergence of the best-response algorithm for computing NEs in our FL game. Finally, we apply the 
clients’ rational efforts derived from the NEs to FL training with various datasets and models, thereby validating 
the effectiveness of the identified critical reward factor.

1.  Introduction

Federated learning (FL) [1] has shown considerable promise for 
training large-scale machine learning models across distributed data 
sources. In FL, clients train local models using local datasets and trans-
mit only the updated model parameters, rather than the raw data, to 
a central server for aggregation. From the viewpoint of dynamical sys-
tems, the iterative client-server updates can be viewed as a discrete ap-
proximation of a coupled gradient flow, where each client’s local de-
scent contributes to the evolution of the global model parameters along 
a shared loss landscape.

1.1.  Motivations

Incentives as a game-theoretic interaction. Conventional FL often assumes 
voluntary participation from heterogeneous clients while the server pre-
scribes local workloads in a centrally planned manner. When private 
costs differ across clients, this can induce strategic under-training or 
silent dropout [2]. We therefore model incentives as a game-theoretic 
interaction. The server offers rewards, each client chooses its effort by 
balancing the reward against its local cost, and the coupled FL aggre-
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gation makes each payoff depend on the efforts of others. This yields a 
Nash equilibrium (NE) characterization of a self-consistent effort pro-
file, and Fig. 1 illustrates how this equilibrium is integrated into the FL 
training loop. Guided by this viewpoint, we study two sets of questions:

• How should the FL game be modeled (reward rule, local costs, and 
feasible sets), and under what assumptions do NE existence, unique-
ness, and efficient computation hold?

• How does the equilibrium effort profile respond to the reward param-
eter? In particular, do threshold-type or nonlinear transitions arise, 
and how should the server tune this reward parameter to improve 
participation quality and final model performance?

Rationale for potential games. Analyzing NEs in general 𝑁-player games 
is notoriously challenging [3], and tracing how equilibria vary with 
game parameters is even harder [4]. In FL, clients’ updates are typ-
ically aggregated through weighted sums, which motivates designing 
the server’s reward as a compatible weighted sum of client efforts. Un-
der this structure, the interaction becomes a potential game [5], allowing 
equilibria to be studied through a single potential function and analyzed 
with standard optimization tools.
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$s_{i}^* = \beta _i(\bar {s}^*)$


$i$


$s_{i}^* = \beta _i(\bar {s}^*)$


$i\in [m]$


$s^{*}_i = Q_i$


$i\in [m]$


$s^{*}_i = \lambda \bar {s}^*/(2 \alpha _i- \lambda /m)$


\begin {equation*}\frac {\lambda \left (\bar {s}^*-s_i^*/m\right )}{2\left (\alpha _i-\lambda /m\right )} = \frac {\lambda \bar {s}^*}{2 \alpha _i-\lambda /m},\end {equation*}


$s_{i}^* = \beta _i(\bar {s}^*)$


$\mathbb {R}_+$


\begin {align*}I_1(x) &:= \left \{ i \in [m]\, \Big |\, q_i \geqslant \frac {\lambda \,x }{2 \alpha _i-\lambda /m} \,\textnormal { and }\, \alpha _i > \frac {\lambda }{m} \right \};\\[0.6em] I_2(x) &:= \left \{ i \in [m]\, \Big |\, q_i < \frac {\lambda \, x}{2 \alpha _i-\lambda /m} < Q_i \right \};\\[0.6em] I_3(x) &:= \left \{ i \in [m]\, \Big |\, Q_i \leqslant \frac {\lambda \, x}{2 \alpha _i-\lambda /m}\,\textnormal { and }\, \alpha _i > \frac {\lambda }{m} \right \};\\[0.6em] I_4(x) &:= \left \{ i \in [m]\, \Big |\, \alpha _i \leqslant \frac {\lambda }{m} \right \}.\end {align*}


$i \in I_1(x)$


$i\in I_2(x)$


$i\in I_3(x) \cup I_4(x)$


$x\in \mathbb {R}_+$


$I_1(x)$


$I_2(x)$


$I_3(x)$


$I_4(x)$


\begin {equation}\label {eq_union} I_1(x) \cup I_2(x) \cup I_3(x)\cup I_4(x) = [m].\end {equation}


$y \in \mathbb {R}_+$


$x \leq y$


\begin {equation}\label {eq_inclusion} I_1(y) \subseteq I_1(x), \quad \textnormal {and} \quad I_3(x) \subseteq I_3(y).\end {equation}


$I_1$


$I_2$


$I_3$


$I_4$


$\bar {s}$


$I_1$


$I_2$


$I_3$


$I_4$


$\bar {s}^1<\bar {s}^2$


$\lambda \neq \lambda ^*$


$\sum _{i} \lambda /(2m\alpha _i-\lambda )$


$\lambda =\lambda ^*$


$s_i=\lambda ^* c/(2\alpha _i-\lambda ^*/m)$


$c_1$


$c_2$


$\lambda \in (0,\bar {\lambda })$


$\lambda \neq \lambda ^*$


$s^1$


$s^2$


$\bar {s}^1 = \sum _{i\in [m]} s^1_i/m$


$\bar {s}^2 = \sum _{i\in [m]} s^2_i/m$


$s^1_i = \beta _i(\bar {s}^1)$


$s^2_i = \beta _i(\bar {s}^2)$


$i\in [m]$


$s^1 \neq s^2$


$\bar {s}^1 \neq \bar {s}^2$


$\bar {s}^1 < \bar {s}^2$


$\bar {\lambda }$


$\lambda < \bar {\lambda }$


$I_4(\bar {s}^1) = I_4(\bar {s}^2) = \emptyset $


\begin {align}m \bar {s}^1 & = \sum _{i\in I_1( \bar {s}^1)} q_i + \sum _{i\in I_2( \bar {s}^1)} \frac {\lambda \bar {s}^1}{2\alpha _i -\lambda /m} + \sum _{i\in I_3( \bar {s}^1)} Q_i , \label {eq_s_1}\\ m \bar {s}^2 & = \sum _{i\in I_1( \bar {s}^2)} q_i + \sum _{i\in I_2( \bar {s}^2)} \frac {\lambda \bar {s}^2}{2\alpha _i -\lambda /m} + \sum _{i\in I_3( \bar {s}^2)} Q_i. \label {eq_s_2}\end {align}


$\bar {s}^1 < \bar {s}^2$


$I_1(\bar {s}^2) \subseteq I_1(\bar {s}^1)$


$I_3(\bar {s}^1) \subseteq I_3(\bar {s}^2)$


\begin {equation}\label {eq_relation} I_2(\bar {s}^1) \cup I_1(\bar {s}^1) \setminus I_1(\bar {s}^2) = I_2(\bar {s}^2) \cup I_3(\bar {s}^2) \setminus I_3(\bar {s}^1) = \colon I.\end {equation}


\begin {align}q_i &\geqslant \frac {\lambda \bar {s}^1}{2\alpha _i - \lambda /m}, \quad \text {for } i \in I_1(\bar {s}^1) \setminus I_1(\bar {s}^2), \label {eq_q} \\ Q_i &\leqslant \frac {\lambda \bar {s}^2}{2\alpha _i - \lambda /m}, \quad \text {for } i \in I_3(\bar {s}^2) \setminus I_3(\bar {s}^1). \label {eq_Q}\end {align}


\begin {align}m \bar {s}^1 & \geqslant \sum _{i\in I_1( \bar {s}^2)} q_i + \sum _{i\in I} \frac {\lambda \bar {s}^1}{2\alpha _i -\lambda /m} + \sum _{i\in I_3( \bar {s}^1)} Q_i , \label {eq_ms_1}\\ m \bar {s}^2 & \leqslant \sum _{i\in I_1( \bar {s}^2)} q_i + \sum _{i\in I} \frac {\lambda \bar {s}^2}{2\alpha _i -\lambda /m} + \sum _{i\in I_3( \bar {s}^1)} Q_i. \label {eq_ms_2}\end {align}


$\bar {s}^1<\bar {s}^2$


\begin {equation}\label {eq_contradiction_2} 1 \leqslant \sum _{i\in I} \frac {\lambda }{2m\alpha _i - \lambda }.\end {equation}


$I_1(\bar {s}^2) \cup I_3( \bar {s}^1) \neq \emptyset $


\begin {equation*}1 > \sum _{i\in I} \frac {\lambda }{2m\alpha _i - \lambda }.\end {equation*}


$I_1(\bar {s}^2) \cup I_3( \bar {s}^1) = \emptyset $


$I = [m]$


\begin {equation*}1 = \sum _{i\in [m]} \frac {\lambda }{2m\alpha _i - \lambda },\end {equation*}


$\lambda \neq \lambda ^*$


$\lambda ^*$


$\lambda \geqslant \bar {\lambda }$


$s^1$


$s^2$


$\bar {s}^1 < \bar {s}^2$


$\lambda \geqslant \bar {\lambda }$


\begin {align*}m \bar {s}^1 & = \sum _{i\in I_1( \bar {s}^1)} q_i + \sum _{i\in I_2( \bar {s}^1)} \frac {\lambda \bar {s}^1}{2\alpha _i -\lambda /m} + \sum _{i\in I_3( \bar {s}^1)} Q_i + \sum _{i\in I_4( \bar {s}^1)} Q_i , \\ m \bar {s}^2 & = \sum _{i\in I_1( \bar {s}^2)} q_i + \sum _{i\in I_2( \bar {s}^2)} \frac {\lambda \bar {s}^2}{2\alpha _i -\lambda /m} + \sum _{i\in I_3( \bar {s}^2)} Q_i + \sum _{i\in I_4( \bar {s}^2)} Q_i.\end {align*}


$I_4(x)$


$x$


$I_4(\bar {s}^1) = I_4(\bar {s}^2) \neq \emptyset $


\begin {equation*}1 \leqslant \sum _{i\in I} \frac {\lambda }{2m\alpha _i - \lambda }.\end {equation*}


\begin {align*}m \bar {s}^1 & \geqslant \sum _{i\in I_1( \bar {s}^2)} q_i + \sum _{i\in I} \frac {\lambda \bar {s}^1}{2\alpha _i -\lambda /m} + \sum _{i\in I_3( \bar {s}^1)} Q_i + \sum _{i\in I_4( \bar {s}^1)} Q_i\\ & \geqslant \sum _{i\in I} \frac {\lambda \bar {s}^1}{2\alpha _i -\lambda /m} + \sum _{i\in I_4( \bar {s}^1)} Q_i \\ & > \sum _{i\in I} \frac {\lambda \bar {s}^1}{2\alpha _i -\lambda /m},\end {align*}


$I_4(\bar {s}^1)$


$\lambda = \lambda ^*$


$c_1 \geqslant c_2$


$s^1$


$s^2$


$I_1(\bar {s}^2) \cup I_3( \bar {s}^1) = \emptyset $


$I_3( \bar {s}^1) = \emptyset $


$\lambda ^*$


\begin {equation*}\sum _{i\in I_1(\bar {s}^1)} \frac {\lambda ^* \bar {s}^1}{2\alpha _i - \lambda ^*/m} = \sum _{i\in I_1(\bar {s}^1)} q_i.\end {equation*}


$I_1(\bar {s}^1)$


\begin {equation*}\frac {\lambda ^*\bar {s}^1}{2\alpha _i - \lambda ^*/m} = q_i, \quad \text {for } i\in I_1(\bar {s}^1).\end {equation*}


$I_3(\bar {s}^1) = \emptyset $


\begin {equation*}q_i\leqslant \frac {\lambda ^* \bar {s}^1 }{2\alpha _i - \lambda ^*/m} < Q_i, \quad \text {for } i\in [m].\end {equation*}


\begin {equation*}\max _{i\in [m]}\left \{ \frac {2\alpha _iq_i}{\lambda ^*} -\frac {q_i}{m} \right \} \leqslant \bar {s}^1 , \quad \text {and} \quad \bar {s}^1 < \min _{i\in [m]}\left \{\frac {2\alpha _iQ_i}{\lambda ^*} -\frac {Q_i}{m}\right \}.\end {equation*}


$c_1$


$c_2$


$c_1\leq \bar {s}^1 < c_2$


$c_1\geqslant c_2$


$\lambda = \lambda ^*$


$c_1 < c_2$


$s^*\in \hat {\mathcal {S}}$


$c\in (c_1,c_2)$


\begin {equation*}s^{*}_i = \frac {\lambda ^* c}{2 \alpha _i-\lambda ^* /m} , \quad \forall i \in [m].\end {equation*}


\begin {equation*}\bar {s}^{*} = \frac {1}{m}\sum _{i\in [m]} s^*_i = c \in (c_1,c_2).\end {equation*}


\begin {equation*}\frac {\lambda ^*\left (\bar {s}^*-s^*_i/m\right )}{2\left (\alpha _i-\lambda ^*/m\right )} = \frac {c \lambda ^*}{2\alpha _i - \lambda ^*/m}, \quad \text {for } i\in [m].\end {equation*}


$c\in (c_1,c_2)$


\begin {equation*}q_i < \frac {\lambda ^*\left (\bar {s}^*-s^*_i/m\right )}{2\left (\alpha _i-\lambda ^*/m\right )} < Q_i, \quad \text {for } i\in [m].\end {equation*}


$s^{*}$


$s^{*}$


$c$


$(c_1,c_2)$


$\hat {\Gamma }_{\textnormal {FL}}$


$\hat {\Gamma }_{\textnormal {FL}}$


$\hat {\Gamma }_{\textnormal {FL}}$


$s'$


\begin {equation}\label {eq_s'} q_i\leqslant \frac {\lambda ^* \bar {s}' }{2\alpha _i - \lambda ^*/m} \leqslant Q_i, \quad \text {for } i\in [m],\end {equation}


$\bar {s}' = \sum _{i\in [m]} s'_i/m$


$\bar {s}' \in (c_1,c_2)$


$s'_i = \beta _i(\bar {s}')$


$i$


\begin {equation*}s_i' = \frac {\lambda ^* \bar {s}' }{2\alpha _i - \lambda ^*/m} \quad \text {for } i\in [m].\end {equation*}


$\lambda $


$(q_i)_{i=1}^m$


$(Q_i)_{i=1}^m$


$\bar {s}^*\le c_1$


$\lambda <\lambda ^*$


$\bar {s}^*\ge c_2$


$\lambda >\lambda ^*$


$\lambda \in (0,\lambda _1)$


$\lambda _1\leq \lambda ^*$


$(q_i)_{i=1}^m$


$\bar {q} = \sum _{i\in [m]} q_i/m$


$\lambda _1$


\begin {equation}q_i \geqslant \frac {\lambda (\bar {q} - q_i/m)}{2(\alpha _i-\lambda /m)},\quad \text {for } i\in [m]. \label {Xeqn23-5.16}\end {equation}


$(q_i)_{i=1}^m$


$\lambda \in (\lambda _2, +\infty )$


$\lambda _2$


$\lambda < \lambda ^{*}$


$s^*$


$\bar {s}^* = \sum _{i\in [m]} s^*_i/m$


$\lambda ^* < \bar {\lambda }$


$I_4(\bar {s}^*) = \emptyset $


\begin {equation*}m \bar {s}^* = \sum _{i\in I_1( \bar {s}^*)} q_i + \sum _{i\in I_2( \bar {s}^*)} \frac {\lambda \bar {s}^*}{2\alpha _i -\lambda /m} + \sum _{i\in I_3( \bar {s}^*)} Q_i.\end {equation*}


$I_1(\bar {s}^*) = \emptyset $


\begin {equation*}m \bar {s}^* = \sum _{i\in I_2( \bar {s}^*) } \frac {\lambda \bar {s}^*}{2\alpha _i -\lambda /m} + \sum _{i\in I_3( \bar {s}^*)} Q_i \leqslant \sum _{i\in [m] } \frac {\lambda \bar {s}^*}{2\alpha _i -\lambda /m}.\end {equation*}


\begin {equation*}1 \leq \sum _{i\in [m] } \frac {\lambda }{2\alpha _i -\lambda /m},\end {equation*}


$\lambda <\lambda ^*$


$I_1(\bar {s}^*) \neq \emptyset $


\begin {equation*}m \bar {s}^* \leqslant \sum _{i\in I_1( \bar {s}^*)} q_i + \sum _{i\in [m]\setminus I_1( \bar {s}^*)}\frac {\lambda \bar {s}^*}{2\alpha _i -\lambda /m} \leqslant \sum _{i\in I_1( \bar {s}^*)} q_i + \sum _{i\in [m]\setminus I_1( \bar {s}^*)}\frac {\lambda ^* \bar {s}^*}{2\alpha _i -\lambda ^*/m}.\end {equation*}


\begin {equation}\label {eq_s_star_c1} \bar {s}^{*} > c_1 = \max _{i \in [m]}\left \{\frac {2 \alpha _i q_i}{\lambda ^*}-\frac {q_i}{m}\right \}.\end {equation}


\begin {equation*}1 < \sum _{i\in I_1( \bar {s}^*)} \frac {q_i}{m \left (\frac {2 \alpha _i q_i}{\lambda ^*}-\frac {q_i}{m}\right )} + \sum _{i\in [m]\setminus I_1( \bar {s}^*)}\frac {\lambda ^*}{2m \alpha _i -\lambda ^*}=\sum _{i\in [m]} \frac {\lambda ^* }{2 m \alpha _i -\lambda ^* } =1,\end {equation*}


$I_1(\bar {s}^*)$


$\bar {s}^* \leqslant c_1$


$\lambda > \lambda ^{*}$


$s^*$


$\bar {s}^* = \sum _{i\in [m]} s^*_i/m$


\begin {equation*}m \bar {s}^* = \sum _{i\in I_1( \bar {s}^*)} q_i + \sum _{i\in I_2( \bar {s}^*)} \frac {\lambda \bar {s}^*}{2\alpha _i -\lambda /m} + \sum _{i\in I_3( \bar {s}^*)} Q_i + \sum _{i\in I_4( \bar {s}^*)} Q_i.\end {equation*}


$I_4(\bar {s}^*) = \emptyset $


$I_3(\bar {s}^*) \neq \emptyset $


$\bar {s}^* \geqslant c_2$


$I_3(\bar {s}^*) = \emptyset $


$I_4(\bar {s}^*)\neq \emptyset $


\begin {equation*}m \bar {s}^* \geqslant \sum _{i\in I_1(\bar {s}^*) \cup I_2( \bar {s}^*)} \frac {\lambda \bar {s}^*}{2\alpha _i -\lambda /m} + \sum _{i\in I_4( \bar {s}^*)} Q_i = \sum _{i\in [m]\setminus I_4(\bar {s}^*)} \frac {\lambda \bar {s}^*}{2\alpha _i -\lambda /m} + \sum _{i\in I_4( \bar {s}^*)} Q_i.\end {equation*}


$2\alpha _i - \lambda /m > 0$


$i \notin I_4(\bar {s}^*)$


$\lambda / (2m \alpha _i - \lambda )$


\begin {equation}\label {eq_m_s_star} 1 \geqslant \sum _{i\in [m]\setminus I_4(\bar {s}^*)} \frac {\lambda ^* }{2 m \alpha _i -\lambda ^* } + \sum _{i\in I_4( \bar {s}^*)} \frac {Q_i}{m \bar {s}^*}.\end {equation}


\begin {equation}\label {eq_s_star_c2} \bar {s}^{*} < c_2 = \min _{i \in [m]}\left \{\frac {2 \alpha _i Q_i}{\lambda ^*}-\frac {Q_i}{m}\right \}.\end {equation}


\begin {equation*}1 > \sum _{i\in [m]\setminus I_4(\bar {s}^*)} \frac {\lambda ^* }{2 m \alpha _i -\lambda ^* } + \sum _{i\in I_4( \bar {s}^*)} \frac {Q_i}{m \left (\frac {2 \alpha _i Q_i}{\lambda ^*}-\frac {Q_i}{m}\right )} = \sum _{i\in [m]} \frac {\lambda ^* }{2 m \alpha _i -\lambda ^* } =1.\end {equation*}


$\bar {s}^* \geqslant c_2$


$\Gamma $


$\Gamma $


$\mathcal {S}_i \subseteq \mathbb {R}^d$


$P_i(s_i, s_{-i})$


$w$


$P$


$w_i > 0$


$i \in [m]$


$\mathcal {S}_i$


$P_i$


$\mathcal {S}_i$


$\mathbb {R}^d$


$i \in [m]$


$\alpha _i > 0$


$P_i(s_i, s_{-i})$


$\alpha _i$


$s_i$


$s_{-i} \in \mathcal {S}_{-i}$


$\alpha _{\text {min}} = \min _{i \in [m]} \{\alpha _i\}$


$i \in [m]$


$P_i(s_i, s_{-i})$


$s_i$


$\nabla _i P_i(s_i, s_{-i})$


$L > 0$


$i \in [m]$


$\nabla _i P_i(s_i, s_{-i})$


$L$


$(s_i, s_{-i})$


$\epsilon $


$\epsilon $


$\Gamma $


$\epsilon \geqslant 0$


$s^{\epsilon }\in \mathcal {S}$


$\epsilon $


\begin {equation*}\rm {P_i\left (s_i^{\epsilon }, s_{-i}^{\epsilon }\right ) \geqslant P_i\left (s_i, s_{-i}^\epsilon \right ) -\epsilon , \quad \forall s_i \in \mathcal {S}_i, \, \forall i \in [m].}\end {equation*}


$\epsilon =0$


$s^{0}$


$\Gamma $


$w$


$s^k$


$k$


$k\geqslant 1$


$K\geqslant 1$


$k\in \{1,\ldots ,K\}$


$s^k$


$\mathcal {O}(1/K)$


$\{s^k\}_{k\geqslant 1}$


$\Gamma $


$\sum _k\|s^k-s^{k-1}\|^2$


$K$


$\epsilon $


$\epsilon =\mathcal {O}(1/K)$


$p_i^k\colon \mathcal {S}_i\to \mathbb {R}$


\begin {equation*}p_i^k(s_i) = P_{i}(s_1^k,\ldots , s_{i-1}^k, s_i, s_{i+1}^{k-1}, \ldots , s^{k-1}_m).\end {equation*}


$P$


$w$


$\Gamma $


$i$


\begin {align*}\frac {1}{w_i} \left (p_i^k(s_i^k) - p_i^k(s_i^{k-1}) \right ) =\, & P(s_1^k,\ldots , s_{i-1}^k, s_i^k, s_{i+1}^{k-1}, \ldots , s^{k-1}_m) \\ & - P(s_1^k,\ldots , s_{i-1}^k, s_i^{k-1}, s_{i+1}^{k-1}, \ldots , s^{k-1}_m).\end {align*}


$i$


\begin {equation*}\sum _{i\in [m]} \frac {1}{w_i} \left (p_i^k(s_i^k) - p_i^k(s_i^{k-1}) \right )= P(s^k) - P(s^{k-1}).\end {equation*}


$P_i$


$s_i$


$s^k_i$


$p_i^k$


\begin {equation*}p_i^k(s_i^k) - p_i^k(s_i^{k-1}) \geqslant \frac {\alpha _i}{2} \|s_i^k - s_i^{k-1}\|^2.\end {equation*}


\begin {equation*}\sum _{i=1}^m\frac {\alpha _i}{2 w_i} \|s_i^k - s_i^{k-1}\|^2 \leqslant P(s^k) - P(s^{k-1}).\end {equation*}


$k$


$1$


$K$


\begin {equation*}\sum _{k=1}^K \|s^k-s^{k-1}\|^2 \leqslant \frac {2}{\delta } \left ( P(s^{K}) - P(s^{0}) \right )\leqslant \frac {2}{\delta } \left ( P^{*} - P(s^{0}) \right ),\end {equation*}


$\delta = \min _{i \in [m]} \{\alpha _i/w_i\} > 0$


$P^{*}$


$P$


$\|s^{k} - s^{k-1}\| \leqslant \epsilon $


$k\geqslant 1$


$\epsilon >0$


$P_i$


$s_i$


\begin {equation*}P_i(s_i, s_{-i}^{k}) - P_i(s_i^{k}, s_{-i}^{k}) \leqslant \langle \nabla _i P_i (s_{i}^{k}, s_{-i}^{k}), s_i - s_{i}^{k} \rangle - \frac {\alpha _{\text {min}}}{2}\|s_i-s_{i}^k\|^2.\end {equation*}


\begin {equation*}\langle \nabla _i P_i (s_{i}^{k}, s_{-i}^{k}), s_i - s_{i}^{k} \rangle = \gamma _1 + \gamma _2,\end {equation*}


\begin {align*}\gamma _1 &= \langle \nabla _i P_i (s_{i}^{k}, s_{-i}^{k}) - \nabla p_i^k(s_i^{k}), s_i - s_{i}^{k} \rangle ,\\ \gamma _2 &= \langle \nabla p_i^k(s_i^{k}), s_i - s_{i}^{k} \rangle .\end {align*}


$s_i^k$


$p_i^k$


$\gamma _2\leqslant 0$


$p_i^k$


\begin {equation*}\nabla p_i^k(s_i^{k}) = \nabla _i P_i(s_1^{k},\ldots , s_{i-1}^k, s_i^k, s_{i+1}^{k-1},\ldots , s^{k-1}_m).\end {equation*}


$\nabla _i P_i$


\begin {align*}\|\nabla _i P_i (s_{i}^{k}, s_{-i}^{k}) - \nabla p_i^k(s_i^{k})&\| \leqslant L \|s^k -(s_1^{k},\ldots , s_{i-1}^k, s_i^k, s_{i+1}^{k-1},\ldots , s^{k-1}_m) \nonumber \\&\| \leqslant L \|s^k - s^{k-1}\|\leqslant L\epsilon .\end {align*}


$i$


$s_i\in \mathcal {S}_i$


\begin {equation*}P_i(s_i, s_{-i}^{k}) - P_i(s_i^{k}, s_{-i}^{k}) \leqslant L\epsilon \|s_i-s_i^k\| - \frac {\alpha _{\text {min}}}{2}\|s_i-s_i^{k}\|^2 \leqslant \frac {L^2 \epsilon ^2}{2\alpha _{\text {min}}}.\end {equation*}


$s^k$


$(L^2 \epsilon ^2/(2\alpha _{\text {min}}))$


$K\geqslant 1$


$k_0\leqslant K$


\begin {equation*}\|s^{k_0}-s^{k_0-1}\|^2 \leqslant \frac {2}{\delta K} (P^{*}-P(s^0)),\end {equation*}


$P^{*}$


$P$


$\mathcal {S}$


$k=k_0$


$s^{k_0}$


$\epsilon '$


\begin {equation*}\epsilon ' = \frac {L^2}{2\alpha _{\text {min}}} \frac {2}{\delta K} (P^{*}-P(s^0)) = \frac {L^2 (P^{*}-P(s^0) )}{ \delta \, \alpha _{\text {min}} } \frac {1}{K}.\end {equation*}


$\mathcal {S}$


$\{s^{k}\}_{k\geqslant 1}$


$\{s^{\varphi (k)}\}_{k\geqslant 1}$


$s^{*}\in \mathcal {S}$


$\|s^{\varphi (k)-1} - s^{\varphi (k)}\|\to 0$


\begin {equation*}P_i(s_i, s_{-i}^{*}) - P_i(s_i^{*}, s_{-i}^{*}) \leqslant \langle \nabla _i P_i (s_{i}^{*}, s_{-i}^{*}), s_i - s_{i}^{*} \rangle - \frac {\alpha _{\text {min}}}{2}\|s_i-s_{i}^*\|^2.\end {equation*}


\begin {align*}\langle \nabla _i P_i (s_{i}^{*}, s_{-i}^{*}), s_i - s_{i}^{*} \rangle = \, & \langle \nabla _i P_i (s_{i}^{\varphi (k)}, s_{-i}^{\varphi (k)}), s_i - s_{i}^{\varphi (k)} \rangle + \langle \nabla _i P_i (s_{i}^{*}, s_{-i}^{*}), s_i^{\varphi (k)}\\& - s_{i}^{*} \rangle + \langle \nabla _i P_i (s_{i}^{*}, s_{-i}^{*}) - \nabla _i P_i (s_{i}^{\varphi (k)}, s_{-i}^{\varphi (k)}) , s_i-s_i^{\varphi (k)} \rangle \\ \leqslant \, & L \left (\|s^{\varphi (k)}- s^{\varphi (k)-1}\| + \|s^{*}-s^{\varphi (k)}\| \right ) \|s_i-s_{i}^{\varphi (k)}\| \\ & + \| \nabla _i P_i (s^{*})\| \| s_i^{\varphi (k)} - s_{i}^{*} \|,\end {align*}


$\nabla _iP_i$


$k$


$P_i(s_i, s_{-i}^{*}) - P_i(s_i^{*}, s_{-i}^{*}) \leqslant 0$


$i$


$s_i$


$s^{*}$


$m$


$\Gamma _{\text {FL}}$


$\hat {\Gamma }_{\text {FL}}$
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Fig. 1. In the FL game (left), each client 𝑖 maximizes the payoff 𝑃𝑖, and the NE 𝑠∗ satisfies 𝑃𝑖(𝑠∗𝑖 , 𝑠
∗
−𝑖) ≥ 𝑃𝑖(𝑠𝑖, 𝑠∗−𝑖) for all 𝑠𝑖 ∈ 𝑖. The equilibrium efforts 𝑠∗ (e.g., local 

epochs) then drive the FL training stage (right), where the model parameters are updated according to 𝜃𝑡+1𝑖 = Update𝑖(𝜃𝑡, 𝑠∗𝑖 ).

1.2.  Main results

We state the core findings first and defer the full model setup to 
Section 2.
1. Existence via potential structure. We formulate client participa-
tion in FL as a weighted potential game and prove the existence of 
NEs in Theorem 2.1.

2. Uniqueness in the stationary quadratic regime. In Theorem 3.1, 
for stationary efforts and quadratic costs, we show uniqueness for all 
values of the server’s reward factor 𝜆 ≠ 𝜆∗, while at 𝜆 = 𝜆∗ the game 
may admit infinitely many equilibria.

3. Nonlinear structure and landscape transition. Corollary 3.1 
shows that the average training effort 𝑠̄∗ grows nonlinearly with re-
spect to 𝜆, with three thresholds 𝜆1 < 𝜆∗ < 𝜆2 for activation, jump, 
and saturation (see Fig. 2 and Table 1). In particular, at 𝜆 = 𝜆∗, the 
curve undergoes a nonsmooth transition. Remark 3.3 explains this 
by the loss of strict curvature and the emergence of a flat direction 
in the stationary potential, leading to nonunique NEs and a jump in 
the equilibrium effort.

4. Best-response computation. In Theorem 3.2 (and the general Theo-
rem 5.1), we establish convergence guarantees for the best-response 
algorithm used to compute NEs.

5. Theory-experiment consistency. Across multiple datasets and FL 
methods, the strongest performance gain occurs near the jump 
regime around 𝜆∗, consistent with the nonlinear sensitivity predicted 
by the theory.

1.3.  Related work

Game-theoretic analysis has long been used for multi-agent decision-
making [6,7]. In FL, it is widely used to study fairness, robustness, and 
strategic participation [8]. Existing FL game formulations emphasize dif-
ferent objects (coalitions, payments, or contribution scores), which leads 
to different analytical guarantees. Below we position our formulation 
against representative lines of work.

1.3.1.  Coalitional game theory for fairness in FL
Coalitional (hedonic) games [9,10] model how clients form stable 

groups. In FL, model-sharing formulations [11,12] analyze stability and 

Fig. 2. Illustration of the nonlinear threshold structure and jump phenomenon.

Table 1 
Summary of the critical thresholds, see Theorem 3.1 and Corollary 3.1 for more 
details.

 Symbol  Name  Eq. Definition and role
𝜆∗  Jump point (3.3) The critical reward factor where non-uniqueness 

occurs.
𝜆1  Activation point (3.8) If 𝜆 ∈ (0, 𝜆1), the unique NE is at minimum efforts.
𝜆2  Saturation point (3.8) If 𝜆 ∈ (𝜆2 ,+∞), the unique NE is at maximum 

efforts.
𝑐1  Lower jump bound (3.4) If 𝜆 ∈ (𝜆1 , 𝜆∗), the unique NE satisfies ̄𝑠∗ < 𝑐1.
𝑐2  Upper jump bound (3.4) If 𝜆 ∈ (𝜆∗ , 𝜆2), the unique NE satisfies ̄𝑠∗ > 𝑐2.

welfare gaps between stable and socially optimal coalitions. These mod-
els are well suited to fairness questions driven by grouping and coalition 
stability, where the key variable is the coalition partition itself. These 
works focus on a discrete coalition structure rather than a continuous 
equilibrium effort profile controlled by a server-side reward parameter. 
As a result, they do not provide our type of NE uniqueness and best-
response convergence results.
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1.3.2.  Stackelberg and auction-based incentive mechanisms
Stackelberg and auction-based mechanisms design payments to in-

duce participation from strategic clients. Representative works study 
bi-level reward allocation [13], closed-form market equilibria and
multi-tier extensions [14,15], and practical marketplace systems with 
security, reputation, or privacy guarantees [16–18]. Their main strength 
is explicit economic mechanism design at the server level, often with 
implementable pricing or allocation rules. These studies mainly char-
acterize payment/allocation rules, whereas our focus is a full thresh-
old analysis of equilibrium effort profiles under a server-tunable reward
parameter.

1.3.3.  Shapley value-based contribution evaluation
Shapley-based methods evaluate participant contributions after 

training [19]. Recent work improves scalability via gradient replay 
and sampling approximations [20–22]. This line is particularly use-
ful for retrospective attribution and reward sharing once model up-
dates are already observed. Because they are post-training valua-
tion methods, they do not analyze strategic effort selection before 
training, equilibrium thresholds, or best-response computation for NE
profiles.

1.3.4.  Potential games and their applications
Potential games [5] offer a useful structure because NEs corre-

spond to stationary points of one potential function, which often en-
ables tractable best-response analysis [23]. This framework has been 
effective in areas such as multi-agent control and resource alloca-
tion [24–27]. For incentive problems, this structure is especially at-
tractive because equilibrium existence and dynamics can be stud-
ied through one global scalar function. Compared with the FL in-
centive formulations reviewed above, our contribution is formulated 
within a single server-tunable game. Within this framework, we estab-
lish equilibrium uniqueness, characterize a nonlinear reward thresh-
old structure, and show convergence of best-response dynamics. To 
the best of our knowledge, these three properties have not been 
established jointly in the FL incentive formulations reviewed abo-
ve.

1.4.  Notation

In this subsection, we introduce the key notation used in the re-
mainder of the paper. We denote by Γ a game with three components. 
The first component is a finite set of players [𝑚] ∶= {1,… , 𝑚}. The sec-
ond is a pure strategy set 𝑖 ⊆ ℝ𝑑 for each player 𝑖 ∈ [𝑚], together 
with  ∶=

∏

𝑖∈[𝑚] 𝑖. The third is a payoff function 𝑃𝑖 ∶  → ℝ for each 
player 𝑖 ∈ [𝑚]. We say that a game Γ is finite if its strategy set  is 
finite. For any 𝑖 ∈ [𝑚], we define −𝑖 ∶=

∏

𝑗≠𝑖 𝑗 . For convenience, for 
any 𝑠 ∈ , we do not distinguish between 𝑃𝑖(𝑠) and 𝑃𝑖(𝑠𝑖, 𝑠−𝑖), where 
𝑠𝑖 ∈ 𝑖 is the 𝑖-th coordinate of 𝑠 and 𝑠−𝑖 ∈ −𝑖 is the tuple of other
coordinates.

In a non-cooperative game, each player 𝑖 ∈ [𝑚] is self-interested and 
seeks to maximize their payoff 𝑃𝑖(𝑠𝑖, 𝑠−𝑖), leading to the following con-
cept of an NE.
Definition 1.1  (Nash equilibrium).  In the game Γ, we call a point 
𝑠∗ ∈  an NE if the following inequality holds: 
Pi
(

s∗i , s
∗
−i
)

⩾ Pi
(

si, s∗−i
)

, ∀si ∈ i, ∀i ∈ [m].
A special type of non-cooperative games is known as potential games 
[5], which can be defined as follows:
Definition 1.2  (Potential game). Let 𝑤 = (𝑤𝑖)𝑖∈[𝑚] be a strictly positive 
vector. The game Γ is said to be a (weighted) potential game if there 
exists a function 𝑃 ∶  → ℝ such that
Pi(si, s−i) − Pi(xi, s−i)

= wi
(

P(si, s−i) − P(xi, s−i)
)

, ∀si, xi ∈ i, ∀i ∈ [m].

1.5.  Outline of the paper

The remainder of the paper is organized as follows. In Section 2, 
we present the design of our FL game and establish the existence of 
an NE. Next, in Section 3, we focus on the uniqueness of the NE in 
a stationary scenario and study the convergence of the best-response 
algorithm. Simulation results are presented and analyzed in Section 4, 
followed by detailed technical proofs and theorems in Section 5. Finally, 
we summarize our conclusions and perspectives in Section 6.

2.  A potential game framework for FL

This section models client effort selection in FL as a potential game. 
We first recall the FL updates, then define the FL game, and finally es-
tablish the existence of NEs through the potential structure.

We start from the standard FL training objective:

min
𝜃∈ℝ𝑛

𝑚
∑

𝑖=1
𝜌𝑖𝓁𝑖(𝜃),  where 𝜌𝑖 =

𝐷𝑖
𝐷

,  for 𝑖 ∈ [𝑚], (2.1)

where 𝑚 is the number of clients, 𝐷𝑖 is client 𝑖’s local data size, 𝐷 =
∑𝑚

𝑖=1 𝐷𝑖, and 𝓁𝑖 is the local empirical loss. FL training proceeds over 
communication rounds with local updates and server aggregation. At 
round 𝑡 ∈ [𝑇 ], each client 𝑖 ∈ [𝑚] initializes 𝜃𝑡,0𝑖 = 𝜃𝑡 and performs
𝜃𝑡,𝑒𝑖 = 𝜃𝑡,𝑒−1𝑖 − 𝜂𝑖∇𝓁𝑖(𝜃

𝑡,𝑒−1
𝑖 ), 𝑒 = 1,… , 𝑠𝑡𝑖, (2.2)

then sends 𝜃𝑡+1𝑖 ∶= 𝜃
𝑡,𝑠𝑡𝑖
𝑖  to the server. The server aggregates 𝜃𝑡+1 =

∑𝑚
𝑖=1 𝜌𝑖𝜃

𝑡+1
𝑖  and broadcasts 𝜃𝑡+1 for the next round.

Rather than assuming that the server prescribes client efforts 𝑠𝑡𝑖, we 
model clients as self-interested players who choose effort by balancing 
rewards against costs. Accordingly, we adopt a finite-player game frame-
work to characterize clients’ rational effort choices. In this game, each 
client maximizes a payoff determined by local training cost and server 
reward. We denote this game as ΓFL and provide its definition below.
Definition 2.1  (FL game ΓFL). The FL game ΓFL is specified by the 
player set [𝑚], the strategy profile  =

∏

𝑖∈[𝑚] 𝑖 with 𝑖 ⊆ ℝ𝑇
+, and pay-

off functions 𝑃𝑖 ∶  → ℝ of the form

Pi(si, s−i) =
T
∑

t=1
rλ(sti , s

t
−i) − ci(sti ), i ∈ [m], (2.3)

where 𝑟𝜆(𝑠𝑡𝑖, 𝑠𝑡−𝑖) is the server-side reward, and 𝑐𝑖(𝑠𝑡𝑖) denotes client 𝑖’s 
local cost. 

As shown in (2.3), by adjusting 𝜆, the server can steer the equilibrium 
profile 𝑠∗(𝜆). Next, we introduce the three core components of the FL 
game, namely strategy sets in Section 2.1, reward design in Section 2.2, 
and cost design in Section 2.3.

2.1.  Clients’ Strategy sets

We measure each client’s effort by the number of local update steps 
(or, equivalently, epochs under a fixed conversion). In practical FL sys-
tems, client efforts are bounded by resource constraints, and we consider 
the following two feasible-set models.
Example 2.1  (Total budget case). For client 𝑖, let

𝑖 =

{

𝑠𝑖 ∈ ℝ𝑇
+
|

|

|

𝑏𝑖 ≤
∑

𝑡∈[𝑇 ]
𝑠𝑡𝑖 ≤ 𝐵𝑖

}

, (2.4)

where 𝑏𝑖 and 𝐵𝑖 are the minimum and maximum total efforts over 𝑇
rounds. 
Example 2.2  (Stationary case). In many FL scenarios, clients select one 
effort level and keep it fixed over rounds. Then 
𝑖 =

{

𝑠𝑖 ∈ ℝ𝑇
+
|

|

|

𝑞𝑖 ≤ 𝑠𝑡𝑖 = 𝑠𝜏𝑖 ≤ 𝑄𝑖, ∀ 𝑡, 𝜏 ∈ [𝑇 ]
}

, (2.5)

where 𝑞𝑖 and 𝑄𝑖 are the minimum and maximum per-round efforts. 
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2.2.  Design of the reward 𝑟𝜆(𝑠𝑡𝑖, 𝑠𝑡−𝑖)

We consider the incentive rule 

𝑟𝜆(𝑠𝑡𝑖, 𝑠
𝑡
−𝑖) = 𝑝𝑡𝜆𝑠

𝑡
𝑖, where 𝑝𝑡𝜆 = 𝜆

𝑚
∑

𝑗=1
𝜌𝑗𝑠

𝑡
𝑗 . (2.6)

Here, 𝜆 > 0 is the server-controlled reward factor. Since the unit price 𝑝𝑡𝜆
increases with clients’ aggregate effort, each client’s marginal incentive 
is strengthened by the efforts of others, creating strategic complemen-
tarity among clients. This is consistent with FL evidence that greater 
effective local computation can improve performance under fixed com-
munication budgets [1,28,29].

2.3.  Design of the cost 𝑐𝑖(𝑠𝑡𝑖)

The function 𝑐𝑖(𝑠𝑡𝑖) quantifies client 𝑖’s participation burden. A linear 
model 𝑐𝑖(𝑠𝑡𝑖) = 𝛼𝑖𝑠𝑡𝑖 represents constant marginal cost. However, if we 
interpret the cost as a measure of the client’s reluctance to exert effort, 
a quadratic function, 𝑐𝑖(𝑠𝑡𝑖) = 𝛼𝑖(𝑠𝑡𝑖)

2, is more appropriate. This captures 
the tendency of clients to become increasingly unwilling to exert higher 
levels of local training effort. For instance, on a smartphone, performing 
the first few local updates when the battery is full may be perceived as 
inexpensive, whereas executing the same number of updates under low 
battery appears significantly more costly. Such nonlinear perceptions of 
cost are well captured by the quadratic model.

2.4. Existence of an NE of ΓFL

Based on the formulation of the strategy set and payoff functions, 
we now present the results regarding the potential structure and the 
existence of an NE in the game ΓFL.
Theorem 2.1  (Existence). Consider the game ΓFL (see Definition 2.1) with 
the reward function (2.6). Then it admits a 𝑤-potential given by

𝑃FL(𝑠) =
𝑚
∑

𝑖=1

𝑇
∑

𝑡=1

(𝜆
2
𝜌2𝑖 (𝑠

𝑡
𝑖)
2 − 𝜌𝑖𝑐𝑖(𝑠𝑡𝑖)

)

+
𝑇
∑

𝑡=1

𝜆
2

( 𝑚
∑

𝑖=1
𝜌𝑖𝑠

𝑡
𝑖

)2

, 𝑠 ∈  , (2.7)

where 𝑐𝑖(⋅) is client 𝑖’s local cost, and 𝑤𝑖 = 1∕𝜌𝑖 for 𝑖 ∈ [𝑚]. If  is compact 
and 𝑐𝑖(⋅) is lower semi-continuous, then ΓFL possesses at least one NE. 
Proof.  It is straightforward to verify that 𝑃FL given in (2.7) is a 𝑤-
potential of ΓFL in the sense of Definition 1.2, with 𝑤𝑖 = 1∕𝜌𝑖 for all 
𝑖 ∈ [𝑚]. Assume now that 𝑐𝑖 is lower semi-continuous. Then the poten-
tial function 𝑃FL is upper semi-continuous over the strategy set . More-
over, if  is compact, 𝑃FL attains its maximum on . This maximizer 
corresponds to an NE of the game ΓFL, see [5, Lem. 2.1]. ∎

Beyond the existence result, establishing the uniqueness of the NE 
is generally more challenging, see Remark 2.1. A possible condition en-
suring uniqueness is the strict concavity of the potential function 𝑃FL(𝑠). 
However, this typically requires each cost function 𝑐𝑖 to be strongly con-
vex with a sufficiently large strong convexity modulus. For instance, 
if 𝑐𝑖(𝑥) = 𝛼𝑖𝑥2, then uniqueness holds when 𝜆 < 2𝛼𝑖∕(1 + 𝜌−1𝑖 ) for all 𝑖, 
which is often impractical in real-world scenarios. Furthermore, in time-
dependent settings (Example 2.1), uniqueness is easily lost. See Re-
mark 3.8 for further discussion.
Remark 2.1  (Comparison to the classic Cournot competition). Note 
that due to the positivity of 𝜆, the unit price in (2.6) increases with the 
aggregate of clients’ efforts. This contrasts with the classic Cournot com-
petition [30], where the price decreases as aggregate effort or produc-
tion increases. The uniqueness of the NE in this increasing case requires 
careful analysis (see assumptions of [31, Thm. 1]). 

In the following section, we investigate the uniqueness of the NE in 
the stationary and quadratic setting. We show that the NE is unique for 
all values of 𝜆, except at a critical threshold. This result is established 
via a detailed analysis of the fixed-point system that defines the NE, as 
presented in Section 5.

3.  Uniqueness results and the best-response algorithm

In this section, we focus on the stationary case of ΓFL with quadratic 
costs 𝑐𝑖(𝑥) = 𝛼𝑖𝑥2. We first reformulate the stationary game, then present 
uniqueness and threshold results, establish convergence of the best-
response algorithm, and finally discuss extensions to non-uniform data 
sizes and heterogeneous (time-dependent) settings.

3.1.  Stationary game formulation

To simplify the constants in the statements and proofs, we first 
present the uniform-data-size case, and we discuss the non-uniform 
counterpart in Remark 3.7. Under stationary strategies (2.5), reward 
rule (2.6), and quadratic costs, the game ΓFL is equivalently written as 
the stationary game Γ̂FL below.
Definition 3.1  (Stationary FL game Γ̂FL). The stationary FL game Γ̂FL
consists of the player set (clients) [𝑚], the strategy sets ̂𝑖 = [𝑞𝑖, 𝑄𝑖] for 
each client, and payoff functions 𝑃𝑖 ∶ ̂ → ℝ with ̂ =

∏

𝑖∈[𝑚] ̂𝑖, given 
by

P̂i(si, s−i) =
λ
m
si

m
∑

j=1
sj − αi(si)2, with αi > 0. (3.1)

As a special case of ΓFL, Theorem 2.1 implies that Γ̂FL is still a po-
tential game and admits NEs. This stationary formulation is the regime 
where uniqueness can be characterized sharply, as shown in the next 
subsection.

3.2.  Uniqueness of the NE in the stationary game

Let us introduce the crucial constants (summarized in Table 1) for 
the uniqueness result.

• Concavity threshold:
𝜆̄ = 𝑚𝛼min, where 𝛼min ∶= min

𝑖∈[𝑚]
{𝛼𝑖}. (3.2)

• Jump point 𝜆∗ ∈ (0, 𝜆̄), which is the unique solution to
𝑚
∑

𝑖=1

𝜆∗

2𝑚𝛼𝑖 − 𝜆∗
= 1. (3.3)

• Two constants 𝑐1 and 𝑐2 that determine whether a jump occurs at 𝜆∗:

𝑐1 ∶= max
𝑖∈[𝑚]

{

2𝛼𝑖𝑞𝑖
𝜆∗

−
𝑞𝑖
𝑚

}

, 𝑐2 ∶= min
𝑖∈[𝑚]

{

2𝛼𝑖𝑄𝑖
𝜆∗

−
𝑄𝑖
𝑚

}

. (3.4)

Theorem 3.1  (Uniqueness). The following statements hold:
1. If 𝜆 > 0 and 𝜆 ≠ 𝜆∗, then the game Γ̂FL has a unique NE.
2. If 𝜆 = 𝜆∗, then the following holds:
(a) If 𝑐1 ⩾ 𝑐2, then the game Γ̂FL has a unique NE;

(b) If 𝑐1 < 𝑐2, then the game Γ̂FL has infinitely many NEs. A point 𝑠∗ ∈ ̂
is an NE if and only if there exists 𝑐 ∈ [𝑐1, 𝑐2] such that
𝑠∗𝑖 = 𝜆∗𝑐

2𝛼𝑖 − 𝜆∗∕𝑚
, ∀𝑖 ∈ [𝑚]. (3.5)

Proof.  The proof is presented in Section 5. ∎
Remark 3.1  (Role of the concavity threshold 𝜆̄).  When 𝜆 ∈ (0, 𝜆̄), each 
payoff 𝑃𝑖(⋅, 𝑠−𝑖) is concave in 𝑠𝑖, so Γ̂FL lies in the classical concave-game 
framework [32]. Theorem 3.1(1) shows that uniqueness can still hold 
beyond this range. In our analysis, 𝜆̄ is mainly used to locate the critical 
value 𝜆∗ through (3.3). 
Remark 3.2  (A symmetric benchmark). Assume that 𝛼𝑖 = 𝛼𝑗 = 𝛼 for all 
𝑖, 𝑗 ∈ [𝑚]. Then
𝜆̄ = 𝑚𝛼, 𝜆∗ = 2𝑚

𝑚 + 1
𝛼, 𝑐1 = max

𝑖∈[𝑚]

{

𝑞𝑖
}

, 𝑐2 = min
𝑖∈[𝑚]

{

𝑄𝑖
}

. (3.6)

In many FL settings, 𝑞𝑖 is set close to one local epoch and 𝑄𝑖 is much 
larger, so 𝑐1 < 𝑐2 is common. This benchmark also clarifies how the 
model connects to symmetric mean-field limits [33, Section 2]. 

Physica D: Nonlinear Phenomena 495 (2026) 135288 

4 



K. Liu et al.

Fig. 3. Two-player stationary potential landscape of Example 3.1. At 𝜆 = 𝜆∗, a flat ridge appears along 𝑠1 = 𝑠2, yielding infinitely many NEs on the feasible diagonal 
segment. In contrast, for 𝜆 < 𝜆∗ and 𝜆 > 𝜆∗, the potential has a unique maximizer, corresponding to a unique NE.

Remark 3.3  (Geometric interpretation of 𝜆∗). In game Γ̂FL, consider 
the potential

𝑃FL(𝑠) ∶=
𝜆
2𝑚

(

𝑚
∑

𝑖=1
𝑠𝑖
)2

+
𝑚
∑

𝑖=1

( 𝜆
2𝑚

− 𝛼𝑖
)

𝑠2𝑖 , 𝑠 ∈ ̂ . (3.7)

Its Hessian is
∇2𝑃FL =

𝜆
𝑚
𝟏𝟏⊤ +𝑀,  with 𝑀 ∶= diag

( 𝜆
𝑚

− 2𝛼1,… , 𝜆
𝑚

− 2𝛼𝑚
)

.

For 𝜆 < 𝜆̄ = 𝑚𝛼min, the matrix 𝑀 is nonsingular. By the matrix determi-
nant lemma,

det
(

∇2𝑃FL
)

= det(𝑀)
(

1 + 𝜆
𝑚
𝟏⊤𝑀−1𝟏

)

.

Therefore, the Hessian is singular if and only if 1 + 𝜆∕𝑚
∑𝑚

𝑖=1
(

𝜆∕𝑚 −
2𝛼𝑖

)−1 = 0, that is,
𝑚
∑

𝑖=1

𝜆
2𝑚𝛼𝑖 − 𝜆

= 1.

This condition coincides exactly with (3.3). In this case, there exists a 
nonzero vector 𝑣 ∈ ℝ𝑚 such that
∇2𝑃FL 𝑣 = 0.

Moreover, by the homogeneous quadratic structure of 𝑃FL, we have
𝑃FL(𝑠 + 𝑡𝑣) = 𝑃FL(𝑠), ∀ 𝑠 ∈ ℝ𝑚, ∀ 𝑡 ∈ ℝ.

Thus, 𝑣 is a flat direction of the potential. If 𝑠∗ is a stationary point, then
∇𝑃FL(𝑠∗ + 𝑡𝑣) = ∇𝑃FL(𝑠∗) + 𝑡∇2𝑃FL 𝑣 = 0,

so every feasible point on the affine line 𝑠∗ + 𝑡𝑣 is again stationary. Since 
the stationary potential is concave at 𝜆 = 𝜆∗, these feasible stationary 
points are global maximizers of 𝑃FL. Hence, whenever the feasible set 
contains a nontrivial segment in this flat direction, the potential admits 
multiple global maximizers. Since Γ̂FL is a potential game, these max-
imizers correspond to NEs, which explains the non-uniqueness of NEs 
at 𝜆 = 𝜆∗. In the case 𝑐1 < 𝑐2, this flat segment connects the low-effort 
and high-effort branches, which gives the geometric mechanism behind 
the jump of equilibria across 𝜆∗. See Example 3.1 and Fig. 3 for a visual 
illustration.

Example 3.1  (Two-player toy landscape). Consider 𝑚 = 2 with sym-
metric parameters 𝛼1 = 𝛼2 = 1, 𝑞1 = 𝑞2 = 1, and 𝑄1 = 𝑄2 = 5. Then (3.6) 
gives 𝜆∗ = 4∕3, 𝑐1 = 1, and 𝑐2 = 5. Fig. 3 shows the potential landscape 
of (3.7). This example illustrates how the critical threshold 𝜆∗ governs 
the transition between uniqueness and non-uniqueness of NEs. 

3.3.  Nonlinear threshold structure of the NE and jump phenomenon

In the following corollary, we present a more precise description of 
the unique NE of the game Γ̂FL when 𝜆 ≠ 𝜆∗. Before that, we define two 
additional critical thresholds, namely the activation point 𝜆1 and the 
saturation point 𝜆2 (see Fig. 2), as follows: 

𝜆1 ∶= 2 min
𝑖∈[𝑚]

{

𝛼𝑖𝑞𝑖
𝑞 + 𝑞𝑖

𝑚

}

, 𝜆2 ∶= 2 max
𝑖∈[𝑚]

⎧

⎪

⎨

⎪

⎩

𝛼𝑖𝑄𝑖

𝑄̄ + 𝑄𝑖
𝑚

⎫

⎪

⎬

⎪

⎭

, (3.8)

where 𝑞𝑖 and 𝑄𝑖 are the minimum and maximum efforts of client 𝑖 ∈ [𝑚], 
while 𝑞 =

∑𝑚
𝑖=1 𝑞𝑖∕𝑚 and 𝑄̄ =

∑𝑚
𝑖=1 𝑄𝑖∕𝑚. It follows from the definitions 

that 0 < 𝜆1 ≤ 𝜆∗ ≤ 𝜆2.

Corollary 3.1  (Precise description of the unique NE). The following 
statements hold:

1. If 𝜆 ∈ (0, 𝜆1), then the unique NE of the game Γ̂FL is 𝑠∗ = (𝑞𝑖)𝑖∈[𝑚].
2. If 𝜆 ∈ (𝜆1, 𝜆∗), then the unique NE of the game Γ̂FL, denoted by 𝑠∗, satis-
fies

𝑠̄∗ ∶= 1
𝑚

∑

𝑖∈[𝑚]
𝑠∗𝑖 < 𝑐1.

3. If 𝜆 ∈ (𝜆∗, 𝜆2), the unique NE of the game Γ̂FL, denoted by 𝑠∗, satisfies

𝑠̄∗ ∶= 1
𝑚

∑

𝑖∈[𝑚]
𝑠∗𝑖 > 𝑐2.

4. If 𝜆 ∈ (𝜆2,+∞), the unique NE of the game Γ̂FL is 𝑠∗ = (𝑄𝑖)𝑖∈[𝑚].

Proof.  The proof is presented in Section 5. ∎
Remark 3.4  (Regime interpretation). Corollary 3.1 yields four regimes, 
namely inactive incentives (0, 𝜆1), a low-effort branch (𝜆1, 𝜆∗), a high-
effort branch (𝜆∗, 𝜆2), and saturation (𝜆2,+∞). When 𝑐1 < 𝑐2, 𝜆∗ is a gen-
uine jump point. In particular, the unique-NE branches on the two sides 
of 𝜆∗ are separated by the gap between 𝑐1 and 𝑐2, so crossing 𝜆∗ moves 
the equilibrium mean effort from at most 𝑐1 to at least 𝑐2 rather than 
along a gradual path. This yields a nontrivial jump magnitude of at least 
(𝑐2 − 𝑐1) in the branch values. The mechanism combines positive reward 
coupling in (2.6), bounded strategy sets (2.5), and the loss of strict curva-
ture at 𝜆∗ from Remark 3.3. Consequently, reward factors slightly above 
𝜆∗ form the most sensitive region for incentive tuning. 
Remark 3.5  (Robustness beyond the quadratic model).  The closed-
form characterization of 𝜆∗ in (3.3) is specific to the stationary quadratic 
setting, where best responses are affine and the equilibrium reduces 
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to a scalar fixed-point equation. Beyond this setting, one may still ex-
pect qualitatively similar threshold behavior under positively coupled 
rewards and bounded efforts, but such extensions are not established in 
the present paper. In particular, linear costs may lead to bang-bang re-
sponses and multiplicity, while sufficiently strong convexity may restore 
uniqueness and smoother dependence on 𝜆. However, in non-quadratic 
models, any analogous transition point or jump size would in general 
have to be characterized implicitly and investigated numerically. 

3.4.  Computation of NEs via the best-response algorithm

The best-response algorithm [5,23,34] is a widely employed and eas-
ily implemented numerical method for finding an NE in potential games. 
Here, we present the best-response algorithm adapted to our framework, 
as outlined in Algorithm 1.

Algorithm 1 Best-response algorithm.
1: Initialization: 𝑠0 ∈ ̂;
2: for 𝑘 = 1,… do
3:  for 𝑖 = 1,… , 𝑚 do
4:  if 𝑠𝑘−1𝑖 ∉ argmax𝑠𝑖∈̂𝑖 𝑃𝑖(𝑠𝑘1 ,… , 𝑠𝑘𝑖−1, 𝑠𝑖, 𝑠

𝑘−1
𝑖+1 ,… , 𝑠𝑘−1𝑚 ) then

5:  𝑠𝑘𝑖 ∈ argmax𝑠𝑖∈̂𝑖 𝑃𝑖(𝑠𝑘1 ,… , 𝑠𝑘𝑖−1, 𝑠𝑖, 𝑠
𝑘−1
𝑖+1 ,… , 𝑠𝑘−1𝑚 );

6:  else
7:  𝑠𝑘𝑖 = 𝑠𝑘−1𝑖 ;
8:  end if
9:  end for
10:  if 𝑠𝑘 = 𝑠𝑘−1 then
11:  return 𝑠𝑘.
12:  end if
13: end for

A classical convergence result for Algorithm 1 pertains to finite po-
tential games [5, Cor. 2.2, Lem. 2.3]. We extend this result to continu-
ous potential games under certain assumptions, as detailed in Assump-
tion 5.1. These results offer convergence guarantees for Algorithm 1 
when applied to our FL games.

Recall the definitions of 𝜆̄ and 𝜆∗ from (3.2) and (3.3). We have the 
following theorem on the convergence of Algorithm 1 applied to the 
game Γ̂FL.
Theorem 3.2. (Convergence of Algorithm 1) Assume that 𝜆 ∈ (0, 𝜆̄) and 
𝜆 ≠ 𝜆∗. For 𝑘 ⩾ 1, let 𝑠𝑘 be the result of Algorithm 1 at the 𝑘-th iteration. 
Then, the sequence {𝑠𝑘}𝑘⩾1 converges to the unique NE of Γ̂FL. 
Proof.  The game Γ̂FL satisfies Assumption 5.1. By applying the general 
convergence result of the best-response algorithm from Theorem 5.1(2), 
we obtain that any limit point of the sequence {𝑠𝑘}𝑘⩾1 is an NE of Γ̂FL. 
By Theorem 3.1, if 𝜆 ≠ 𝜆∗, this NE is unique, which implies that the limit 
point of {𝑠𝑘}𝑘⩾1 is unique. Combining this with the pre-compactness of 
{𝑠𝑘}𝑘⩾1, the conclusion follows. ∎

Building on Theorem 5.1, the following remark establishes the con-
vergence of Algorithm 1 for the specific case 𝜆 = 𝜆∗, serving as a com-
plement to Theorem 3.2.
Remark 3.6. Recall the definitions of 𝑐1 and 𝑐2 from (3.4). If 𝑐1 ⩾ 𝑐2, 
the convergence result in Theorem 3.2 holds for 𝜆 = 𝜆∗ (see Theo-
rem 3.1(2a)). Additionally, if 𝑐1 < 𝑐2, at the point 𝜆 = 𝜆∗, any clus-
ter point of the sequence {𝑠𝑘}𝑘⩾1 is an NE of Γ̂FL. In all these cases, 
for any 𝐾 ⩾ 1, there exists 𝑘 ∈ {1,… , 𝐾} such that 𝑠𝑘 is an (1∕𝐾)-
NE of Γ̂FL. Here, we refer to Definition 5.1 for the definition of an
𝜖-NE.

3.5.  Discussion of game models

In this subsection, we discuss both theoretical extensions and 
the practical interpretation of the FL game. On the theoretical side, 

we consider non-uniform data sizes and time-dependent (round-
heterogeneous) strategies. On the practical side, we clarify how 𝛼𝑖, 𝑞𝑖, 
and 𝑄𝑖 can be calibrated and how the model should be interpreted as a 
reduced-form incentive mechanism, with data-dependent effects incor-
porated implicitly through parameters.

Remark 3.7  (Non-uniform data sizes). In Definition 3.1, we assume 
that all clients have equal data sizes to simplify the constants and the 
analysis in Theorem 3.1. In the non-uniform case, the existence of an NE 
is guaranteed by Theorem 2.1. Regarding uniqueness, by following the 
proof in Section 5, we can establish the same results as in Theorem 3.1 
and Corollary 3.1, with the constants introduced in (3.2)-(3.4) and (3.8) 
replaced by

𝜆̄ = min
𝑖∈[𝑚]

{𝛼𝑖∕𝜌𝑖}; 𝜆∗ ∈ (0, 𝜆̄),  s.t. 
𝑚
∑

𝑖=1

𝜆∗

2𝛼𝑖∕𝜌𝑖 − 𝜆∗
= 1;

𝑐1 = max
𝑖∈[𝑚]

{

2𝛼𝑖𝑞𝑖
𝜆∗

− 𝜌𝑖𝑞𝑖

}

, 𝑐2 = min
𝑖∈[𝑚]

{

2𝛼𝑖𝑄𝑖
𝜆∗

− 𝜌𝑖𝑄𝑖

}

;

𝜆1 = 2 min
𝑖∈[𝑚]

{

𝛼𝑖𝑞𝑖
𝑞 + 𝜌𝑖𝑞𝑖

}

, 𝜆2 = 2 max
𝑖∈[𝑚]

{

𝛼𝑖𝑄𝑖

𝑄̄ + 𝜌𝑖𝑄𝑖

}

,

where 𝑞 =
∑

𝑖∈[𝑚] 𝜌𝑖𝑞𝑖 and 𝑄̄ =
∑

𝑖∈[𝑚] 𝜌𝑖𝑄𝑖. Note that if 𝜌𝑖 = 1∕𝑚 for all 
𝑖 ∈ [𝑚] (i.e., the uniform case), then we recover the constants defined in 
Section 3.2. In addition, we obtain the same results as in Theorem 3.2 
and Remark 3.6 for the convergence of Algorithm 1 in this non-uniform 
case. 
Remark 3.8  (Time-dependent games). A key assumption for the 
uniqueness results presented in this section is the stationarity of training 
efforts with respect to the communication rounds, i.e., 𝑠𝑡𝑖 is independent 
of 𝑡. However, in the time-dependent case (the original game ΓFL with 
strategy sets (2.4)), uniqueness can easily be lost. For instance, suppose 
that there exists a time-dependent NE 𝑠∗ with rounds 𝑡1, 𝑡2 ∈ [𝑇 ] such 
that (𝑠∗)𝑡1 ≠ (𝑠∗)𝑡2 . Then, from the potential function (2.7), we can ver-
ify that 𝑠̃∗ (which differs from 𝑠∗) is also an NE of the game ΓFL, where 
𝑠̃∗ is obtained by swapping the training efforts of 𝑠∗ at rounds 𝑡1 and 𝑡2.

Although the uniqueness result does not hold, Algorithm 1 still con-
verges in the time-dependent case, as in Remark 3.6. Let 𝑠𝑘 denote the 
outcome of iteration 𝑘 in Algorithm 1 adapted to ΓFL. Then, any cluster 
point of 𝑠𝑘 is an NE of ΓFL. 
Remark 3.9  (Practical calibration and interpretation). In practice, 
the server can calibrate 𝛼𝑖, 𝑞𝑖, and 𝑄𝑖 via device profiling, his-
torical participation logs, or lightweight surveys. At the modeling 
level, however, we emphasize that the proposed game is a reduced-
form incentive model. Equilibrium efforts are determined by cost–
reward considerations and do not explicitly encode the full local 
data distribution or the detailed state of the global model. This de-
coupling is deliberate, because it preserves a transparent potential-
game structure while avoiding direct access to private data statis-
tics.

Data-dependent effects can still be incorporated implicitly through 
model parameters. In the baseline design, 𝜌𝑖 is tied to relative data size, 
but it can also be interpreted more broadly as a contribution weight that 
reflects data quality or usefulness. Likewise, 𝛼𝑖 can represent an effec-
tive participation cost, including computation, energy, and opportunity 
costs associated with local data value. One can also introduce model-
state dependence by multiplying (2.6) by a round-dependent factor, for 
example 𝛾𝑡 = 1∕

√

𝑡, so that incentives are stronger in early rounds and 
weaker in later rounds.

Therefore, the resulting NE should be interpreted as a tractable 
proxy for local computation rather than as a closed-form pre-
dictor of final model accuracy. Our theory characterizes how in-
centives shift equilibrium effort. The induced reward–performance 
relation is then assessed empirically in Section 4. Developing 
fully data-aware reward rules remains a natural extension (see
Section 6). 
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4.  Numerical experiments

In this section, we present numerical experiments for the FL game 
and the induced FL training process. We first describe the experimen-
tal setup. We then investigate the NEs (i.e., the clients’ rational train-
ing efforts) of the stationary game Γ̂FL under different reward fac-
tors 𝜆. Finally, we incorporate the resulting equilibrium efforts into 
FL training on different datasets and models, thereby validating the 
practical relevance of the proposed game-theoretic framework. The 
code for reproducing all experiments is available at https://github.com/
DCN-FAU-AvH/FL-Potential-Game.

4.1.  Experimental setup

FL game scenarios. We consider a stationary FL game with 𝑚 ∈
{1, 000, 3, 000} clients over 𝑇 = 200 rounds. The server selects a reward 
factor 𝜆 ∈ [0, 5], and each client 𝑖 has a local cost coefficient 𝛼𝑖 ∈ [1, 2]. 
We set the training effort 𝑠𝑖 to be the number of local epochs, with a fixed 
minimum effort 𝑞𝑖 = 1 and a maximum feasible effort 𝑄𝑖 ∈ [20, 30]. This 
choice is representative of FL practice, where at least one local epoch 
is required once a client participates. The corresponding thresholds 𝜆1, 
𝜆∗, and 𝜆2 are summarized in Table 2.

Datasets and algorithms. We consider representative FL tasks, including 
image classification on MNIST [35], CIFAR-10, and CIFAR-100 [36], sen-
timent analysis on IMDB [37], and character recognition on FEMNIST
[38]. Training is conducted using two widely adopted FL algorithms, 
namely FedAvg [1] and FedProx [29].

Data partitioning and training. For CIFAR-10, CIFAR-100, and IMDB, the 
data are uniformly distributed across 1000 clients, and 10% of the 
clients are sampled in each round. To induce strong label skew, each 
client is restricted to data from at most two labels, which yields a patho-
logical non-IID distribution. We use a batch size of 20 and a learning rate 
of 0.05. For FEMNIST, we consider 3000 clients and sample 1% of the 
clients in each round. This dataset is inherently user-partitioned, natu-
rally non-IID, and highly imbalanced. We use a batch size of 50 and a 
learning rate of 0.001 for this dataset.

Neural network architectures. For image classification, we use a convolu-
tional neural network with two convolutional layers of 32 and 64 chan-
nels, followed by a fully connected layer of size 512, following McMahan 
et al. [1]. For sentiment analysis, we use an encoder-only Transformer 
with a 128-dimensional embedding layer and two encoder layers, each 
equipped with 2-head self-attention and a feedforward sublayer of size 
128.

Hardware. All experiments are conducted on a server equipped with an 
AMD EPYC 7662 processor, 64 GB RAM, and an NVIDIA A100 GPU.

4.2.  Evolution of NEs and critical reward factors

In this subsection, we validate the theoretical results in Section 3.2 
by examining how the average effort 𝑠̄∗ varies with the server’s reward 
factor 𝜆. The NEs are computed using Algorithm 1 and are compared 
with the theoretical values derived from the fixed-point system (5.2). 
The results shown in Fig. 4 indicate that the equilibria obtained from 
the theoretical characterization and the best-response method are in-
distinguishable up to numerical precision, thereby validating both the 
fixed-point characterization and the best-response solver.

Furthermore, as shown in Fig. 4, the average effort 𝑠̄∗ increases 
monotonically with 𝜆 for both 𝑚 = 1,000 and 𝑚 = 3,000 clients. In the 
early regime with 𝜆 < 𝜆1, 𝑠̄∗ remains at its minimum value 𝑞, as shown 
in Fig. 4c. In the late regime with 𝜆 > 𝜆2, it saturates at the maximum 
value 𝑄̄, as shown in Fig. 4e. These observations are consistent with 

Corollary 3.1 and suggest that the practically relevant range of 𝜆 lies in 
(𝜆1, 𝜆2), where the model avoids both under-training and saturation.

For the intermediate regime with 𝜆 ∈ (𝜆1, 𝜆2), Fig. 4d shows that 𝑠̄∗
exhibits a pronounced jump from 𝑐1 to 𝑐2 at 𝜆∗. According to Theo-
rem 3.1(2b), every point between 𝑐1 and 𝑐2 corresponds to an NE. This 
observation indicates that reward factors slightly above 𝜆∗ are especially 
effective at stimulating collective effort. We examine this implication 
further in the FL training experiments of the next subsection. Moreover, 
the jump at 𝜆∗ is observed consistently in both the 1,000-client setting 
in Fig. 4a and the 3,000-client setting in Fig. 4b, which suggests that the 
theoretical prediction remains robust as the number of clients increases.

Overall, these results highlight the strong sensitivity of the NEs, 
namely the clients’ rational training efforts, to the server’s reward factor. 
To connect the above equilibrium analysis with FL training, we next se-
lect four representative equilibrium cases around the thresholds 𝜆1, 𝜆∗, 
and 𝜆2, and apply the corresponding effort profiles to practical FL tasks 
to evaluate their effectiveness.

4.3.  Training performance of FL under various NEs

In this subsection, we evaluate how different NEs affect FL training 
performance across benchmark datasets, models, and algorithms. We 
emphasize that the proposed equilibrium mechanism is not a new FL al-
gorithm that prescribes clients’ training efforts. Rather, it is a modeling 
framework for the incentive layer. Specifically, when rewards are absent 
or weak, clients may have limited willingness to participate actively, 
and the game is used to characterize their rational effort responses un-
der server-side incentives. Accordingly, the goal of this subsection is to 
assess the practical relevance of this modeling framework by examining 
how the resulting equilibrium effort profiles affect FL training perfor-
mance.

We begin with four representative NE cases located near the three 
critical thresholds 𝜆1, 𝜆∗, and 𝜆2. Specifically, Case 1 is chosen before the 
activation point 𝜆1. Case 2 is chosen immediately before the jump point 
𝜆∗. Case 3 is chosen immediately after the jump point. Case 4 is chosen 
beyond the saturation point 𝜆2. We then apply the equilibrium efforts 
(𝑠∗𝑖 )𝑖∈[𝑚] under these four cases to various FL settings. In all experiments, 
each client performs ⌈𝑠∗𝑖 ⌉ epochs of local training, where ⌈⋅⌉ denotes the 
ceiling function.

The specific values of 𝜆, the average efforts 𝑠̄∗, and the test results 
for the four cases are summarized in Table 2 and Fig. 5. The four cases 
exhibit a broadly consistent pattern across the experiments. The most 
substantial improvement occurs when moving from Case 2 to Case 3, 
which underscores the critical role of the jump point 𝜆∗.

The main observations are summarized below.
1. Case 1, selected before the activation point 𝜆1. This case yields 
the weakest performance. Both the accuracy and loss curves indicate 
insufficient training, which is consistent with the low effort level of 
the clients.

2. Case 2, selected before the jump point 𝜆∗. Performance remains 
close to that of Case 1. The gain is limited overall, which suggests 
that the modest increase in equilibrium effort is still insufficient to 
produce a clear improvement in training quality.

3. Case 3, selected after the jump point 𝜆∗. This case shows a marked 
improvement in training performance, with a clear increase in accu-
racy and a simultaneous reduction in loss. This pattern appears con-
sistently across the tasks and supports the practical relevance of the 
theoretical jump at 𝜆∗.

4. Case 4, selected after the saturation point 𝜆2. Further increases in 
training effort yield only marginal additional gains in accuracy and 
only slight reductions in loss. This behavior indicates diminishing 
returns once the reward factor has passed the jump region.
Overall, these results suggest that increasing the reward factor 𝜆

can improve training performance, but the most substantial gains oc-
cur around the jump point 𝜆∗. Beyond this region, additional incentives 
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Fig. 4. Average training effort 𝑠̄∗ as a function of the server’s reward factor 𝜆. The activation point 𝜆1, jump point 𝜆∗, and saturation point 𝜆2 are indicated in the 
legends.

Table 2 
Summary of experimental cases. Cases 1–4 correspond, respectively, to the pre-activation, pre-jump, post-jump, and post-saturation 
regimes, that is, before 𝜆1, immediately before 𝜆∗, immediately after 𝜆∗, and after 𝜆2. Test accuracies are averaged across different FL 
algorithms.

 Balanced, non-IID, 𝑚 = 1,000  Imbalanced, non-IID, 𝑚 = 3,000

𝜆1 = 1.998, 𝜆∗ = 2.904, 𝜆2 = 4.685 𝜆1 = 2.003, 𝜆∗ = 2.886, 𝜆2 = 4.790

 NE  Test accuracy  NE  Test accuracy
 Case  Regime 𝜆 𝑠̄∗  CIFAR-10  CIFAR-100  IMDB 𝜆 𝑠̄∗  FEMNIST
 Case 1  pre-activation  1.99  1.00  0.434  0.120  0.535  2.00  1.00  0.124
 Case 2  pre-jump  2.90  1.32  0.477  0.142  0.523  2.88  1.32  0.232
 Case 3  post-jump  2.91  16.41  0.558  0.208  0.796  2.89  15.94  0.665
 Case 4  post-saturation  4.69  25.05  0.561  0.212  0.819  4.80  24.87  0.706

provided by the server lead only to limited further improvement. If the 
goal is to obtain a large performance gain without moving deep into 
the saturation regime, then reward factors slightly above 𝜆∗ are natural 
candidates.

5.  Technical proofs and theorems

This section presents the detailed proofs of all theoretical results 
stated in the paper. We first rewrite the NE conditions as an explicit 
best-response system and reduce the 𝑚-dimensional equilibrium prob-
lem to a scalar fixed-point equation for the mean effort. We then study 
how this scalar equation depends on the reward factor 𝜆. We finally 
establish convergence guarantees for the best-response algorithm in po-
tential games.

5.1.  Proofs of Theorem 3.1 and Corollary 3.1

Recall the parameters 𝜆, 𝑚, 𝛼𝑖, 𝑞𝑖, and 𝑄𝑖 of the game Γ̂FL from Defi-
nition 3.1 and Example 2.2. Recall also the payoff function 𝑃𝑖 in (3.1). 

The next lemma derives the fixed-point conditions satisfied by the NEs 
of Γ̂FL from the quadratic form of 𝑃𝑖.

Lemma 5.1. A point 𝑠∗ ∈
∏

𝑖∈[𝑚][𝑞𝑖, 𝑄𝑖] is an NE of the game Γ̂FL if and 
only if the following holds:

𝑠∗𝑖 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑞𝑖 , if 𝑞𝑖 ⩾
𝜆
(

𝑠̄∗−𝑠∗𝑖 ∕𝑚
)

2
(

𝛼𝑖−𝜆∕𝑚
)  and 𝛼𝑖 > 𝜆

𝑚 , (5.1𝑎)

𝜆𝑠̄∗

2𝛼𝑖−𝜆∕𝑚
, if 𝑞𝑖 <

𝜆
(

𝑠̄∗−𝑠∗𝑖 ∕𝑚
)

2
(

𝛼𝑖−𝜆∕𝑚
) < 𝑄𝑖, (5.1𝑏)

𝑄𝑖 , if 𝑄𝑖 ⩽
𝜆
(

𝑠̄∗−𝑠∗𝑖 ∕𝑚
)

2
(

𝛼𝑖−𝜆∕𝑚
)  or 𝛼𝑖 ⩽ 𝜆

𝑚 , (5.1𝑐)

where 𝑠̄∗ =
∑

𝑖∈[𝑚] 𝑠
∗
𝑖 ∕𝑚.

The next lemma provides an equivalent formulation of (5.1a)-(5.1c), 
which will be used in the proof of Theorem 3.1. To this end, for each 
𝑖 ∈ [𝑚], define the auxiliary mapping 𝛽𝑖 ∶ ℝ+ → ℝ+ by

𝛽𝑖(𝑥) ∶=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑞𝑖 , if 𝑞𝑖 ⩾
𝜆 𝑥

2𝛼𝑖−𝜆∕𝑚
 and 𝛼𝑖 > 𝜆

𝑚 , (5.2𝑎)

𝜆𝑥
2𝛼𝑖−𝜆∕𝑚

, if 𝑞𝑖 <
𝜆 𝑥

2𝛼𝑖−𝜆∕𝑚
< 𝑄𝑖, (5.2𝑏)

𝑄𝑖 , if 𝑄𝑖 ⩽
𝜆 𝑥

2𝛼𝑖−𝜆∕𝑚
 or 𝛼𝑖 ⩽ 𝜆

𝑚 (5.2𝑐).

Physica D: Nonlinear Phenomena 495 (2026) 135288 

8 



K. Liu et al.

Fig. 5. Results of FL training under four NE cases across different datasets and algorithms. The largest gain is observed when moving from Case 2 to Case 3 in all 
experiments.

Lemma 5.2. Let 𝑠∗ be an NE of the game Γ̂FL and let 𝑠̄∗ =
∑

𝑖∈[𝑚] 𝑠
∗
𝑖 ∕𝑚. 

Then, it holds:
𝑠∗𝑖 = 𝛽𝑖(𝑠̄∗), for 𝑖 ∈ [𝑚]. (5.1)

As a consequence, 𝑠̄∗ satisfies the following fixed-point equation:

𝑠̄∗ = 1
𝑚

∑

𝑖∈[𝑚]
𝛽𝑖(𝑠̄∗). (5.2)

Proof.  By Lemma 5.1, 𝑠∗ and 𝑠̄∗ satisfy (5.1a)-(5.1c). For 𝑖 ∈ [𝑚] such 
that 𝑠∗𝑖 = 𝑞𝑖, it follows from (5.1a) that

𝑞𝑖 ⩾
𝜆
(

𝑠̄∗ − 𝑞𝑖∕𝑚
)

2
(

𝛼𝑖 − 𝜆∕𝑚
)  and 𝛼𝑖 > 𝜆

𝑚
,

which is equivalent to (5.2a) by a direct calculation. This implies 
that 𝑠∗𝑖 = 𝛽𝑖(𝑠̄∗) for these values of 𝑖. By a similar argument, we ob-
tain that 𝑠∗𝑖 = 𝛽𝑖(𝑠̄∗) for 𝑖 ∈ [𝑚] such that 𝑠∗𝑖 = 𝑄𝑖. For 𝑖 ∈ [𝑚] such that 
𝑠∗𝑖 = 𝜆𝑠̄∗∕(2𝛼𝑖 − 𝜆∕𝑚), the equality
𝜆
(

𝑠̄∗ − 𝑠∗𝑖 ∕𝑚
)

2
(

𝛼𝑖 − 𝜆∕𝑚
) = 𝜆𝑠̄∗

2𝛼𝑖 − 𝜆∕𝑚
,

implies the equivalence between (5.1b) and (5.2b), which gives 𝑠∗𝑖 =
𝛽𝑖(𝑠̄∗) in this case. ∎

From (5.2a)-(5.2c), we define the following four set-valued mappings 
on ℝ+:

𝐼1(𝑥) ∶=
{

𝑖 ∈ [𝑚] ||
|

𝑞𝑖 ⩾
𝜆 𝑥

2𝛼𝑖 − 𝜆∕𝑚
 and 𝛼𝑖 > 𝜆

𝑚

}

;

𝐼2(𝑥) ∶=
{

𝑖 ∈ [𝑚] ||
|

𝑞𝑖 <
𝜆𝑥

2𝛼𝑖 − 𝜆∕𝑚
< 𝑄𝑖

}

;

𝐼3(𝑥) ∶=
{

𝑖 ∈ [𝑚] ||
|

𝑄𝑖 ⩽
𝜆 𝑥

2𝛼𝑖 − 𝜆∕𝑚
 and 𝛼𝑖 > 𝜆

𝑚

}

;

𝐼4(𝑥) ∶=
{

𝑖 ∈ [𝑚] ||
|

𝛼𝑖 ⩽
𝜆
𝑚

}

.

By construction, the conditions in (5.2a)-(5.2c) are equivalent to 𝑖 ∈
𝐼1(𝑥), 𝑖 ∈ 𝐼2(𝑥), and 𝑖 ∈ 𝐼3(𝑥) ∪ 𝐼4(𝑥), respectively.
Lemma 5.3. Fix any 𝑥 ∈ ℝ+. The following statements hold:

1. The sets 𝐼1(𝑥), 𝐼2(𝑥), 𝐼3(𝑥), and 𝐼4(𝑥) are mutually disjoint, and
𝐼1(𝑥) ∪ 𝐼2(𝑥) ∪ 𝐼3(𝑥) ∪ 𝐼4(𝑥) = [𝑚]. (5.3)

2. For any 𝑦 ∈ ℝ+ such that 𝑥 ≤ 𝑦, we have
𝐼1(𝑦) ⊆ 𝐼1(𝑥), and 𝐼3(𝑥) ⊆ 𝐼3(𝑦). (5.4)

Proof.  The proof is straightforward by the definitions of 𝐼1, 𝐼2, 𝐼3, and 
𝐼4. ∎
Proof.  (Proof of Theorem 3.1.) By Lemma 5.2, every equilibrium is 
determined by the scalar mean effort 𝑠̄ together with the partition 
𝐼1, 𝐼2, 𝐼3, and 𝐼4. Assume that two distinct equilibria exist and let 
their means satisfy 𝑠̄1 < 𝑠̄2. If 𝜆 ≠ 𝜆∗, the monotonicity of the index 
sets and the two fixed-point identities yield incompatible bounds on 
∑

𝑖 𝜆∕(2𝑚𝛼𝑖 − 𝜆), which gives a contradiction. If 𝜆 = 𝜆∗, the same reduc-
tion shows that non-uniqueness can only occur on the interior affine 
branch 𝑠𝑖 = 𝜆∗𝑐∕(2𝛼𝑖 − 𝜆∗∕𝑚), and the comparison between 𝑐1 and 𝑐2 dis-
tinguishes the unique case from the continuum case.
Step 1 (The case 𝜆 ∈ (0, 𝜆̄) and 𝜆 ≠ 𝜆∗). Assume that there exist two 
distinct NEs, denoted by 𝑠1 and 𝑠2. Let 𝑠̄1 = ∑

𝑖∈[𝑚] 𝑠
1
𝑖 ∕𝑚 and 𝑠̄2 =

∑

𝑖∈[𝑚] 𝑠
2
𝑖 ∕𝑚. By (5.1), we have 𝑠1𝑖 = 𝛽𝑖(𝑠̄1) and 𝑠2𝑖 = 𝛽𝑖(𝑠̄2) for all 𝑖 ∈ [𝑚]. 

Since 𝑠1 ≠ 𝑠2, we have 𝑠̄1 ≠ 𝑠̄2. Without loss of generality, assume that 
𝑠̄1 < 𝑠̄2. By the definition of 𝜆̄ in (3.2) and the inequality 𝜆 < 𝜆̄, we have 
𝐼4(𝑠̄1) = 𝐼4(𝑠̄2) = ∅. Then (5.2), (5.3), and (5.2a)-(5.2c) imply

𝑚𝑠̄1 =
∑

𝑖∈𝐼1(𝑠̄1)

𝑞𝑖 +
∑

𝑖∈𝐼2(𝑠̄1)

𝜆𝑠̄1

2𝛼𝑖 − 𝜆∕𝑚
+

∑

𝑖∈𝐼3(𝑠̄1)

𝑄𝑖, (5.5)

𝑚𝑠̄2 =
∑

𝑖∈𝐼1(𝑠̄2)

𝑞𝑖 +
∑

𝑖∈𝐼2(𝑠̄2)

𝜆𝑠̄2

2𝛼𝑖 − 𝜆∕𝑚
+

∑

𝑖∈𝐼3(𝑠̄2)

𝑄𝑖. (5.6)

Since 𝑠̄1 < 𝑠̄2, (5.4) yields 𝐼1(𝑠̄2) ⊆ 𝐼1(𝑠̄1) and 𝐼3(𝑠̄1) ⊆ 𝐼3(𝑠̄2). Combining 
this with (5.3), we obtain
𝐼2(𝑠̄1) ∪ 𝐼1(𝑠̄1) ⧵ 𝐼1(𝑠̄2) = 𝐼2(𝑠̄2) ∪ 𝐼3(𝑠̄2) ⧵ 𝐼3(𝑠̄1) =∶ 𝐼. (5.7)

By (5.2a) and (5.2c), it holds:

𝑞𝑖 ⩾
𝜆𝑠̄1

2𝛼𝑖 − 𝜆∕𝑚
, for 𝑖 ∈ 𝐼1(𝑠̄1) ⧵ 𝐼1(𝑠̄2), (5.8)

𝑄𝑖 ⩽
𝜆𝑠̄2

2𝛼𝑖 − 𝜆∕𝑚
, for 𝑖 ∈ 𝐼3(𝑠̄2) ⧵ 𝐼3(𝑠̄1). (5.9)

Substituting (5.8) into (5.5) and (5.9) into (5.6), and using (5.7), we 
obtain

𝑚𝑠̄1 ⩾
∑

𝑖∈𝐼1(𝑠̄2)

𝑞𝑖 +
∑

𝑖∈𝐼

𝜆𝑠̄1

2𝛼𝑖 − 𝜆∕𝑚
+

∑

𝑖∈𝐼3(𝑠̄1)

𝑄𝑖, (5.10)
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𝑚𝑠̄2 ⩽
∑

𝑖∈𝐼1(𝑠̄2)

𝑞𝑖 +
∑

𝑖∈𝐼

𝜆𝑠̄2

2𝛼𝑖 − 𝜆∕𝑚
+

∑

𝑖∈𝐼3(𝑠̄1)

𝑄𝑖. (5.11)

Taking the difference between (5.11) and (5.10), and noting that ̄𝑠1 < 𝑠̄2, 
we have
1 ⩽

∑

𝑖∈𝐼

𝜆
2𝑚𝛼𝑖 − 𝜆

. (5.12)

On the other hand, (5.10) implies that if 𝐼1(𝑠̄2) ∪ 𝐼3(𝑠̄1) ≠ ∅, then

1 >
∑

𝑖∈𝐼

𝜆
2𝑚𝛼𝑖 − 𝜆

.

This contradicts (5.12). Therefore, 𝐼1(𝑠̄2) ∪ 𝐼3(𝑠̄1) = ∅, so 𝐼 = [𝑚]. Conse-
quently, (5.10) and (5.12) give

1 =
∑

𝑖∈[𝑚]

𝜆
2𝑚𝛼𝑖 − 𝜆

,

which contradicts the assumption 𝜆 ≠ 𝜆∗, by the definition of 𝜆∗ in (3.3). 
Hence the NE is unique in this case.
Step 2 (The case 𝜆 ⩾ 𝜆̄). Assume that 𝑠1 and 𝑠2 are two distinct NEs and 
that 𝑠̄1 < 𝑠̄2. Arguing as in (5.5)-(5.6) and using 𝜆 ⩾ 𝜆̄, we obtain

𝑚𝑠̄1 =
∑

𝑖∈𝐼1(𝑠̄1)

𝑞𝑖 +
∑

𝑖∈𝐼2(𝑠̄1)

𝜆𝑠̄1

2𝛼𝑖 − 𝜆∕𝑚
+

∑

𝑖∈𝐼3(𝑠̄1)

𝑄𝑖 +
∑

𝑖∈𝐼4(𝑠̄1)

𝑄𝑖,

𝑚𝑠̄2 =
∑

𝑖∈𝐼1(𝑠̄2)

𝑞𝑖 +
∑

𝑖∈𝐼2(𝑠̄2)

𝜆𝑠̄2

2𝛼𝑖 − 𝜆∕𝑚
+

∑

𝑖∈𝐼3(𝑠̄2)

𝑄𝑖 +
∑

𝑖∈𝐼4(𝑠̄2)

𝑄𝑖.

Since 𝐼4(𝑥) is independent of 𝑥, we have 𝐼4(𝑠̄1) = 𝐼4(𝑠̄2) ≠ ∅. By the same 
argument as in Step 1, we obtain (5.12), namely,

1 ⩽
∑

𝑖∈𝐼

𝜆
2𝑚𝛼𝑖 − 𝜆

.

In addition, an argument analogous to (5.10) gives

𝑚𝑠̄1 ⩾
∑

𝑖∈𝐼1(𝑠̄2)

𝑞𝑖 +
∑

𝑖∈𝐼

𝜆𝑠̄1

2𝛼𝑖 − 𝜆∕𝑚
+

∑

𝑖∈𝐼3(𝑠̄1)

𝑄𝑖 +
∑

𝑖∈𝐼4(𝑠̄1)

𝑄𝑖

⩾
∑

𝑖∈𝐼

𝜆𝑠̄1

2𝛼𝑖 − 𝜆∕𝑚
+

∑

𝑖∈𝐼4(𝑠̄1)

𝑄𝑖

>
∑

𝑖∈𝐼

𝜆𝑠̄1

2𝛼𝑖 − 𝜆∕𝑚
,

where the last inequality is strict because 𝐼4(𝑠̄1) is nonempty. This con-
tradicts (5.12), and therefore the NE is unique in this case.
Step 3 (The case 𝜆 = 𝜆∗ and 𝑐1 ⩾ 𝑐2). Assume that 𝑠1 and 𝑠2 are two 
distinct NEs. By the argument in Step 1, we obtain 𝐼1(𝑠̄2) ∪ 𝐼3(𝑠̄1) = ∅. 
Using 𝐼3(𝑠̄1) = ∅ in (5.5), and recalling that 𝜆∗ solves (3.3), we obtain
∑

𝑖∈𝐼1(𝑠̄1)

𝜆∗𝑠̄1

2𝛼𝑖 − 𝜆∗∕𝑚
=

∑

𝑖∈𝐼1(𝑠̄1)

𝑞𝑖.

Combining with the definition of 𝐼1(𝑠̄1), it follows that
𝜆∗𝑠̄1

2𝛼𝑖 − 𝜆∗∕𝑚
= 𝑞𝑖, for 𝑖 ∈ 𝐼1(𝑠̄1).

Given the fact that 𝐼3(𝑠̄1) = ∅, we deduce that

𝑞𝑖 ⩽
𝜆∗𝑠̄1

2𝛼𝑖 − 𝜆∗∕𝑚
< 𝑄𝑖, for 𝑖 ∈ [𝑚].

This is equivalent to

max
𝑖∈[𝑚]

{

2𝛼𝑖𝑞𝑖
𝜆∗

−
𝑞𝑖
𝑚

}

⩽ 𝑠̄1, and 𝑠̄1 < min
𝑖∈[𝑚]

{

2𝛼𝑖𝑄𝑖
𝜆∗

−
𝑄𝑖
𝑚

}

.

Recalling the definitions of 𝑐1 and 𝑐2 in (3.4), the previous inequality 
yields 𝑐1 ≤ 𝑠̄1 < 𝑐2, which contradicts the assumption 𝑐1 ⩾ 𝑐2. Therefore, 
the NE is unique.
Step 4 (The case 𝜆 = 𝜆∗ and 𝑐1 < 𝑐2). Take any 𝑠∗ ∈ ̂ as in (3.5). Thus, 
for some 𝑐 ∈ (𝑐1, 𝑐2),

𝑠∗𝑖 = 𝜆∗𝑐
2𝛼𝑖 − 𝜆∗∕𝑚

, ∀𝑖 ∈ [𝑚].

It follows that
𝑠̄∗ = 1

𝑚
∑

𝑖∈[𝑚]
𝑠∗𝑖 = 𝑐 ∈ (𝑐1, 𝑐2).

By direct calculation,
𝜆∗
(

𝑠̄∗ − 𝑠∗𝑖 ∕𝑚
)

2
(

𝛼𝑖 − 𝜆∗∕𝑚
) = 𝑐𝜆∗

2𝛼𝑖 − 𝜆∗∕𝑚
, for 𝑖 ∈ [𝑚].

Since 𝑐 ∈ (𝑐1, 𝑐2), it follows that

𝑞𝑖 <
𝜆∗
(

𝑠̄∗ − 𝑠∗𝑖 ∕𝑚
)

2
(

𝛼𝑖 − 𝜆∗∕𝑚
) < 𝑄𝑖, for 𝑖 ∈ [𝑚].

Combining this with (3.3), we deduce that 𝑠∗ satisfies the fixed-point 
system (5.1a)-(5.1c), and hence 𝑠∗ is an NE. This proves the sufficiency 
of (3.5).

Since 𝑐 can be chosen arbitrarily in (𝑐1, 𝑐2), the game ̂ΓFL has infinitely 
many NEs. In particular, the game Γ̂FL has at least two distinct NEs. 
Then, by an argument similar to that in Step 3, we deduce that for any 
NE of Γ̂FL, denoted by 𝑠′, it holds that

𝑞𝑖 ⩽
𝜆∗𝑠̄′

2𝛼𝑖 − 𝜆∗∕𝑚
⩽ 𝑄𝑖, for 𝑖 ∈ [𝑚], (5.13)

where 𝑠̄′ = ∑

𝑖∈[𝑚] 𝑠
′
𝑖∕𝑚. It also follows from (5.13) and (3.4) that 𝑠̄′ ∈

(𝑐1, 𝑐2). Moreover, by (5.1), 𝑠′𝑖 = 𝛽𝑖(𝑠̄′) for all 𝑖. Combining with (5.13), 
we obtain that

𝑠′𝑖 =
𝜆∗𝑠̄′

2𝛼𝑖 − 𝜆∗∕𝑚
for 𝑖 ∈ [𝑚].

The necessity of condition (3.5) follows. ∎
Proof of Corollary 3.1.  We combine Theorem 3.1 with the fixed-point 
representation established above. For small and large values of 𝜆, the 
boundary profiles (𝑞𝑖)𝑚𝑖=1 and (𝑄𝑖)𝑚𝑖=1 satisfy the equilibrium conditions 
directly. For the intermediate regimes, the same partition argument 
yields the bounds 𝑠̄∗ ≤ 𝑐1 for 𝜆 < 𝜆∗ and 𝑠̄∗ ≥ 𝑐2 for 𝜆 > 𝜆∗.
Step 1 (Proof of points (1) and (4)). Assume that 𝜆 ∈ (0, 𝜆1). Since 𝜆1 ≤
𝜆∗, Theorem 3.1 implies that the NE is unique. It therefore suffices to 
prove that (𝑞𝑖)𝑚𝑖=1 is an NE. Let 𝑞 =

∑

𝑖∈[𝑚] 𝑞𝑖∕𝑚. By the definition of 𝜆1 in
(3.8), we obtain

𝑞𝑖 ⩾
𝜆(𝑞 − 𝑞𝑖∕𝑚)
2(𝛼𝑖 − 𝜆∕𝑚)

, for 𝑖 ∈ [𝑚]. (5.14)

Therefore, (𝑞𝑖)𝑚𝑖=1 is an NE because it satisfies the fixed-point system 
(5.1a)-(5.1c). The case 𝜆 ∈ (𝜆2,+∞) is proved in the same way, using 
the definition of 𝜆2 in (3.8).
Step 2 (Proof of point (2)). Assume that 𝜆 < 𝜆∗. Let 𝑠∗ be the unique 
NE, and 𝑠̄∗ =

∑

𝑖∈[𝑚] 𝑠
∗
𝑖 ∕𝑚. Since 𝜆∗ < 𝜆̄, we have 𝐼4(𝑠̄∗) = ∅. By (5.2), we 

obtain that
𝑚𝑠̄∗ =

∑

𝑖∈𝐼1(𝑠̄∗)
𝑞𝑖 +

∑

𝑖∈𝐼2(𝑠̄∗)

𝜆𝑠̄∗

2𝛼𝑖 − 𝜆∕𝑚
+

∑

𝑖∈𝐼3(𝑠̄∗)
𝑄𝑖.

If 𝐼1(𝑠̄∗) = ∅, then

𝑚𝑠̄∗ =
∑

𝑖∈𝐼2(𝑠̄∗)

𝜆𝑠̄∗

2𝛼𝑖 − 𝜆∕𝑚
+

∑

𝑖∈𝐼3(𝑠̄∗)
𝑄𝑖 ⩽

∑

𝑖∈[𝑚]

𝜆𝑠̄∗

2𝛼𝑖 − 𝜆∕𝑚
.

This implies

1 ≤
∑

𝑖∈[𝑚]

𝜆
2𝛼𝑖 − 𝜆∕𝑚

,

which contradicts the assumption 𝜆 < 𝜆∗. Therefore, 𝐼1(𝑠̄∗) ≠ ∅. Hence

𝑚𝑠̄∗ ⩽
∑

𝑖∈𝐼1(𝑠̄∗)
𝑞𝑖 +

∑

𝑖∈[𝑚]⧵𝐼1(𝑠̄∗)

𝜆𝑠̄∗

2𝛼𝑖 − 𝜆∕𝑚
⩽

∑

𝑖∈𝐼1(𝑠̄∗)
𝑞𝑖 +

∑

𝑖∈[𝑚]⧵𝐼1(𝑠̄∗)

𝜆∗𝑠̄∗

2𝛼𝑖 − 𝜆∗∕𝑚
.

Suppose that

𝑠̄∗ > 𝑐1 = max
𝑖∈[𝑚]

{

2𝛼𝑖𝑞𝑖
𝜆∗

−
𝑞𝑖
𝑚

}

. (5.15)
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Then,

1 <
∑

𝑖∈𝐼1(𝑠̄∗)

𝑞𝑖

𝑚
(

2𝛼𝑖𝑞𝑖
𝜆∗ − 𝑞𝑖

𝑚

) +
∑

𝑖∈[𝑚]⧵𝐼1(𝑠̄∗)

𝜆∗

2𝑚𝛼𝑖 − 𝜆∗
=

∑

𝑖∈[𝑚]

𝜆∗

2𝑚𝛼𝑖 − 𝜆∗
= 1,

where the first inequality is strict because 𝐼1(𝑠̄∗) is nonempty. This is a 
contradiction. Therefore, (5.15) cannot hold, and thus 𝑠̄∗ ⩽ 𝑐1.
Step 3 (Proof of point (3)). Assume that 𝜆 > 𝜆∗. Let 𝑠∗ be the unique NE, 
and let 𝑠̄∗ =

∑

𝑖∈[𝑚] 𝑠
∗
𝑖 ∕𝑚. Then

𝑚𝑠̄∗ =
∑

𝑖∈𝐼1(𝑠̄∗)
𝑞𝑖 +

∑

𝑖∈𝐼2(𝑠̄∗)

𝜆𝑠̄∗

2𝛼𝑖 − 𝜆∕𝑚
+

∑

𝑖∈𝐼3(𝑠̄∗)
𝑄𝑖 +

∑

𝑖∈𝐼4(𝑠̄∗)
𝑄𝑖.

If 𝐼4(𝑠̄∗) = ∅, then an argument similar to that in Step 2 shows that 
𝐼3(𝑠̄∗) ≠ ∅. Repeating the proof of Step 2, we deduce that 𝑠̄∗ ⩾ 𝑐2.

Now assume that 𝐼3(𝑠̄∗) = ∅ and 𝐼4(𝑠̄∗) ≠ ∅. Then
𝑚𝑠̄∗ ⩾

∑

𝑖∈𝐼1(𝑠̄∗)∪𝐼2(𝑠̄∗)

𝜆𝑠̄∗

2𝛼𝑖 − 𝜆∕𝑚
+

∑

𝑖∈𝐼4(𝑠̄∗)
𝑄𝑖 =

∑

𝑖∈[𝑚]⧵𝐼4(𝑠̄∗)

𝜆𝑠̄∗

2𝛼𝑖 − 𝜆∕𝑚
+

∑

𝑖∈𝐼4(𝑠̄∗)
𝑄𝑖.

Since 2𝛼𝑖 − 𝜆∕𝑚 > 0 for 𝑖 ∉ 𝐼4(𝑠̄∗), the monotonicity of 𝜆∕(2𝑚𝛼𝑖 − 𝜆)
yields

1 ⩾
∑

𝑖∈[𝑚]⧵𝐼4(𝑠̄∗)

𝜆∗

2𝑚𝛼𝑖 − 𝜆∗
+

∑

𝑖∈𝐼4(𝑠̄∗)

𝑄𝑖
𝑚𝑠̄∗

. (5.16)

Suppose that

𝑠̄∗ < 𝑐2 = min
𝑖∈[𝑚]

{

2𝛼𝑖𝑄𝑖
𝜆∗

−
𝑄𝑖
𝑚

}

. (5.17)

Substituting (5.17) into (5.16), we obtain that

1 >
∑

𝑖∈[𝑚]⧵𝐼4(𝑠̄∗)

𝜆∗

2𝑚𝛼𝑖 − 𝜆∗
+

∑

𝑖∈𝐼4(𝑠̄∗)

𝑄𝑖

𝑚
(

2𝛼𝑖𝑄𝑖
𝜆∗ − 𝑄𝑖

𝑚

) =
∑

𝑖∈[𝑚]

𝜆∗

2𝑚𝛼𝑖 − 𝜆∗
= 1.

This is a contradiction. Therefore, (5.17) cannot hold, and thus 𝑠̄∗ ⩾
𝑐2. ∎

5.2.  Convergence of the best-Response algorithm for potential games

This subsection establishes a general convergence result for Algo-
rithm 1 when it is applied to a weighted potential game Γ, with the 
obvious adaptations of the algorithm to this setting. The argument is 
independent of the FL context discussed elsewhere in the paper. All no-
tation introduced here is local to this subsection.

Consider a weighted potential game Γ as in Definition 1.2, with 
strategy sets 𝑖 ⊆ ℝ𝑑 , payoff functions 𝑃𝑖(𝑠𝑖, 𝑠−𝑖), and a 𝑤-potential 𝑃 , 
where 𝑤𝑖 > 0 for all 𝑖 ∈ [𝑚]. To prove the convergence of Algorithm 1, 
we impose Assumption 5.1 on the convexity and regularity of 𝑖 and 
𝑃𝑖. The proof of Theorem 5.1 is inspired by convergence arguments for 
block coordinate descent in multi-convex optimization and for conges-
tion games, see [39] and [40, Section 3.2].
Assumption 5.1. The following conditions hold.

1. The strategy sets 𝑖 are compact and convex subsets of ℝ𝑑 .
2. For each 𝑖 ∈ [𝑚], there exists a constant 𝛼𝑖 > 0 such that 𝑃𝑖(𝑠𝑖, 𝑠−𝑖) is 

𝛼𝑖-strongly concave with respect to 𝑠𝑖 for every 𝑠−𝑖 ∈ −𝑖. We also 
define 𝛼min = min𝑖∈[𝑚]{𝛼𝑖}.

3. For any 𝑖 ∈ [𝑚], the payoff function 𝑃𝑖(𝑠𝑖, 𝑠−𝑖) is continuously differ-
entiable with respect to 𝑠𝑖, and this partial gradient is denoted by 
∇𝑖𝑃𝑖(𝑠𝑖, 𝑠−𝑖).

4. There exists a constant 𝐿 > 0 such that for any 𝑖 ∈ [𝑚], ∇𝑖𝑃𝑖(𝑠𝑖, 𝑠−𝑖) is 
𝐿-Lipschitz with respect to (𝑠𝑖, 𝑠−𝑖).

Before stating the convergence result, we recall the definition of an 
𝜖-NE.

Definition 5.1  (𝜖-NE). In a game Γ, for any 𝜖 ⩾ 0, we call a point 𝑠𝜖 ∈ 
an 𝜖-NE if the following inequality holds:
Pi
(

sϵi , s
ϵ
−i
)

⩾ Pi
(

si, sϵ−i
)

− ϵ, ∀si ∈ i, ∀i ∈ [m].

In particular, if 𝜖 = 0, then 𝑠0 is an NE. 

Theorem 5.1. Let Γ be a 𝑤-potential game, and suppose that Assump-
tion 5.1 holds. Let 𝑠𝑘 be the output of Algorithm 1 at iteration 𝑘, for any 
𝑘 ⩾ 1. Then the following statements hold.

1. For any 𝐾 ⩾ 1, there exists 𝑘 ∈ {1,… , 𝐾} such that 𝑠𝑘 is an (1∕𝐾)-NE.
2. Any cluster point of the sequence {𝑠𝑘}𝑘⩾1 is an NE of Γ.

Proof.  The proof follows the standard block coordinate ascent view-
point on the potential. Each best-response update increases the potential 
by at least a quadratic quantity, which implies that ∑𝑘 ‖𝑠

𝑘 − 𝑠𝑘−1‖2 is fi-
nite. Consequently, there exists an iterate among the first 𝐾 steps whose 
update gap is small enough to imply an 𝜖-NE estimate with 𝜖 = (1∕𝐾). 
Finally, along any convergent subsequence, the update gap vanishes, so 
the limiting profile satisfies the exact best-response inequalities and is 
therefore an NE.
Step 1 (Finite sum of squares). Let us define 𝑝𝑘𝑖 ∶ 𝑖 → ℝ,

𝑝𝑘𝑖 (𝑠𝑖) = 𝑃𝑖(𝑠𝑘1 ,… , 𝑠𝑘𝑖−1, 𝑠𝑖, 𝑠
𝑘−1
𝑖+1 ,… , 𝑠𝑘−1𝑚 ).

Let 𝑃  be a 𝑤-potential of Γ. Then, for any 𝑖,
1
𝑤𝑖

(

𝑝𝑘𝑖 (𝑠
𝑘
𝑖 ) − 𝑝𝑘𝑖 (𝑠

𝑘−1
𝑖 )

)

=𝑃 (𝑠𝑘1 ,… , 𝑠𝑘𝑖−1, 𝑠
𝑘
𝑖 , 𝑠

𝑘−1
𝑖+1 ,… , 𝑠𝑘−1𝑚 )

− 𝑃 (𝑠𝑘1 ,… , 𝑠𝑘𝑖−1, 𝑠
𝑘−1
𝑖 , 𝑠𝑘−1𝑖+1 ,… , 𝑠𝑘−1𝑚 ).

Summing the previous equality over 𝑖, we obtain that
∑

𝑖∈[𝑚]

1
𝑤𝑖

(

𝑝𝑘𝑖 (𝑠
𝑘
𝑖 ) − 𝑝𝑘𝑖 (𝑠

𝑘−1
𝑖 )

)

= 𝑃 (𝑠𝑘) − 𝑃 (𝑠𝑘−1).

On the other hand, by the strong concavity of 𝑃𝑖 with respect to 𝑠𝑖 and 
the fact that 𝑠𝑘𝑖  is the maximizer of 𝑝𝑘𝑖 , we deduce that

𝑝𝑘𝑖 (𝑠
𝑘
𝑖 ) − 𝑝𝑘𝑖 (𝑠

𝑘−1
𝑖 ) ⩾

𝛼𝑖
2
‖𝑠𝑘𝑖 − 𝑠𝑘−1𝑖 ‖

2.

It follows that
𝑚
∑

𝑖=1

𝛼𝑖
2𝑤𝑖

‖𝑠𝑘𝑖 − 𝑠𝑘−1𝑖 ‖

2 ⩽ 𝑃 (𝑠𝑘) − 𝑃 (𝑠𝑘−1).

Summing the previous inequality over 𝑘 from 1 to 𝐾, we deduce that
𝐾
∑

𝑘=1
‖𝑠𝑘 − 𝑠𝑘−1‖2 ⩽ 2

𝛿
(

𝑃 (𝑠𝐾 ) − 𝑃 (𝑠0)
)

⩽ 2
𝛿
(

𝑃 ∗ − 𝑃 (𝑠0)
)

,

where 𝛿 = min𝑖∈[𝑚]{𝛼𝑖∕𝑤𝑖} > 0, and 𝑃 ∗ is the maximum value of 𝑃  and 
is finite.
Step 2 (Proof of point (1)). Let us assume that ‖𝑠𝑘 − 𝑠𝑘−1‖ ⩽ 𝜖 for some 
𝑘 ⩾ 1 and 𝜖 > 0. Then, by the strong concavity of 𝑃𝑖 with respect to 𝑠𝑖, 
we have
𝑃𝑖(𝑠𝑖, 𝑠𝑘−𝑖) − 𝑃𝑖(𝑠𝑘𝑖 , 𝑠

𝑘
−𝑖) ⩽ ⟨∇𝑖𝑃𝑖(𝑠𝑘𝑖 , 𝑠

𝑘
−𝑖), 𝑠𝑖 − 𝑠𝑘𝑖 ⟩ −

𝛼min
2

‖𝑠𝑖 − 𝑠𝑘𝑖 ‖
2.

We decompose the linear term on the right-hand side of the previous 
inequality in the following way:
⟨∇𝑖𝑃𝑖(𝑠𝑘𝑖 , 𝑠

𝑘
−𝑖), 𝑠𝑖 − 𝑠𝑘𝑖 ⟩ = 𝛾1 + 𝛾2,

where

𝛾1 = ⟨∇𝑖𝑃𝑖(𝑠𝑘𝑖 , 𝑠
𝑘
−𝑖) − ∇𝑝𝑘𝑖 (𝑠

𝑘
𝑖 ), 𝑠𝑖 − 𝑠𝑘𝑖 ⟩,

𝛾2 = ⟨∇𝑝𝑘𝑖 (𝑠
𝑘
𝑖 ), 𝑠𝑖 − 𝑠𝑘𝑖 ⟩.

Since 𝑠𝑘𝑖  is the maximizer of 𝑝𝑘𝑖 , the first-order optimality condition im-
plies that 𝛾2 ⩽ 0. Moreover, by the definition of 𝑝𝑘𝑖 , we have
∇𝑝𝑘𝑖 (𝑠

𝑘
𝑖 ) = ∇𝑖𝑃𝑖(𝑠𝑘1 ,… , 𝑠𝑘𝑖−1, 𝑠

𝑘
𝑖 , 𝑠

𝑘−1
𝑖+1 ,… , 𝑠𝑘−1𝑚 ).

By the Lipschitz continuity of ∇𝑖𝑃𝑖, we deduce that
‖∇𝑖𝑃𝑖(𝑠𝑘𝑖 , 𝑠

𝑘
−𝑖) − ∇𝑝𝑘𝑖 (𝑠

𝑘
𝑖 )‖ ⩽ 𝐿‖𝑠𝑘 − (𝑠𝑘1 ,… , 𝑠𝑘𝑖−1, 𝑠

𝑘
𝑖 , 𝑠

𝑘−1
𝑖+1 ,… , 𝑠𝑘−1𝑚 )

‖ ⩽ 𝐿‖𝑠𝑘 − 𝑠𝑘−1‖ ⩽ 𝐿𝜖.

Therefore, for any 𝑖 and 𝑠𝑖 ∈ 𝑖,

𝑃𝑖(𝑠𝑖, 𝑠𝑘−𝑖) − 𝑃𝑖(𝑠𝑘𝑖 , 𝑠
𝑘
−𝑖) ⩽ 𝐿𝜖‖𝑠𝑖 − 𝑠𝑘𝑖 ‖ −

𝛼min
2

‖𝑠𝑖 − 𝑠𝑘𝑖 ‖
2 ⩽ 𝐿2𝜖2

2𝛼min
.
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Therefore, we prove that 𝑠𝑘 is an (𝐿2𝜖2∕(2𝛼min))-NE. From step 1, fixing 
any 𝐾 ⩾ 1, there exists 𝑘0 ⩽ 𝐾 such that

‖𝑠𝑘0 − 𝑠𝑘0−1‖2 ⩽ 2
𝛿𝐾

(𝑃 ∗ − 𝑃 (𝑠0)),

where 𝑃 ∗ is the maximum value of 𝑃  over  and is finite. Taking 𝑘 = 𝑘0, 
it follows that 𝑠𝑘0  is an 𝜖′-NE, where

𝜖′ = 𝐿2

2𝛼min
2
𝛿𝐾

(𝑃 ∗ − 𝑃 (𝑠0)) =
𝐿2(𝑃 ∗ − 𝑃 (𝑠0))

𝛿 𝛼min
1
𝐾
.

Step 3 (Proof of point (2)). By the compactness of , assume that a 
subsequence of {𝑠𝑘}𝑘⩾1, denoted by {𝑠𝜑(𝑘)}𝑘⩾1, converges to some point 
𝑠∗ ∈ . By step 1, we have that ‖𝑠𝜑(𝑘)−1 − 𝑠𝜑(𝑘)‖ → 0. Similar to step 2, 
we have
𝑃𝑖(𝑠𝑖, 𝑠∗−𝑖) − 𝑃𝑖(𝑠∗𝑖 , 𝑠

∗
−𝑖) ⩽ ⟨∇𝑖𝑃𝑖(𝑠∗𝑖 , 𝑠

∗
−𝑖), 𝑠𝑖 − 𝑠∗𝑖 ⟩ −

𝛼min
2

‖𝑠𝑖 − 𝑠∗𝑖 ‖
2.

The previous first-order term is decomposed by
⟨∇𝑖𝑃𝑖(𝑠∗𝑖 , 𝑠

∗
−𝑖), 𝑠𝑖 − 𝑠∗𝑖 ⟩ = ⟨∇𝑖𝑃𝑖(𝑠

𝜑(𝑘)
𝑖 , 𝑠𝜑(𝑘)−𝑖 ), 𝑠𝑖 − 𝑠𝜑(𝑘)𝑖 ⟩ + ⟨∇𝑖𝑃𝑖(𝑠∗𝑖 , 𝑠

∗
−𝑖), 𝑠

𝜑(𝑘)
𝑖

− 𝑠∗𝑖 ⟩ + ⟨∇𝑖𝑃𝑖(𝑠∗𝑖 , 𝑠
∗
−𝑖) − ∇𝑖𝑃𝑖(𝑠

𝜑(𝑘)
𝑖 , 𝑠𝜑(𝑘)−𝑖 ), 𝑠𝑖 − 𝑠𝜑(𝑘)𝑖 ⟩

⩽𝐿
(

‖𝑠𝜑(𝑘) − 𝑠𝜑(𝑘)−1‖ + ‖𝑠∗ − 𝑠𝜑(𝑘)‖
)

‖𝑠𝑖 − 𝑠𝜑(𝑘)𝑖 ‖

+ ‖∇𝑖𝑃𝑖(𝑠∗)‖‖𝑠
𝜑(𝑘)
𝑖 − 𝑠∗𝑖 ‖,

where the last inequality follows from a similar argument to step 2 and 
the Lipschitz continuity of ∇𝑖𝑃𝑖. By passing 𝑘 to infinity, we deduce that 
𝑃𝑖(𝑠𝑖, 𝑠∗−𝑖) − 𝑃𝑖(𝑠∗𝑖 , 𝑠

∗
−𝑖) ⩽ 0 for any 𝑖 and 𝑠𝑖. Therefore, 𝑠∗ is an NE. ∎

6.  Conclusions and future work

In this paper, we introduce a potential game framework to model the 
interplay among training costs, incentives, and effort selection in feder-
ated learning (FL). We prove the existence of Nash equilibria (NEs) in 
the proposed game and further investigate the uniqueness of the NE in 
a stationary scenario where clients maintain constant efforts through-
out training. Additionally, we characterize how the NEs evolve with 
the server’s reward factor, identifying three critical thresholds: the ac-
tivation point, the jump point, and the saturation point. Notably, our 
findings highlight the significance of the jump point, at which clients’ 
training efforts increase sharply, suggesting that it provides a natural 
target for server-side reward tuning. Extensive numerical experiments 
further support our theoretical results. Overall, our work provides a ro-
bust foundation for understanding the interplay between clients’ ratio-
nal training efforts and the server’s incentives.

For future work, we propose the following perspectives.

1. A first extension of our game model could focus on incorporating a 
discount factor into the server’s reward scheme based on the num-
ber of rounds. This aligns with the convergence properties of widely 
used stochastic gradient algorithms in machine learning, where sig-
nificant gains in model performance are typically observed during 
the early training stages [41, Section 4]. This phenomenon is also 
reflected in our simulation results shown in Fig. 5, where major im-
provements occur in the first several rounds. Furthermore, adding a 
discount factor may also help address the issue of non-uniqueness of 
the NE in heterogeneous cases, as the counterexample mentioned in 
Remark 3.8 no longer applies in this scenario.

2. A second direction focuses on the asymptotic behavior of our FL 
game as the number of clients 𝑚 approaches infinity. In this scenario, 
a nonatomic version of ΓFL or Γ̂FL could be analyzed. The NEs in this 
setting are characterized by an optimality condition over the dis-
tribution of training efforts among a continuum of clients, see [42, 
Thm. 1]. It is worth noting that proving the uniqueness of the NE 
in the nonatomic case is generally challenging when the price in-
creases with respect to the aggregate, as discussed in [42, Prop. 3]. 
The techniques used to prove the uniqueness results in Section 5 can 
be naturally adapted to these nonatomic games.

3. Extending our game model to other aspects of FL, such as fairness 
[12] and privacy [43], is a promising avenue for future research. For 
example, in a differential privacy scenario, each client’s strategy can 
be the standard deviation of their noise. Therefore, we can model the 
trade-off between data privacy (which increases with the noise level) 
and model accuracy (which decreases with the noise level) using our 
FL game, with the necessary adaptations.

4. Recent studies identify open challenges in federated foundation mod-
els [44] and federated reasoning-oriented large language models 
(LLMs) [45]. Our server-tunable potential game framework natu-
rally extends to these settings by modeling clients’ adaptation and 
reasoning budgets as multidimensional efforts and shaping rewards 
through global utility proxies such as validation gains, calibration or 
consistency scores, and safety metrics under bandwidth and risk con-
straints. Central research questions include the existence and unique-
ness of equilibria with coupled efforts and the design of optimal in-
centives under active alignment or safety constraints.

5. Finally, beyond FL, extending our game model to other applications 
is also of interest. The current game formulation should be well 
suited to modeling systems with positive consumption externalities 
[46]. For example, in technology and social media platforms, the 
value of the platform to each user increases as more users partici-
pate. As a result, such platforms often design incentives that scale 
with total engagement, thereby reinforcing collective participation.
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