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A B S T R A C T

The dynamic behaviour of conductive beams subjected to magnetic fields involves complex interactions between 
mechanical motion and induced electromagnetic forces. This study introduces a coupled computational approach 
that captures the mechanisms of eddy current damping and their role in vibration attenuation and bending- 
torsion coupling of thin, non-magnetic conductive beams. The structural response is modelled using finite ele
ments that include bending and torsional degrees of freedom, while the electromagnetic effects generated by 
motional induction are evaluated through a finite difference formulation. The resulting velocity-dependent 
electromagnetic forces are integrated directly into the dynamic equations of motion, resulting in a symmetric 
but non-proportional damping matrix governing both energy dissipation and cross-coupling between vibration 
modes. The proposed formulation is further validated against experimental data, confirming its ability to 
accurately reproduce the observed dynamic response. Frequency- and time-domain simulations reveal that 
increasing magnetic field magnitude enhances vibration attenuation, and that bending-torsion coupling arises 
only when magnetic fields are oriented in multiple directions. The proposed model provides a systematic means 
to investigate electromagnetic–mechanical coupling mechanisms in beam-like structures and to predict their 
dynamic performance under magnetic fields, offering new insights and computational tools for non-contact vi
bration control in advanced mechanical systems.

1. Introduction

The attenuation of mechanical vibrations in structural systems is of 
paramount importance, as their presence can lead to structural failures, 
discomfort, reduced performance, and decreased lifespan of structural 
components [1]. Vibration mitigation can be achieved through the 
implementation of various damping techniques. Among them, eddy 
current damping, originating from Foucault currents, provides an 
effective and contactless vibration control mechanism. These currents 
can be generated when mechanical vibrations interact with an exter
nally applied magnetic field, a phenomenon referred to as motional 
induction. The induced currents, in turn, produce electromagnetic forces 
that, when suitably aligned with the motion, include components 
opposing it, thereby reducing vibration amplitudes [2].

Eddy current damping offers several advantages: high efficiency at 
low frequencies, reversibility, absence of wear, instantaneous applica
tion, and no added mass due to its non-contact nature [3]. For these 
reasons, extensive research has explored diverse engineering applica
tions where this damping mechanism can be beneficial [4–7].

Despite its advantages, two fundamental challenges arise in the 
mathematical analysis of eddy current damping within vibrating me
chanical systems. Firstly, the electromagnetic phenomenon (eddy cur
rents) and the mechanical response (structural vibrations) are inherently 
coupled. Consequently, the electromagnetic or Lorentz forces must be 
incorporated into the dynamic equations of motion, which is non-trivial 
due to the spatial and temporal complexity of eddy currents. Secondly, 
the resulting coupled equations are generally not analytically solvable, 
making numerical methods essential to determine the induced currents 
and their associated damping effects.

To address these challenges, significant research efforts have been 
devoted to addressing the numerical challenges associated with eddy 
current damping. In 1986, the international working group “Testing 
Electromagnetic Analysis Methods” (TEAM) established a set of bench
mark problems to evaluate the accuracy and reliability of numerical 
methods in solving complex electromagnetic problems. Among these, 
TEAM Problem 12, which was focused on motional induction, has 
contributed to the development of various numerical formulations. For 
instance, comparisons between different formulations based on finite 
element, boundary integral, and finite difference methods for solving 
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Nomenclature

Variables
b beam width
Bx,By external, uniform, magnetic field components in the x- and 

y-directions, respectively
Bx(x, y),By(x, y) external, non-uniform, magnetic field components 

in the x- and y-directions, respectively
Bl,k

x ,Bl,k
y magnetic field components in the x- and y-directions, 

respectively, at the (l, k) - th cell
Bn,m

x,1 ,B
n,m
x,2 ,B

n,m
x,3 ,B

n,m
x,4 ,B

n,m
y,1 ,B

n,m
y,2 ,B

n,m
y,3 ,B

n,m
y,4 magnetic field components in 

the x- and y-directions, respectively, at the cells 
surrounding the (n,m) - th cell corner

Be(x, y) external, time-invariant magnetic flux density vector field
Bi(x, y, t) magnetic flux density vector field induced by the eddy 

currents through self-inductance
C electromagnetic–mechanical coupling damping matrix
d beam thickness
dl differential length vector along C
dln,m1 ,dln,m2 ,dln,m3 ,dln,m4 differential length vectors of each side of the 

contour C associated to the (n,m) - th cell corner
dS elementary surface area vector of S
D1,D2,D3,D4,D5,D6,D7 intermediate electromagnetic forces 

matrices
E Young’s modulus of the beam material
f frequency
fem(x, y, t) electromagnetic force density vector field
Fem(t) nodal electromagnetic force vector
Fl,k

em,cell(t) electromagnetic force at the (l, k) - th cell

Fl,k
em,cell,1(t),F

l,k
em,cell,2(t) electromagnetic forces at the left and right cell 

edges, respectively, of the (l, k) - th cell
Fem,cells(t) vector containing the electromagnetic forces at the cell 

centres
Fem,j(t) electromagnetic nodal force at the j-th node
Fext(t) nodal external forces vector
Fext(x, y, t) external forces vector field
G shear modulus of the beam material
hx finite element and finite difference cell size in the x- 

direction
hy finite difference cell size in the y-direction
J(t) vector containing the eddy current density at the cell 

centres
J(x, y, t) eddy current density vector field
Jx(x, y, t),Jy(x, y, t) eddy current density vector fields components in 

the x- and y-directions, respectively
Jl,k

x (t),Jl,k
y (t) eddy current components in the x- and y-directions at 

the (l, k) - th cell
Jl,k(t) eddy current density vector at the (l, k) - th cell
K stiffness matrix
L beam length
Lc conductive beam inductance
M mass matrix
Ml,k

em,x,1(t),M
l,k
em,x,2(t) electromagnetic moments in the x-direction at 

the left and right cell edges, respectively, at the (l, k) - th 
cell

Mem,x,j(t) electromagnetic moment in the y-direction at the j-th finite 
element node

Ml,k
em,y,1(t),M

l,k
em,y,2(t) electromagnetic moments in the y-direction at 

the left and right cell edges, respectively, at the (l, k) - th 
cell

Mem,y,j(t) electromagnetic moment in the y-direction at the j-th finite 
element node

N total number of finite difference cells
Nx total number of beam finite elements and number of finite 

difference cells in the x-direction
Ny total number of finite difference cells in the y-direction
qj(t), q̇j(t), q̈j(t) nodal displacement, velocity and acceleration 

vectors at the j-th finite element node, respectively
Rc conductive beam resistance
t time
T(t) global vector containing the electric potential at the cell 

corners
T(x, y, t) scalar field component of T(x, y, t)
T(x, y, t) electric potential vector field
Tl,k

1 (t),Tl,k
2 (t),Tl,k

3 (t),Tl,k
4 (t) electric potentials at the corners of the (l,

k) - th cell
Tn,m

1 (t),Tn,m
2 (t),Tn,m

3 (t),Tn,m
4 (t) electric potentials associated with the 

(n,m) - th cell corner
Tedge(t) vector containing the electric vector potentials at the beam 

surface edges
Tuk(t) vector containing the unknown electric vector potentials
Tn,m(t) electric potential at the (n,m) - th cell corner
Tl,k(t) vector containing the electric vector potential at the 

corners of the (l, k) - th cell
w(t) nodal transverse displacement
w(x, y, t) transverse displacement vector field component
w(x, y, t) transverse displacement vector field
wb(x, t) transverse displacement field due to bending
wj(t) nodal transverse displacement for the j-th node
wk(t),wk+1(t) transverse displacements at the k-th and (k + 1) - th 

finite element nodes, respectively
ẇk(t), ẇk+1(t) transverse velocities at the k-th and (k + 1) - th finite 

element nodes, respectively
wt(x, y, t) transverse displacement field due to torsion
ẇl,k

cell(t) transverse velocity at the (l, k) - th cell
ẇl,k

cell,1(t), ẇ
l,k
cell,2(t), ẇ

l,k
cell,3(t), ẇ

l,k
cell,4(t) transverse velocity at the cells 

surrounding the (n,m) - th cell corner
ẇcells(t) global transverse velocity vector containing the velocities 

at the cell centres
x,y, z spatial coordinates
x̂, ŷ, ẑ spatial unit vectors
yl,k distance in the y-direction from the (l, k) - th cell to the 

beam’s neutral axis
δ skin depth
θx(t),θy(t) nodal rotations in the x- and y-directions, respectively
θx(x, t) torsional rotation field
θx,j(t),θy,j(t) nodal rotations in the x- and y-directions, respectively 

for the j-th node
θx,k(t),θx,k+1(t) torsional rotations at the k-th and (k + 1) - th finite 

element nodes, respectively
θ̇x,k(t), θ̇x,k+1(t) torsional angular velocities at the k-th and (k +

1) - th finite element nodes, respectively
μ0 permeability of free space
ρ volumetric density of the beam material
σ electrical conductivity of the beam material
ω angular frequency

Operators
d differential operator
T transpose operator
(•̇) time derivative
⋅ dot product
× cross product
− 1 inverse operator
∇⋅ divergence operator

M. Brun et al.                                                                                                                                                                                                                                    Computers and Structures 329 (2026) 108290 

2 



eddy current effects in a cantilever beam [8], the validation of numerical 
finite element results against experimental data on thin plate deflection 
[9], and the introduction of a novel three-dimensional finite element 
formulation for the computation of a nonlinear axisymmetric solenoid 
[10] are among the earliest studies originating from the proposed TEAM 
Problem 12.

Since then, numerical methods have continued to evolve. Despite 
being a long-standing problem, it remains a topic of current interest as 
research in this area continues. Numerous studies can be found that aim 
to reduce the number of variables to solve in various applications, such 
as the development of finite element methods based on the magnetic 
field potential to compute diverse topological shapes [11] or the use of 
finite difference schemes to solve eddy currents in vibrating plates 
subjected to time-varying magnetic fields [12,13], among many others 
[14–18].

However, despite the considerable progress achieved in numerical 
modelling techniques, the treatment of multi-physics coupling within 
mechanical system dynamics has historically received comparatively 
less attention. Traditionally, single-field problems have been predomi
nant. However, modern engineering increasingly demands multi- 
physics solutions across a wide range of applications. As a result, the 
modelling, solution, and analysis of coupled multi-physics systems 
remain topics of sustained and growing interest. Examples of such 
couplings include fluid–structure interactions [19], magneto- 
hydrodynamic coupling [20], acoustic-structural coupling [21], ther
moelasticity [22], aeroelasticity [23], electromechanical coupling [24], 
electromagnetic-structural interactions [25,26], opto-mechanical in
teractions [27], soil-structure interactions [28], or chemo-mechanical 
applications [29], among others.

Although many of these fields involve multi-physics systems and 
address coupling through various strategies, most commonly employing 
monolithic or partitioned solution approaches [30–32], the treatment of 
electromagnetic–mechanical coupling induced by Lorentz forces in 
vibrating structural systems has received limited detailed attention to 
date. The primary challenge lies in the difficulty of incorporating elec
tromagnetic forces arising from eddy currents into the dynamic equa
tions of motion of the structural system. Various approximations have 
been proposed to address this issue. For instance, it is common to use 
linear electromagnetic velocity-dependent coefficients, which are only 
valid for low velocities, with non-linear corrections introduced through 
experimental coefficients for specific designs, such as those of inertial 
eddy current dampers [33], or to model the electromagnetic forces in 
moving permanent magnets [34]. Another common approach is to 
propose frequency-dependent equivalent damping coefficients derived 
through numerical procedures and validated through experimental 
testing. However, these approaches often include the explicit depen
dence on the applied magnetic field on the electromagnetic forces in 
those frequency-dependent coefficients. Approximations remain preva
lent in the literature, such as assuming constant [35], linear [36], or 
more complex frequency-dependent electromagnetic force functions 
[37], or simplifying the governing equations of the system by approxi
mating certain eddy current terms [38].

Even when electromagnetic forces are obtained numerically, as in 
the case of a cantilever beam with eddy current damping [39], limita
tions still exist. In this case, calculations are restricted to the bending and 
torsional modes, where the prescribed modal velocities are imposed 

without solving the complete system response. Despite this limitation, it 
has been observed that bending and torsional motions, which are a 
priori independent, become coupled when the magnetic field is applied 
simultaneously in multiple directions, and only under such conditions. 
This bending-torsion interaction has not yet been examined in detail for 
vibrating structural systems subjected to magnetic fields. Moreover, 
owing to the restriction to modal-level analyses, the implications of this 
coupling on the overall structural dynamic response cannot be fully 
assessed, as a general formulation for addressing the electro
magnetic–mechanical coupling at the system level has not been estab
lished. A similar coupling effect between nominally independent 
degrees of freedom has also been observed and analysed by the authors 
in a simple two-degree-of-freedom system, where the interaction like
wise emerges exclusively under multidirectional magnetic field excita
tion [40].

Building upon these observations, the present work seeks to extend 
previous results obtained for cantilever beams and to provide a natural 
progression from the analysis of the simplified two-degree-of-freedom 
system. While beam-like structures are widely used in engineering ap
plications and have been extensively studied in the context of structural 
dynamics under various external effects, such as axial loads or elastic 
foundations [41], the influence of multidirectional magnetic fields on 
the electromagnetic–mechanical coupled dynamic response requires 
further investigation. The primary objective is to analyse the complete 
dynamic behaviour of a structural beam subjected to static magnetic 
fields while explicitly accounting for electromagnetic–mechanical 
coupling, and to investigate in detail the bending-torsion interaction 
arising from this coupling. To this end, electromagnetic forces are 
explicitly incorporated into the dynamic equations of motion, enabling a 
comprehensive treatment of the magnetic field effects within the 
structural dynamics framework. Unlike previous studies, where the 
analysis was restricted to prescribed modal velocities or reduced-order 
models [39,40], the present formulation enables the solution of the 
fully coupled system without restricting the response to predefined 
modal patterns. This allows the bending-torsion interaction to emerge 
naturally from the governing equations and to be analysed in a general 
and systematic manner.

A vibrating thin, non-magnetic conductive beam subjected to a static 
magnetic field is studied, with self-inductance effects neglected. The 
structural system is modelled using finite elements, which include the 
degrees of freedom for bending and torsion, while the electrical problem 
is modelled using finite differences. Classical finite element formulations 
are employed for the structural system, whereas a specific recently 
developed finite difference method to solve eddy currents which offers 
adaptability and ease of implementation is employed [13,39]. This 
combination enables the representation of electromagnetic forces 
through a velocity-dependent electromagnetic damping matrix, allow
ing seamless integration in the beam’s dynamic equations. The proposed 
formulation is validated against experimental results, showing good 
agreement in the predicted dynamic response. Consequently, two 
physical phenomena emerge naturally from the coupled formulation: 
vibration attenuation and bending-torsion coupling, the latter occurring 
exclusively under multidirectional magnetic excitations, in agreement 
with previous findings [39,40].

To thoroughly examine the beam’s dynamic behaviour and assess the 
implications of the bending-torsion coupling, a numerical application is 

∇× curl operator

Subscripts
j finite element node index
k finite element index aligned in the x-direction with the (l,

k) - th cell

Superscripts
(l, k) finite difference cell index
(n,m) finite difference cell corner index

Symbols
C arbitrary contour on the beam surface
S surface enclosed by C
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presented, analysing the influence of magnetic field magnitude com
ponents on the system response in both frequency and time domains. 
Unlike a prior study restricted to individual bending or torsional modes 
[39], the present work enables a system-level analysis of the coupled 
electromagnetic–mechanical dynamics without constraining the solu
tion to predefined modal shapes.

The remainder of this paper is structured as follows: Section 2 details 
the studied system, including general problem considerations. Section 3 
provides a comprehensive explanation of the numerical procedure used 
to obtain the electromagnetic matrix and formulate the coupled dy
namic equations. In Section 4, a convergence study of the coupled 
electromagnetic–mechanical scheme is conducted. Section 5 presents 
the validation of the proposed formulation against experimental data. 
Subsequently, Section 6, a practical application for a particular canti
lever beam is presented, with numerical results for the beam’ response 
in both frequency and time domains. Finally, the main conclusions of 
this work are summarised, followed by a discussion of the current 
model’s limitations and directions for future research.

2. System description: Beam with eddy currents

The structural system under study consists of a thin, non-magnetic 
conductive beam. A diagram illustrating the problem is provided in 
Fig. 1, corresponding to the specific case of a cantilever beam. The beam 
vibrates in the presence of an external, time-invariant (or static) mag
netic field, denoted by Be(x, y). The vibration is characterised by the 
transverse displacement vector field w(x, y, t), while external forces are 
represented by Fext(x, y, t), where x and y represent spatial variables and 
t denotes time. Eddy currents, characterised by the current density 
vector field J(x, y, t), are induced throughout the beam’s surface due to 
the interaction between the vibration and the magnetic field. These 
currents generate electromagnetic forces that mitigate the vibration, 
represented by the electromagnetic force density vector field fem(x, y, t).

The beam’s geometry is defined by its length L, width b, and thick
ness d, aligned with the x-, y- and z-directions, respectively, where L > b 
and L≫d. The beam is considered thin and its relevant material prop
erties include volumetric density ρ, Young’s modulus E, shear modulus 
G, loss factor η, and electrical conductivity σ, all of which are assumed to 
be uniform throughout the beam and constant in time.

The external magnetic flux density vector Be(x, y) is given by 

Be(x, y) = Bx(x, y)x̂ +By(x, y)ŷ (1) 

where Bx(x, y) and By(x, y) are its scalar components in the x- and y- 
directions, respectively.

The vibration of the beam is described by its transverse displacement 
field, expressed as w(x, y, t) = w(x, y, t)ẑ, where w(x, y, t) denotes the 
transverse displacement component. In this work, w(x, y, t) is assumed to 

result from the combined effects of bending and torsional vibrations, 
such that 

w(x, y, t) = wb(x, t)+wt(x, y, t) (2) 

where wb(x, t) represents the bending component, and wt(x, y, t) ac
counts for the torsional contribution, defined as wt(x, y, t) = θx(x, t)y, 
with θx(x, t) denoting the torsional rotation.

The interaction between the beam’s vibration and the external 
magnetic field induces eddy currents, represented by the eddy current 
density vector J(x, y, t). Since the beam is thin, eddy currents are 
induced solely in the x-y plane, leading to 

J(x, y, t) = Jx(x, y, t)x̂ + Jy(x, y, t)ŷ (3) 

where Jx(x, y, t) and Jy(x, y, t) are the components of the eddy current 
density vector in the x- and y-directions, respectively. For this assump
tion to hold, the skin depth δ, given by 

δ =

̅̅̅̅̅̅̅̅̅̅̅
2

μ0σω

√

(4) 

where μ0 is the permeability of free space and ω is the angular frequency 
of vibration, must be sufficiently large in order to satisfy δ > d [2].

The electromagnetic force density fem(x, y, t) caused by the induced 
eddy currents are given by the Lorentz force, which results in forces per 
unit volume given by 

fem(x, y, t) = J(x, y, t) × Be(x, y) (5) 

where × denotes the cross product.

3. Electromagnetic-mechanical coupling forces

In this Section, the electromagnetic forces arising from the eddy 
currents induced in the beam are determined. The governing equations 
for the mechanical and electrical problems of the beam are first pre
sented. For the mechanical problem, the general dynamic equations of 
motion are formulated in a finite element framework, where the elec
tromagnetic–mechanical coupling forces due to the mechanical and 
electrical interactions appear as an independent term. For the electrical 
problem, the governing equations are established using a finite differ
ence approach, allowing for the computation of eddy currents, which are 
subsequently used to determine the electromagnetic forces. These forces 
are then transformed from the finite difference framework into the finite 
element framework, resulting in general dynamics equations of motion 
where the electromagnetic forces are coupled.

3.1. Beam dynamic equations of motion

The beam under study, depicted in Fig. 1, is modelled using Nx one- 
dimensional beam-type finite elements with three degrees of freedom 
per node, as exemplified in Fig. 2, from which the dynamic equations of 
motion are subsequently derived. Each element represents a block of 
length hx in the x-direction, width b in the y-direction, and thickness d in 
the z-direction. The j-th node incorporates bending degrees of freedom, 
given by the transverse displacement wj(t) and the bending rotation 
θy,j(t), as well as a torsional degree of freedom, represented by the 
torsional rotation θx,j(t). Thus, the displacement vector for the j-th node, 
qj(t), is given by 

qj(t) =
[
wj(t) θx,j(t) θy,j(t)

]T
, (6) 

where [ • ]T denotes the transpose operator. An example of the beam 
finite element discretisation is shown in Fig. 2, where the degrees of 
freedom of the j-th node are highlighted, along with the node 
numbering.

Fig. 1. Schematic representation of the electromagnetic–mechanical problem 
for a conductive beam.
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The general dynamic equations of motion take the form 

Mq̈(t)+Kq(t) = Fext(t)+Fem(t) (7) 

where M is the global mass matrix, K is the global stiffness matrix, Fext(t)
is the vector of external nodal forces, Fem(t) is the vector of electro
magnetic nodal forces, ( •)⋅ denotes time derivative, and q(t) is the nodal 
displacement vector to be determined. The global mass and stiffness 
matrices are assembled from their elemental counterparts, following 
standard formulations available in the literature [42]. Details about the 
displacement vector, and the assembly of the mass and stiffness matrices 
are provided in Appendix A.

3.2. Determination of electromagnetic forces

In the general dynamic equations of motion given in Eq. (7) the 
electromagnetic nodal force term, Fem(t), is directly associated with the 
induced eddy currents and is obtained from the force per unit volume, 
fem(x, y, t), defined in Eq. (5). Eddy currents arise due to motional in
duction, described by the general form of Faraday’s law, which in the 
quasi-static form [43] is given by 
∮

C

(
J(x, y, t)

σ

)

⋅dl = −

∫

S
Ḃi(x, y, t)⋅dS −

∫

S
Ḃe(x, y)⋅dS+

∮

C
(ẇ(x, y, t) × Be(x, y) )⋅dl

(8) 

where Bi(x, y, t) is the magnetic flux density vector field induced by the 
eddy currents through self-inductance, ẇ(x, y, t) is the transverse ve
locity vector field, C is an arbitrary contour on the beam surface, S is the 
surfaced enclosed by C, dl is a differential length vector along C, and dS 
is an elementary surface area vector of S. The dot symbol ⋅ denotes the 
dot product. In this study, self-inductance effects are neglected and thus 
Ḃi(x, y, t) = 0, as is commonly assumed in thin conducting structures 
operating in low-to-moderate frequency ranges. For the beam geome
tries and material properties considered in this work, the electromag
netic response is expected to remain in a resistive-dominated regime, in 
which inductive effects associated with self-induction are secondary. A 
practical criterion to assess the validity of this assumption is given by the 
ratio between inductive and resistive effects, ωLc/Rc, where Lc is 
inductance, and Rc is the electrical resistance of the conductor. When 
ωLc/Rc≪1, the electromagnetic response is dominated by resistive ef
fects and self-inductance can be neglected. For the beam and frequency 
range considered in this work of up to 1 kHz in Section 5, this ratio 
remains well below unity, confirming that the system operates in a 
resistive-dominated regime. This assumption is consistent with esti
mates available in the literature for similar configurations [3,44], which 
indicate that inductive contributions remain small within the frequency 
range considered in this work. This behaviour is also consistent with the 
experimental validation presented in Section 5, where the proposed 
model, without self-inductance, accurately reproduces the measured 
transmissibility curve of the beam for the higher-order modes. In addi
tion, in this study, the displacement amplitudes are assumed to be suf
ficiently small for the system to be considered linear. Furthermore, 

Ḃe(x, y) = 0 since the magnetic field is assumed to be static. The solution 
of the eddy currents density J(x, y, t) from Eq. (8) enables the determi
nation of the electromagnetic forces per unit volume fem(x, y, t) via the 
Lorentz force from Eq. (5). However, no analytical solution exists for 
direct computation, necessitating numerical approaches. Thus, a nu
merical procedure based on finite differences is employed for this pur
pose and is presented first. Once the eddy currents are obtained from this 
numerical approach, the assembly process for determining the electro
magnetic forces is described.

3.2.1. Finite differences method
An existing numerical procedure based on finite differences, adapted 

to the beam in Fig. 1 and expanded to include motional induction, is 
employed to determine the eddy currents throughout the beam surface 
and evaluate the Lorentz force [13,39]. In this procedure, Eq. (8) is 
solved for the scalar electric potential vector field T(x, y, t), defined as 

J(x, y, t) = ∇ × T(x, y, t) (9) 

with ∇× denoting the curl operator, since, due to the principle of charge 
conservation, the eddy current density vector J(x, y, t) forms a solenoidal 
field [45]. For the currents to be induced solely in the x-y plane, as 
assumed by Eq. (3), the potential vector T(x, y, t) must exist only in the z- 
direction, i.e., T(x, y, t) = T(x, y, t)ẑ, where T(x, y, t) is its scalar field 
component. Furthermore, T(x, y, t) must remain constant along the 
edges of the beam surface [13]. This boundary condition ensures that 
the continuity equation, ∇⋅J(x, y, t) = 0 where ∇⋅ denotes the diver
gence operator, is satisfied at the domain boundaries. Specifically, a 
close examination of Eq. (9) implies that for the current density to 
remain within the conducting surface, the tangential derivative of the 
electric potential along the perimeter must vanish, thereby requiring 
T(x, y, t) to be constant along the edges. Thus, the numerical procedure 
solves T(x, y, t) from 
∮

C

(
∇× T(x, y, t)

σ

)

⋅dl =
∮

C
(ẇ(x, y, t) × Be(x, y) )⋅dl. (10) 

The beam surface is discretised into N rectangular cells, with Nx cells 
along the x-direction and Ny cells along the y-direction. Each cell rep
resents a rectangular block of length hx in the x-direction, width hy in the 
y-direction, and thickness d in the z-direction, within which the current 
density field J(x, y, t) is uniform. An example of the beam surface dis
cretisation in the x-y plane is shown in Fig. 3, where, for the (l, k) - th 
cell, the current density vector Jl,k(t) and transverse velocity ẇl,k

cell(t) of 
Eq. (10) are defined at each cell centre (indicated by crosses), while the 
electric vector potential vector Tl,k(t) is defined at the corners (marked 
with squares). The dashed line in Fig. 3 corresponds to the integral 
contour of Eq. (10), while the line at the centre corresponds to the beam 
axis and the finite elements of Fig. 2, each circle representing a finite 
element node.

The contour integral of Eq. (10) applied to an internal node, Tn,m(t), 
results in (for more detailed information, see [13,39,46]) 

Fig. 2. Finite element discretisation.
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1
σ

[
hx

hy

(
2Tn,m(t) − Tn,m

2 (t) − Tn,m
4 (t)

)
+

hy

hx

(
2Tn,m(t) − Tn,m

1 (t) − Tn,m
3 (t)

)
]

=

1
2

[
hy

(
− Bn,m

x,1 ẇn,m
cell,1(t) + Bn,m

x,2 ẇn,m
cell,2(t) + Bn,m

x,3 ẇn,m
cell,3(t) − Bn,m

x,4 ẇn,m
cell,4(t)

)
+

hx

(
− Bn,m

y,1 ẇn,m
cell,1(t) − Bn,m

y,2 ẇn,m
cell,2(t) + Bn,m

y,3 ẇn,m
cell,3(t) + Bn,m

y,4 ẇn,m
cell,4(t)

) ]
,

(11) 

where, following the numbering scheme shown in Fig. 4 for Eq. (11), 
Tn,m

1 (t), Tn,m
2 (t), Tn,m

3 (t), and Tn,m
4 (t) are the potentials at each node of the 

five-point star centred around the potential Tn,m(t), ẇn,m
cell,1(t), ẇ

n,m
cell,2(t), 

ẇn,m
cell,3(t), and ẇn,m

cell,4(t) are the velocities of the cells surrounding the 
Tn,m(t) node, Bn,m

x,1 , Bn,m
x,2 , Bn,m

x,3 , and Bn,m
x,4 are the analogous for the x- 

component of the magnetic field, and Bn,m
y,1 , Bn,m

y,2 , Bn,m
y,3 , and Bn,m

y,4 are the 
analogous for the y-component of the magnetic field.. In Fig. 4, dln,m1 , 
dln,m2 , dln,m3 , and dln,m4 represent the differential length vectors of each 
side of the dashed line for the Tn,m(t) node.

Assembling Eq. (11) for all internal Tn,m(t) nodes results in an inde
terminate linear system of equations. However, the global vector po
tential T(t) can be partitioned into the edge nodes Tedge(t), where the 
potential is constant as previously mentioned, and the unknown internal 
nodes Tuk(t), i.e., T(t) =

[
Tedge(t) Tuk(t)

]T. In this work, for mathe
matical convenience, Tedge(t) is set to zero. Thus, a linear system of 
(Nx − 1)

(
Ny − 1

)
equations is formed, resulting in 

D1Tuk(t) = D2ẇcells(t) (12) 

where D1 is a symmetric coefficient matrix assembled from the left-hand 
side of Eq. (11), D2 is the matrix assembled from the right-hand terms of 

Eq. (11), and ẇcells(t) is the global velocity vector containing the ve
locities at the cell centres.

To determine the global current density vector at the centre of the 
cells, J(t), the definition given in Eq. (9) is used, resulting for the (l,
k) - th cell in 

Jl,k
x (t) =

− Tl,k
1 (t) − Tl,k

2 (t) + Tl,k
3 (t) + Tl,k

4 (t)
2hy

(13) 

and 

Jl,k
y (t) = −

− Tl,k
1 (t) + Tl,k

2 (t) + Tl,k
3 (t) − Tl,k

4 (t)
2hx

(14) 

where Tl,k
1 (t), Tl,k

2 (t), Tl,k
3 (t), and Tl,k

4 (t) are the potentials at each of the 
four corners of the (l, k) - th cell, numbered in an anticlockwise manner 
starting from the lower left corner. The minus sign in Eq. (14) accounts 
for the negative arising when evaluating the y-term in Eq. (9). These 
equations are assembled for each of the N cells, yielding a total of 2N 
expressions. Since Tl,k(t) = 0 along the beam’s edge, the assembled 
equations result in 

J(t) = D3Tuk(t) (15) 

where D3 is the coefficient matrix assembled from Eqs. (13) and (14). 
Finally, the Lorentz force, as defined in Eq. (5), is evaluated through 
integration over the volume of a cell. Since each cell represents a block 
of uniform current density Jl,k(t), this results, for the (l, k) - th cell in 

Fl,k
em,cell(t) = hxhyd

(
Jl,k

x (t)Bl,k
y − Jl,k

y (t)Bl,k
x

)
(16) 

Fig. 3. Example of the discretisation of the beam surface.

Fig. 4. Integral contour detail for the (n,m) - th internal node Tn,m(t).
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where Fl,k
em,cell(t) represents the Lorentz force at the (l, k) - th cell centre, 

acting in the z-direction, and Bl,k
x and Bl,k

y the magnetic field components 
at the (l, k) - th cell centre in the x- and y-directions, respectively. As
sembly of Eq. (16) for the N cells yields 

Fem,cells(t) = D4J(t) (17) 

where Fem,cells(t) is the global vector, containing the Lorentz forces at the 
centre of the cells, and D4 is a coefficient matrix assembled from Eq. 
(16). The finite difference scheme used thus allows the determination of 
the current density vector J(t) from the velocities at each cell, provides 
that Eqs. (12) and (15) are solved, and the electromagnetic forces at each 
cell, as indicated in Eq. (17). However, to integrate these results into the 
finite element framework, it is necessary to stablish the relationship 
between the velocities of the finite difference cells and the finite element 
nodes, as well as between the forces at the cells and the forces at the 
nodes. The corresponding procedure is explained next.

3.2.2. Finite differences and finite element transformations
To obtain the nodal forces Fem(t) of the finite element and solve the 

general dynamic equations of motion in Eq. (7), two transformations are 
required.

First, the nodal velocities of the finite element model, q̇(t), must be 
mapped to the velocities within the cells, ẇcells(t), in order to evaluate 
Eq. (12) using the nodal velocity vector q̇(t). This mapping requires the 
use of the definition of the transverse displacement field component, 
w(x, y, t), given in Eq. (2). Second, the forces acting on the cells, 
Fem,cells(t), must be transformed into the corresponding nodal forces of 
the finite element, Fem(t).

The procedure used to perform the velocity mapping is illustrated in 
Fig. 5 and proceeds as follows: for any given cell (l, k), the degrees of 
freedom corresponding to the finite element aligned in the x-direction 
with this (l, k) - th cell are considered. Upon close examination of Fig. 3, 
it is evident that for the (l, k) - th cell, the k-th finite element meets this 
condition, since all cells with the same k value (i.e., the k-th column of 
cells) are aligned in the x-direction with the k-th finite element.

Once the degrees of freedom associated with the k-th finite element 
are identified, specifically, wk(t) and θx,k(t) for the left node, and wk+1(t)
and θx,k+1(t) for the right node, these quantities are directly mapped to 
each side of the (l, k) - th cell (see Fig. 5). This mapping is valid because, 
according to Eq. (2), both wb(x, t) and θx(x, t) remain invariant along the 
y-direction. To determine the transverse velocity at the centre of the (l,
k) - th cell, ẇl,k

cell(t), the displacements on each side of the cell are aver
aged and differentiated with respect to time, yielding 

ẇl,k
cell(t) =

ẇk(t) + ẇk+1(t)
2

+
θ̇x,k(t) + θ̇x,k+1(t)

2
yl,k (18) 

where yl,k denotes the distance from the (l, k) - th cell to the beam’s 
neutral axis.

Assembly of Eq. (18) for all N cells results in 

ẇcells(t) = D5q̇(t) (19) 

where D5 is a coefficient matrix assembled from Eq. (18). This matrix 
enables the relationship between the velocity in the finite difference 
framework, ẇcells(t), and the nodal velocities q̇(t), in the finite element 
framework.

A similar reverse procedure is applied to relate the electromagnetic 
forces at the finite difference cells, Fem,cells(t) in Eq. (17), to the elec
tromagnetic forces at the finite element nodes, Fem(t). The Lorentz force 
for any cell (l, k) in Eq. (16) is first decomposed into equivalent trans
verse forces, Fl,k

em,cell,1(t) and Fl,k
em,cell,2(t), moments in the x- direction, 

Ml,k
em,cell,x,1(t) and Ml,k

em,cell,x,2(t), and moments in the y-direction, 

Ml,k
em,cell,y,1(t) and Ml,k

em,cell,y,2(t), all located at the cell edges, as shown in 
Fig. 6. Here, the subscript ( • )1 denotes the left edge, and the subscript 
( • )2 refers to the right edge of the (l, k) - th cell. The force decompo
sition results in 

Fl,k
em,cell,1(t) = Fl,k

em,cell,2(t) =
Fl,k

em,cell(t)
2

(20) 

Ml,k
em,cell,x,1(t) = Ml,k

em,cell,x,2(t) =
Fl,k

em,cell(t)yl,k

2
(21) 

and 

Ml,k
em,cell,y,1(t) = − Ml,k

em,cell,y,2(t) = −
Fl,k

em,cell(t)hx

12
(22) 

To determine the electromagnetic nodal forces at the j-th node, Fem,j(t), 
Mem,x,j(t) and Mem,y,j(t), it is necessary to sum all the contributions from 
the forces at the cell edges aligned in the y-direction with the j-th node. 
By closely inspecting Fig. 3, it is clear that only the cells with indices (l,
j − 1) and (l, j) have force terms at the cell edges aligned with the j-th 
node (i.e., the j − 1 column of cells for those to the left of the j-th node, 
and the j column for those to the right of the j-th node). Consequently, 
the resultant forces at the j-th node are given by 

Fem,j(t) =
∑Ny

l=1

[
Fl,j− 1

em,cell,2(t) + Fl,j
em,cell,1(t)

]
(23) 

Mem,x,j(t) =
∑Ny

l=1

[
Ml,j− 1

em,cell,x,2(t) + Ml,j
em,cell,x,1(t)

]
(24) 

Fig. 5. Example diagram illustrating the mapping of the degrees of freedom of the k-th finite element to the (l, k) - th aligned finite difference cell associated with the 
k-th finite element.
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and 

Mem,y,j(t) =
∑Ny

l=1

[
Ml,j− 1

em,cell,y,2(t) + Ml,j
em,cell,y,1(t)

]
(25) 

In these equations, both summation terms are present for internal nodes, 
corresponding to the cell columns to the left and right of the j-th node. At 
the boundaries, however, this is not the case. For the first node (j = 1), 
there is no cell column to its left, so only the second summation term is 
considered. Similarly, for the last node (j = Nx + 1), there is no cell 
column to its right, and hence only the first summation term is taken into 
account.

An example illustrating how to evaluate the summations in Eqs. (23)- 
(25) is presented in Fig. 6. This figure highlights the cells in the l-th row, 
specifically (l, j − 1) and (l, j), which are aligned with the j-th node. It 
also shows the force decomposition terms aligned with the j-th node that 
contribute to the summations in Eqs. (23)-(25) for the l-th row. This 
procedure is repeated for all Ny rows of cells.

Assembly of Eqs. (23)-(25) for all finite element nodes results in 

Fem(t) = D6Fem,cells(t) (26) 

where D6 is a coefficient matrix assembled from those equations, 
relating the Lorentz forces Fem,cells(t), expressed in the finite difference 
framework, to the nodal forces Fem(t), expressed in the finite element 
framework.

3.2.3. Electromagnetic-mechanical coupling damping matrix
Coefficient matrices D5 and D6 have been derived to relate velocities 

and forces between the finite element and finite difference frameworks. 

These matrices, combined with those from Eqs. (12), (15), and (17), 
establish a direct relationship between electromagnetic forces and ve
locities in the finite element framework as 

Fem(t) = D6D4D3(D1)
− 1D2D5q̇(t) (27) 

where ( • )− 1 denotes the inverse operator. As previously mentioned in 
the definition of matrix D1 in Eq. (12), D1 is a symmetric matrix. 
Therefore, its explicit inversion is avoided, as this would entail a higher 
computational cost and reduced numerical robustness, particularly for 
large systems. Instead, the associated linear systems are solved directly, 
for instance by means of a Cholesky decomposition, which efficiently 
exploits the symmetric structure of D1. Matrix multiplication in Eq. (27)
can then be performed straightforwardly, as all matrices involved have 
easily computable coefficients. A global matrix D7 is defined as 

D7 = D6D4D3(D1)
− 1D2D5 (28) 

Since Fem(t) in Eq. (27) depends on q̇(t), it is moved to the left-hand side 
of Eq. (7), resulting in 

Mq̈(t)+Cq̇(t)+Kq(t) = Fext(t) (29) 

where C = − D7. Thus, the dynamic equations of motion of in Eq. (7)
have been reduced to a standard second-order system of differential 
equations. This is a key finding, as it demonstrates that the entire effect 
of the eddy currents is encapsulated within the electromagnetic matrix 
C. The resulting electromagnetic damping matrix C is symmetric and 
non-proportional. It contains all the information related to the electro
magnetic problem and is directly responsible for the vibration damping 
when the beam is subjected to an external magnetic field. For both pure 

Fig. 6. Example diagram illustrating the evaluation of the summations in Eqs. (23)-(25) by highlighting the contribution of the electromagnetic forces from the l-th 
row to the nodal forces at the j-th node.
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bending and pure torsional vibrations, an increase in the magnetic field 
generally leads to greater vibration attenuation. However, this matrix 
also exhibits an important peculiarity. When the external magnetic field 
is applied simultaneously in different directions, a pure bending vibra
tion also induces torsional motion, and vice versa. In other words, a 
coupling effect arises between degrees of freedom associated with mo
tions that are, a priori, independent. This coupling phenomenon is 
consistent with previous observations reported in a study on a cantilever 
beam subjected to bending or torsional modal vibrations [39], and has 
also been explored in a simple two-degree-of-freedom system [40]. The 
implications and effects of this coupling on the system response, both in 
the frequency and time domains, are discussed in greater detail in Sec
tion 6.

4. Convergence study

A convergence study of the fully coupled electro
magnetic–mechanical formulation is carried out at the system level 
using the transmissibility function, which reflects the global dynamic 
response of the beam. This response includes the eddy-current-induced 
Lorentz forces mapped from the finite difference electromagnetic 
formulation to the finite element structural model by means of the 
electromagnetic damping matrix C. As a result, this convergence anal
ysis directly assesses the convergence of the coupled problem without 
any decoupling of the electromagnetic and structural subsystems.

The numerical transmissibility is obtained by solving the system of 
equations in Eq. (29) in the frequency domain for a beam subjected to 
harmonic base excitation with angular frequency ω. To this end, the 
dynamic equations of motion given in Eq. (29) are rewritten in a 
decoupled form as 
[

Mbb Mbu
Mub Muu

]{
q̈b(t)
q̈u(t)

}

+

[
Cbb Cbu
Cub Cuu

]{
q̇b(t)
q̇u(t)

}

+

[
Kbb Kbu
Kub Kuu

]{
qb(t)
qu(t)

}

=

{
Fb(t)
Fu(t)

}

(30) 

where qu(t) represents the unknown displacements, Fb(t) represents the 
reaction forces at the base, and Fu(t) the harmonic external forces, which 
are set to zero for the convergence study. Eq. (30) thus reduces to 
(
− ω2Muu + iωCuu + Kuu

)
Qu = −

(
− ω2Mub + iωCub + Kub

)
Qb (31) 

which corresponds to the expansion of the second row in Eq.(30), where 
Qu and Qb are the vector amplitudes of the harmonic motions of the 
unknown and base displacements, respectively, and i =

̅̅̅̅̅̅̅
− 1

√
denotes 

the imaginary unit.
For the convergence study, a cantilever beam made of 2024-T3 

aluminium alloy is considered, adopting the geometry and material 
properties reported in [47], and summarised in Table 1.

For the convergence study, the magnetic field is set to Bx = 1 T and 
By = 0 T. The base displacement is defined by Qb = [wbase 0 0 ]

T, 
were wbase is the magnitude of the base displacement, and set to 1 mm. 

The system is solved numerically from Eq. (31) for frequencies ranging 
from 0 to 1 kHz with a frequency increment of 5 Hz. In the vicinity of 
resonance peaks, a refined resolution of 0.001 Hz is used to accurately 
capture the peak amplitudes.

The discretization is controlled by Nx and Ny. Due to the one-to-one 
mapping required in the coupling procedure, the longitudinal dis
cretization Nx is kept consistent in both domains, ensuring a coherent 
transfer of velocity-dependent electromagnetic forces into the structural 
degrees of freedom.

A two-step convergence study is performed. First, Nx is fixed to 80 
and Ny is progressively refined from 5 to 100 to assess the sensitivity of 
the coupled response to the electromagnetic grid resolution in the y- 
direction. Then, Ny is fixed to a converged value of 20 and Nx is refined 
from 60 to 250 to evaluate the convergence of the structural dis
cretization within the same coupled framework.

Convergence is evaluated based on the modulus of the first six 
resonance peaks of the transmissibility function at the free end of the 
beam, using the finest discretization in each study as reference. Reso
nance frequencies are omitted from the analysis as they exhibited 
negligible variation across the studied mesh range, reaching conver
gence significantly faster than the peak modulus. A relative error below 
1% is taken as the convergence criterion. The corresponding relative 
errors for each case are shown in Fig. 7 in a log–log representation.

The results in Fig. 7 show that the modulus of each resonance 
converge rapidly, with mesh-independent behaviour achieved for Nx >

80 and Ny > 10. In addition, the observed convergence curves for all 
cases shown in Fig. 7 exhibit nearly parallel slopes across the different 
modes, indicating a uniform convergence behaviour. The approximate 
convergence rate, estimated from the slope of these curves, is found to 
be approximately quadratic (p ≈ 2), consistent with the expected ac
curacy of the present finite element-finite difference discretisation 
scheme.

5. Validation

A validation of the proposed methodology used to integrate the 
electromagnetic forces, Fem(t), by means of the electromagnetic damp
ing matrix C into the beam system shown in Fig. 1 is carried out. For 
that, a frequency response function in the form of a transmissibility 
curve is computed and compared with experimental data. This com
parison validates the full coupled electromagnetic–mechanical formu
lation by demonstrating that the dynamic response of a physical system 
can be accurately reproduced.

The experimental transmissibility curve used for validation origi
nates from the study reported by Irazu and Elejabarrieta [47], in which 
the dynamic response of a cantilever beam subjected to electromagnetic 
damping was experimentally characterised. The experimental setup, 
schematically illustrated in Fig. 8, consisted of an aluminium alloy 2024- 
T3 cantilever beam, whose geometric and material properties are sum
marised in Table 1, mounted on an electrodynamic shaker providing 
harmonic base excitation.

Electromagnetic damping was generated by placing two neodymium 
magnets (NdFe 35 MGOe) with dimensions 50 mm × 50 mm × 8 mm 
on one side of the beam, parallel to its longitudinal axis. The magnets 
were positioned 8 mm from the free end of the beam, with an air gap of 
8 mm between the magnet surface and the beam.

The transmissibility of the system was obtained by measuring the 
base acceleration using a piezoelectric accelerometer operating under 
closed-loop control, while the beam response was measured using a laser 
vibrometer at a point located 5 mm from the free end. The excitation 
consisted of a white-noise signal covering the frequency range 0–1 kHz. 
Within this frequency range, the beam exhibits six vibration modes. 
However, due to the limited accuracy of the measurement system at very 
low frequencies, the first mode could not be reliably characterised 
during the experimental testing [47]. Consequently, the experimental 

Table 1 
Geometric and material properties of the aluminium alloy 2024-T3 (data from 
[47]).

Property Symbol Unit Value

Length L mm 180
Width b mm 9.9
Thickness d mm 0.404
Density ρ kg/m3 2770
Young’s modulus E GPa 66.9
Shear modulus G GPa 25.15
Loss factor η − 2.1× 10− 3

Electrical conductivity σ MS/m 34.45
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data used to validate the model includes only modes two to six. The 
transmissibility was initially acquired with a base resolution of 0.625 
Hz. In order to accurately identify the resonance peaks, additional high- 
resolution measurements were performed locally around each mode. 
These refined frequency sweeps employed resolutions ranging from 
0.0078 Hz for the second mode to 0.0195 Hz for the sixth mode. Further 
details regarding the experimental instrumentation and measurement 
procedure can be found in the original reference [47].

To reproduce the magnetic environment of the experiment, the 
spatial distribution of the magnetic flux density was obtained through a 
magnetostatic simulation performed using FEMM 4.2, replicating the 
configuration of the permanent magnets used in the experimental setup 
in Fig. 8. The simulation was conducted as a 2D planar problem using a 
mesh of 21,480 triangular elements. To ensure the accuracy of the 

magnetic flux distribution, the computational domain was enclosed by a 
far-field circular boundary with a null magnetic vector potential (A =

0), placed sufficiently far from the magnets to prevent boundary 
interference. The resulting magnetic field distribution is shown in Fig. 9
(a).

According to the Lorentz force expression in Eq. (5), the Bz(x, y)
component provided by FEMM 4.2 only contributes to in-plane force 
components. These are excluded from the present beam model since 
they do not contribute to the electromagnetic damping in the vibration 
direction. The transverse component By(x, y) is also neglected, since the 
magnetic field generated by the magnets is predominantly aligned with 
the beam axis due to their orientation, and the variation of the field 
across the beam width is negligible due to the relatively large width of 
the magnets compared to that of the beam. This is consistent with the 2D 

Fig. 7. Relative errors of the modulus of the first six resonance peaks: (a) Ny variation with Nx = 80, and (b) Nx variation with Ny = 20. Mode legend: mode 1 
(circles), mode 2 (squares), mode 3 (triangles), mode 4 (crosses), mode 5 (diamonds), and mode 6 (asterisks). The dashed horizontal line indicates a 1% 
error threshold.
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planar magnetostatic model used, where out-of-plane variations are 
inherently disregarded. Consequently, Bx(x, y) is assumed uniform along 
the y-direction. Therefore, the magnetic field used in the numerical 
transmissibility curve is approximated by the Bx(x, y) component only, 
whose variation along the beam axis is presented in Fig. 9(b).

The base displacement is defined by Qb = [wbase 0 0 ]
T. Since the 

experimental characterisation reported in [47] operates within a linear 
dynamic regime, an arbitrary value of wbase = 1 mm is adopted in the 
numerical model. The system is solved numerically for frequencies 
ranging from 30 to 1 kHz with a frequency increment of 5 Hz. In the 
vicinity of resonance peaks, a refined resolution of 0.001 Hz is used to 
accurately capture the peak amplitudes. A discretisation of 144 × 21 
elements is used, ensuring convergence in accordance with the results 
shown in Section 4.

The modulus of the experimental transmissibility curve together 
with the numerical prediction obtained from Eq. (31) at the measure
ment location (5 mm from the free end) is presented in Fig. 10. The 
resonance frequencies and peak transmissibility moduli obtained 
experimentally and numerically are compared in Table 2.

Results indicate very good agreement between the numerical and 
experimental transmissibility curves shown in Fig. 10. The resonance 
modes identified in the experimental curve are accurately reproduced by 
the numerical model, confirming the reliability of the coupled 
formulation.

As the mode number increases, a slight shift towards lower fre
quencies is observed in numerical results in Table 2. This small deviation 
suggests that the numerical model is marginally more flexible than the 
physical beam at higher frequencies. Possible sources of this discrepancy 
include uncertainties in the material properties of the aluminium alloy 
2024-T3 and small deviations in the exact location of the laser mea
surement point. Nevertheless, the differences remain very small. The 
relative error in the predicted resonance frequencies remains below 1% 
for all identified modes, demonstrating the high accuracy of the struc
tural model.

A strong correlation is also observed in the resonance amplitudes 
since the predicted and experimental amplitudes for the higher modes 
are in close agreement. It should be noted that the estimation of peak 

amplitudes at resonance is particularly sensitive to measurement noise 
and the frequency resolution of the experimental sweep. Despise these 
limitations, the logarithmic relative error of the peak transmissibility 
values remains below 5% for all modes listed in Table 2. This level of 
agreement indicates that the electromagnetic damping matrix C accu
rately captures the energy dissipation mechanism associated with the 
induced eddy currents.

Overall, the close agreement between the numerical transmissibility 
curve and the experimental one shown in Fig. 10, together with the 
quantitative values presented in Table 2, confirms the validity of the 
proposed formulation. In particular, the results demonstrate that the 
electromagnetic damping matrix C correctly represents the eddy current 
effects within the coupled electromagnetic–mechanical model described 
by Eq. (29). The proposed formulation therefore provides a reliable tool 
for predicting the dynamic response of structures subjected to electro
magnetic damping. Moreover, the excellent agreement observed for the 
higher-order modes in Fig. 10 further supports the validity of the 
modelling assumptions, indicating that self-induction effects remain 
negligible within the frequency range of interest for the considered 
beam, since a noticeable contribution of inductive effects would have 
degraded the accuracy of the predicted modal behaviour.

6. Numerical application

A numerical application is developed to analyse the beam’s response 
in both the frequency and time domains, demonstrating the effective
ness of the implemented electromagnetic damping matrix C in solving 
the beam’s dynamic equations of motion, and more importantly, to 
explore the effect of the magnetic field on C. First, the beam and its 
relevant variables are described, including its geometry, material 
properties, and discretisation parameters. Subsequently, practical ex
amples are provided in both frequency and time domains, examining the 
influence of the external magnetic field magnitude components.

6.1. Beam model data

A cantilever beam like the one shown in Fig. 1 is chosen for the 
numerical application. The beam geometry and its uniform material 

Fig. 8. Experimental setup used to obtain the transmissibility measurements (reprinted from [47], with the permission of Elsevier).
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properties are summarised in Table 3. Aluminium, a non-magnetic 
conductive material known for its high conductivity, is selected for 
the study.

The beam is discretised using 121 finite elements along the x-di
rection. For the finite difference scheme, 21 rectangular cells are 
employed along the y-direction. These discretisation levels are chosen to 
ensure converged and mesh-independent results, based on the conver
gence results shown in Section 4.

Different magnitudes of the magnetic field components are explored 
to assess how increasing field magnitude influences the results. The 
external magnetic field is applied in the x- and y-directions. For both 
frequency- and time-domain analyses, the two cases listed in Table 4 are 
considered. It is important to note that these two cases focus exclusively 
on the response of the beam when subjected to multidirectional mag
netic fields. The effect of a unidirectional magnetic field is not examined 
here, since the present study is specifically concerned with analysing the 
coupling that arises between bending and torsional motions in the sys
tem response. This coupling only manifests when the magnetic field is 

multidirectional. Moreover, it is already well established that, for a 
beam of this type, applying the magnetic field in a single direction does 
not induce any coupling between bending and torsion, and the effects of 
unidirectional fields of varying magnitudes on the system response have 
been thoroughly investigated in previous work [39].

6.2. Frequency-domain analysis – Harmonic base displacements

For the cases presented in Table 4, a harmonic base displacement of 
amplitude Qb = [wbase 0 0 ]

T is applied, with wbase = 1 mm, a suffi
ciently small amplitude to ensure linear behaviour, at a frequency f =

ω/(2π ). The transmissibility curves between the free-end degrees of 
freedom and the base displacement are obtained from Eq. (31). The 
system is solved for frequencies ranging from 0 Hz to 400 Hz, with a 
frequency resolution of 5 Hz, except around the resonance peaks, where 
a finer resolution of 0.001 Hz is used to capture the detailed behaviour.

Case 1.

Fig. 9. Simulated magnetic field generated by the two neodymium magnets (NdFe 35 MGOe) obtained from a magnetostatic simulation in FEMM 4.2: (a) spatial 
distribution of the magnetic flux density magnitude; (b) variation of the Bx(x, y) component along the beam axis.
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In this case, the response of the cantilever beam is studied as a 
function of the magnetic field component Bx, while keeping By constant 
at 0.1 T, as specified in Table 4. Specifically, the modulus of the trans
missibility curves is analysed between the transverse displacement at the 
free end and the base displacement, and between the torsional rotation 
at the free end and the base displacement. The results obtained are 
presented in Figs. 11 and 12.

From the transmissibility curves in Figs. 11 and 12, the following 
observations can be made: 

• Three distinct resonance peaks at 19.8 Hz, 124.2 Hz, and 347.7 Hz 
are observed in the transverse displacement transmissibility curves 
shown in Fig. 11, corresponding to the first three bending modes. 

As the magnetic field increases in magnitude, the resonance peaks 
decrease significantly, indicating enhanced damping. Specifically, 
the first, second, and third modes are attenuated by approximately 
89% as Bx increases from 0.1 T to 0.3 T. This suggests that the 
damping effect is mode-independent for bending modes. 

Outside of the resonance peaks and in their vicinity, the modulus of 
the transmissibility curves in Fig. 11 remains largely unchanged 
regardless of the magnetic field magnitude.

• Coupling between bending and torsional modes is evident, as the 
torsional transmissibility curve in Fig. 12 remains non-zero across 
the frequency range. This coupling originates from the nature of the 
electromagnetic damping matrix C, which is inherently non- 
proportional. Specifically, the off-diagonal terms of C, which are 
responsible for the interaction between bending and torsional de
grees of freedom, only arise when the magnetic field has components 
in multiple directions [39]. In simplified systems, such off-diagonal 
terms have been shown to scale with the product BxBy [40], 

Fig. 10. Experimental [47] and numerical transmissibility modulus for the cantilever beam measured at a point located 5 mm from the free end. Symbols indicate the 
resonance peaks for the numerical curve (circles), and the experimental curve (crosses).

Table 2 
Comparison between experimental [47] and numerical resonance frequencies 
and peak transmissibility amplitudes.

Frequency (Hz) Modulus (m/m)

Mode Experimental Numerical Experimental Numerical

2 61.9 62.04 109.9 98.7
3 173.7 173.7 101.9 87.4
4 341.0 340.4 65.7 57.8
5 564.6 562.7 44.5 42.8
6 845.1 840.6 30.4 30.6

Table 3 
Beam geometry and material properties.

Property Symbol Unit Value

Length L mm 200
Width b mm 25
Thickness d mm 1
Volumetric density ρ kg/m3 2700
Young’s modulus E GPa 65
Shear modulus G GPa 25
Electrical conductivity σ MS/m 35

Table 4 
Scenarios analysed in both the frequency and time domains.

Bx (T) By (T)

Case 1 0.1, 0.2, 0.3 0.1
Case 2 0.1 0.1, 0.2, 0.3
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illustrating that they vanish when the field is applied along a single 
direction. Accordingly, for unidirectional magnetic fields, the 
formulation leads to a diagonal damping matrix and no coupling 
between bending and torsional motions is observed [39,40]. In that 
case, consequently, the torsional transmissibility curve in Fig. 12
would remain identically zero over the full frequency range.

• The coupled torsional transmissibility shown in Fig. 12 presents the 
same three resonance peaks as in Fig. 11, corresponding to bending 
modes, as well as an additional peak at 294.1 Hz, associated with the 
first torsional mode. 

The bending peaks in Fig. 12 behave similarly to those in Fig. 11, 
decreasing in amplitude with increasing Bx. Specifically, these peaks 
are reduced by approximately 67%. However, the torsional peak 
exhibits the opposite trend, increasing in magnitude by 194.84% 
from 0.1 T to 0.3 T. This contrasting peak behaviour, previously 
observed in a simplified two-degree-of-freedom system [40], is again 
attributed to the non-proportional nature of the electromagnetic 
damping matrix C. 

Outside the resonance peaks and in their vicinity, the modulus of the 
transmissibility curves in Fig. 12 increases with the magnetic field.

Case 2.
In this case, the cantilever beam’s response is examined with respect 

to variations in the magnetic field component By, while maintaining Bx 
fixed at 0.1 T, as indicated in Table 4. The analysis focuses on the 
modulus of the transmissibility curves between the transverse 
displacement at the free end and the base displacement, as well as be
tween the torsional rotation at the free end and the base displacement. 
The corresponding results are shown in Figs. 13 and 14.

From Figs. 13 and 14 the following can be deduced: 

• In contrast to Case 1, the transmissibility curves in Fig. 13 remain 
unchanged as the magnetic field magnitude increases, indicating that 
variations in By do not affect damping in the bending modes. Hence, 
only Bx contributes to the damping of transverse displacement.

• Coupling between bending and torsional degrees of freedom is again 
observed, as evidenced by the non-zero torsional transmissibility in 
Fig. 14, due to the magnetic field being applied in multiple di
rections, as in Case 1.

• The modulus of the transmissibility shown in Fig. 14 increases with 
By, except at the torsional resonance peak, which is attenuated as the 

Fig. 11. Modulus of the transmissibility curves (m/m) between the transverse 
displacement at the free end of the beam and the base displacement, high
lighting the resonance peaks for different values of Bx with By fixed at 0.1 T. 
The circles denote the maxima for Bx = 0.1 T (solid line), the crosses indicate 
the maxima for Bx = 0.2 T (dashed line), and the asterisks mark the maxima for 
Bx = 0.3 T (dash-dot line).

Fig. 12. Modulus of the transmissibility curves (rad/m) between the torsional 
rotation at the free end of the beam and the base displacement, highlighting the 
resonance peaks for different values of Bx, with By fixed at 0.1 T. The circles 
denote the maxima for Bx = 0.1 T (solid line), the crosses indicate the maxima 
for Bx = 0.2 T (dashed line), and the asterisks mark the maxima for Bx = 0.3 T 
(dash-dot line).

Fig. 13. Modulus of the transmissibility curves (m/m) between the transverse 
displacement at the free end of the beam and the base displacement, high
lighting the resonance peaks for different values of By, with Bx fixed at 0.1 T. 
The circles denote the maxima for By = 0.1 T (solid line), the crosses indicate 
the maxima for By = 0.2 T (dashed line), and the asterisks mark the maxima for 
By = 0.3 T (dash-dot line).
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magnetic field increases and disappears entirely for 0.2 T and 0.3 T. 
This behaviour is attributed to the non-proportional nature of C. The 
increase in transmissibility modulus is not uniform across the fre
quency range, with the three bending peaks increasing by 200.3%, 
198.1%, and 79,3%, respectively.

These findings, alongside those from Case 1, demonstrate that 
simultaneous attenuation of both bending and torsional vibrations 
cannot be achieved when magnetic fields are applied in multiple di
rections. The inability to simultaneously attenuate both bending and 
torsional vibrations can be interpreted in terms of energy redistribution 
between the coupled modes. The Lorentz forces induced by the eddy 
currents depend on the velocity field, and when a magnetic field is 
applied in multiple directions simultaneously, they are not aligned with 
a single deformation pattern. As a result, part of the mechanical energy 
associated with one mode is effectively redirected towards the other. 
While the total energy of the system is dissipated through electromag
netic damping effects, this redistribution implies that enhancing the 
attenuation of one mode may lead to increased participation of the 
other. Consequently, a trade-off arises, whereby simultaneous attenua
tion of both bending and torsional responses cannot be achieved. This 
behaviour is consistent with the energy exchanged mechanisms 
observed in a simplified two-degree-of-freedom system subjected to 
electromagnetic damping [40]. The coupling effect inherent to this 
system may yield counterintuitive responses, as observed, for example, 
in Case 2: while torsional vibrations appear attenuated for higher 
magnetic field magnitudes, the damping in bending modes is reduced – 
and conversely, in Case 1, increased damping in the bending modes is 
accompanied by less attenuation of the torsional mode.

Equivalent findings to those observed in this frequency-domain 
analysis were previously identified in a simplified two-degree-of- 
freedom system, where coupling between the two degrees of freedom 
was only apparent when the magnetic field was applied simultaneously 
in the directions associated with both degrees of freedom. Similarly to 
the results presented here, increasing the magnetic field in one direction, 
while keeping it fixed in the other, led to enhance attenuation in one 

degree of freedom but a reduction in the other, and vice versa. However, 
as in the present cantilever beam study, simultaneous enhancement of 
attenuation in both degrees of freedom was never observed [40].

6.3. Time-domain analysis – Transient response to an initial deformation

The objective of the time-domain analysis, as with the frequency- 
domain study, is to investigate the influence of the magnitude of the 
magnetic field components on the transient response of the cantilever 
beam under consideration. To this end, the transient responses of the 
transverse displacement and the torsional rotation at the free end of the 
beam are analysed. The study cases considered are the same as those in 
the frequency-domain analysis and are summarised in Table 4.

An initial deformation is applied to the cantilever beam, corre
sponding to the deflection produced by the static response to a point 
load at the free end. Therefore, there is no initial torsional rotation, i.e., 
θx(x,0) = 0, and the initial bending deformation is given by w(x,0) and 
θy(x,0) as [48]

w(x,0) = wmax
x2

2L2

(
3 −

x
L

)
(32) 

and 

θy(x,0) = wmax
3x
2L2

(
2 −

x
L

)
(33) 

where wmax represents the maximum deflection, which is set to wmax =

1 mm in the numerical application. To analyse the dynamic response of 
the cantilever beam to this initial deformation, the well-known New
mark method is applied directly to Eq. (29). While alternative time- 
integration algorithms, such as Wilson-θ or Houbolt, could also be 
used to solve the system and would reproduce comparable results, the 
Newmark method has been chosen due to its widespread adoption, its 
unconditional stability for typical parameter choices (α = 0.25, β =

0.5), and its proven accuracy for structural dynamic problems [49]. In 
this study, no external forces are applied, thus,Fext(t) = 0, and that the 
initial conditions are given by q̇(0) = 0 and q(0) is determined by the 
initial deflection, with qj(0) =

{
w(xj,0) 0 θy(xj,0)

}T, where xj de
notes the x-coordinate of the j-th node.

The Newmark integration coefficients are set to α = 0.25 and β =

0.5. Further details on the Newmark method can be found extensively in 
the literature [49], and its specific implementation is described in Ap
pendix B.

For the different cases presented in Table 4, the dynamic response of 
the cantilever beam is computed from t = 0 s to t = 1 s, using a time 
step of Δt = 0.001 s. In all cases, the time response of the free-end de
grees of freedom of the cantilever beam is analysed.

Case 1.
In this case, the transient response of the cantilever beam is exam

ined as a function of the magnetic field component Bx, while By is held 
constant at 0.1 T, as detailed in Table 4. The analysis focuses on the time 
evolution of the transverse displacement at the free end of the beam, 
wL(t), and the torsional rotation at the free end of the beam, θx,L(t) The 
results are shown in Figs. 15 and 16.

From the time-domain response, it can be observed that: 

• The transverse displacement time response in Fig. 15 shows that 
increasing Bx results in faster convergence to steady state and 
reduced amplitude in the steady-state oscillations. This confirms 
enhanced damping as the magnetic field magnitude increases.

• Similarly to the frequency-domain results, the presence of coupling 
between bending and torsion is revealed by the non-zero torsional 
response observed in Fig. 16.

• The overall behaviour of the transient response of the torsional 
rotation shown in Fig. 16 is similar to that of the transverse 
displacement response in Fig. 15, as the influence of increasing Bx on 

Fig. 14. Modulus of the transmissibility curves (rad/m) between the torsional 
rotation at the free end of the beam and the base displacement, highlighting the 
resonance peaks for different values of By, with Bx fixed at 0.1 T. The circles 
denote the maxima for By = 0.1 T (solid line), the crosses indicate the maxima 
for By = 0.2 T (dashed line), and the asterisks mark the maxima for By = 0.3 T 
(dash-dot line).
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torsional damping can be clearly observed in how quickly the 
response reaches steady state: the higher the value of Bx, the sooner 
the steady state is achieved and the more rapidly the oscillations 
decay. However, unlike the transverse displacement response in 
Fig. 15, the initial stage of the torsional rotation response exhibits 
oscillations of greater amplitude as Bx increases, despite the system 

still reaching the steady state earlier. 
This initial transient effect reflects the contribution of higher-order 

modes to the coupled torsional motion. Since the initial deformation 
applied to the beam closely resembles the first bending mode, higher- 
order modes are not significantly visible in the transverse displace
ment responses shown in Fig. 15. However, their contribution is 
apparent in the torsional responses in Fig. 16 and further clarified by 
the spectrograms in Fig. 17. 

Although Fig. 16 shows a coupled torsional motion, the response is 
dominated by bending modes, particularly the first one. As shown in 
Fig. 17, this mode exhibits higher spectral energy as Bx increases but 
also attenuates more rapidly. Other bending modes are also signifi
cant initially, though to a lesser extent, and they tend to diminish 
over time, a process that accelerates with higher Bx values. Inter
estingly, Fig. 17 reveals that despite Fig. 16 depicting torsional 
motion, the first torsional mode has a smaller impact on the overall 
response. However, this mode exhibits the opposite behaviour to the 
bending ones: as Bx increases, its spectral contribution grows and it 
persists longer over time. This contrasting behaviour between 
bending and torsional modes is consistent with the frequency anal
ysis for Case 1 previously shown in Fig. 12.

Case 2.
Here, the transient behaviour of the cantilever beam is examined 

with respect to variations in the magnetic field component By, while 
keeping Bx fixed at 0.1 T, as listed in Table 4. As in Case 1, the analysis 
considers the time-domain responses of the transverse displacement 
wL(t) and the torsional rotation θx,L(t) at the free end of the beam. The 
corresponding results are presented in Figs. 18 and 19.

From the time-domain responses, the following observations can be 
made: 

• The transverse displacement response in Fig. 18 is unaffected by 
variations in By. Despite the observed attenuation over time, the 

Fig. 15. Time response of the transverse displacement at the free end of the 
beam, wL(t), for Case 1. The solid, dashed, and dash-dot lines correspond to 
Bx = 0.1 T, Bx = 0.2 T, and Bx = 0.3 T, respectively. In all cases, By is fixed at 
0.1 T.

Fig. 16. Time response of the torsional rotation at the free end of the beam, θx,L(t), for Case 1. The solid, dashed, and dash-dot lines correspond to Bx = 0.1 T, Bx =

0.2 T, and Bx = 0.3 T, respectively. In all cases, By is fixed at 0.1 T.
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damping rate remains unchanged, confirming that By has a negligible 
effect on this degree of freedom. The attenuation observed is instead 
due to the presence of Bx, which remains constant across all three 
instances, resulting in the same damping rate.

• Coupling between the vibration modes persists, as seen by the non- 
zero torsional response in Fig. 19. 

In contrast, the torsional rotation response shown in Fig. 19 in
creases in amplitude at the steady state and exhibits slower decay as 
By increases. As in Case 1, the noise observed in the initial torsional 
oscillations is attributed to the contribution of higher-order modes, 
as can be clearly seen in the spectrograms shown in Fig. 20. 

As in the previous case, despite depicting a coupled torsional 
motion in Fig. 19, Fig. 20 shows that the response is dominated by 
bending modes, especially the first one, as expected, given the 
applied initial deformation. However, unlike Case 1, the opposite 
behaviour is observed between modes: the bending modes increase 
their spectral contribution with By and attenuate more slowly, while 
the first torsional mode attenuates very rapidly, eventually dis
appearing for high values of By. Consistent with Case 1, this con
trasting modal behaviour between bending and torsional motions 
matches the observations from the frequency domain analysis of 
Case 2 in Fig. 14.

The frequency- and time-domain analyses consistently demonstrate 
that, when the magnetic field is applied in multiple directions, the 
symmetric and non-proportional electromagnetic damping matrix leads 
to coupling between bending and torsional vibrations. Furthermore, the 
spectrogram representation in Figs. 17 and 20 provides further insight 
into this phenomenon. In particular, the spectrogram in Fig. 17 reveals 
how energy initially concentrated in bending-dominated frequency 
components progressively appears in frequency bands associated with 
torsional motion. This observation is consistent with the physical 
interpretation discussed in the frequency response analysis, where the 
electromagnetic forces induced by a multidirectional magnetic field do 
not act along a single mode but promote a redistribution of energy be
tween coupled motions. Although the total energy of the system is 
continuously dissipated due to electromagnetic damping effects, the 
spectrograms show that this dissipation is accompanied by a transfer of 
energy across modal contributions, which explains the observed trade- 
off in the attenuation of bending and torsional responses. These find
ings highlight the importance of considering such coupling I in practical 
applications of eddy current damping, as overlooking it may lead to 
unsuspected behaviours or even counterproductive results.

Fig. 17. Spectrograms of the torsional response for Case 1: (a) Bx = 0.1 T, (b) Bx = 0.2 T, and (c) Bx = 0.3 T.
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7. Conclusions

This work has investigated the dynamic response of thin, non- 
magnetic, conducting beams subjected to static magnetic fields 
through a numerical framework that explicitly incorporates eddy- 
current-induced electromagnetic forces into the structural equations of 
motion, while neglecting self-inductance effects. The formulation in
corporates velocity-dependent electromagnetic forces, derived from a 
finite-difference scheme, into a finite-element structural model for the 
beam’s mechanical dynamics, ensuring consistent 

electromagnetic–mechanical interaction via Lorentz forces. This inte
gration results in a symmetric, non-proportional electromagnetic 
damping matrix, which provides a systematic and physically consistent 
means to quantify and interpret eddy current effects in structural vi
brations. The proposed formulation has been validated against experi
mental transmissibility data, showing excellent agreement between 
numerical and experimental results, and confirming its capability to 
accurately predict the electromagnetic–mechanical response of systems 
with eddy current damping.

Application of the proposed methodology to a specific beam in a 
cantilever configuration has demonstrated that the magnitude of the 
applied magnetic field components strongly influences the resulting 
vibrational behaviour. A key finding is that bending and torsional mo
tions become dynamically coupled when the magnetic field is applied 
simultaneously in multiple directions, a phenomenon that does not arise 
under unidirectional field conditions. This interaction highlights the 
non-trivial nature of the electromagnetic–mechanical coupling and 
represents a natural extension of previously reported two-degree-of- 
freedom analyses to a multi-degree-of-freedom system. It reveals a 
complex interdependence between magnetic-field-induced damping, 
modal coupling, and overall vibration attenuation efficiency.

Frequency-domain results show that under multidirectional mag
netic field excitation, increasing the magnitude of a given field compo
nent may lead to enhanced attenuation of bending motion at the expense 
of reduced damping in the torsional response, or vice versa, depending 
on which field component is increased. Furthermore, when the magnetic 
field enhances bending modal damping, peak attenuation is observed to 
be nearly uniform across the considered modes. In contrast, cases of 
reduced damping result in non-uniform peak amplification, most pro
nounced in the fundamental mode. This behaviour reflects the 
frequency-dependent distribution of eddy currents and emphasises the 
inherently non-proportional nature of the induced damping mechanism.

Time-domain analyses further confirm the complex bending-torsion 
interaction arising from the electromagnetic–mechanical coupling. The 
free-vibration response of the beam, following an initial displacement 
closely aligned with the first bending mode, shows that a multidirec
tional field can produce a marked exponential decay of bending am
plitudes, with higher magnetic field magnitudes generally leading to 
faster energy dissipation. However, the results also demonstrate that this 
attenuation depends largely on the magnitude of the magnetic field 
components and that, under certain conditions, the bending response 
may remain largely unaffected by increases in field magnitude. In all 
cases, torsional vibrations are induced and decay exponentially. The 
transient responses highlight the contribution of higher-order modes to 
the early torsional oscillations before the system evolves toward a 
regime dominated by the fundamental bending mode. These observa
tions validate the proposed framework as a reliable tool for capturing 
and interpreting transient electromagnetic–mechanical interactions in 
conductive beams.

Overall, the proposed numerical framework establishes a rigorous 
and versatile methodology for analysing and predicting the dynamic 
response of conducting beam-like structures subjected to externally 
applied magnetic fields. Its ability to capture the coupled electro
magnetic–mechanical behaviour makes it particularly valuable for the 
analysis and design of contactless damping systems, where vibration 
control is achieved through field-induced eddy currents rather than 
direct mechanical contact. By integrating the electromagnetic damping 
effects within the mechanical framework, the methodology improves 
predictive accuracy and deepens the physical understanding of energy 
dissipation mechanisms in coupled systems. Beyond beam-like struc
tures, the proposed approach contributes to the broader field of me
chanical system dynamics by providing a consistent computational basis 
for exploring and optimising multiphysics vibration control strategies in 
complex conductive structures.

Fig. 18. Time response of the transverse displacement at the free end of the 
beam, wL(t), for Case 2. The solid, dashed, and dash-dot lines correspond to 
By = 0.1 T, By = 0.2 T, and By = 0.3 T, respectively. In all cases, Bx is fixed at 
0.1 T.

Fig. 19. Time response of the torsional rotation at the free end of the beam, 
θx,L(t), for Case 2. The solid, dashed, and dash-dot lines correspond to By =

0.1 T, By = 0.2 T, and By = 0.3 T, respectively. In all cases, Bx is fixed at 0.1 T.

M. Brun et al.                                                                                                                                                                                                                                    Computers and Structures 329 (2026) 108290 

18 



8. Limitations and future work

Although the proposed numerical framework provides an efficient 
and accurate tool for analysing electromagnetic–mechanical coupling in 
thin conductive beams, several limitations should be acknowledged.

First, the eddy current density model relies on a thin-beam 
assumption, whereby the eddy currents are considered uniform across 
the beam thickness. As a result, skin depth effects are neglected, and the 
formulation may not be directly applicable to thick beams or to cases 
involving high-frequency excitations, where the penetration depth be
comes comparable to the beam thickness. In addition, self-inductance 
effects are not included. While this simplification is justified for the 
frequency range and conductivity levels considered in the present study, 
it may limit the applicability of the model at higher frequencies, where 
secondary magnetic fields induced by eddy currents could become 
significant.

From a numerical perspective, the finite-difference scheme adopted 
for the electromagnetic problem assumes a uniform eddy current density 
within each cell. Although computationally efficient, this approximation 
may introduce local inaccuracies in the presence of strong field gradi
ents. Furthermore, the mapping of electromagnetic forces and velocities 
between the two-dimensional finite-difference grid and the one- 

dimensional finite-element model assumes a consistent discretisation 
along the longitudinal direction. More general mapping strategies would 
be required to address non-conforming meshes or more complex 
geometrical configurations.

Future work will focus on extending the present formulation to ac
count for thick beams and plate-like structures, as well as on incorpo
rating self-inductance effects to enhance the model’s range of 
applicability. Furthermore, a comprehensive parametric analysis would 
be required to generalise the findings of this work. In particular, 
investigating how key parameters, such as material conductivity and 
beam aspect ratio, influence both the damping rate and the intensity of 
the coupling phenomenon would provide valuable insights for the 
design and optimisation of engineering systems. In addition, further 
benchmarking against commercial multiphysics software, such as 
ANSYS or COMSOL, would provide a complementary validation of the 
proposed approach. On the experimental side, more complex boundary 
conditions and non-uniform magnetic field configurations could be 
investigated. The availability of a predictive numerical model also opens 
the door to optimisation studies in eddy current damping applications, 
including the design and positioning of magnetic devices. Finally, the 
coupling between nominally independent degrees of freedom under 
multidirectional magnetic fields, such as the bending-torsion interaction 

Fig. 20. Spectrograms of the torsional response for Case 2: (a) By = 0.1 T, (b) By = 0.2 T, and (c) By = 0.3 T.

M. Brun et al.                                                                                                                                                                                                                                    Computers and Structures 329 (2026) 108290 

19 



observed in this work, offers promising opportunities for further inves
tigation in a wide range of engineering applications with eddy current 
damping.
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Appendix A 

In this Appendix, the finite element mass and stiffness matrices employed in the formulation of the dynamic equations of motion are described. The 
beam is discretised into Nx elements, of length ln, each of which is defined by two nodes. Given that the finite element formulation exhibits three 
degrees of freedom per node, each finite element possesses a total of six degrees of freedom. These correspond to the transverse displacement v(t), the 
rotation about the x-axis θx(t), and the rotation about the z-axis θz(t), all of which are initially defined in a local coordinate system xʹý ź , as illustrated 
in Fig. A1a.

Fig. A1. Degrees of freedom of the n-th finite element: (a) local coordinate system; (b) global coordinate system.

Elemental mass and stiffness matrices in the local coordinate system.
In the local coordinate system, the generalised coordinate vector for the n-th finite element, qn,loc(t), is given by 

qn,loc(t) = [ v1(t) θx,1(t) θz,1(t) v2(t) θx,2(t) θz,2(t) ]T (A.1) 

where the subscripts ( • )1 and ( • )2 denote the first and second node of the element, respectively.
The corresponding elemental mass matrix Mn,loc is expressed as [42]

Mn,loc =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

156mb 0 22lnmb 54mb 0 − 13lnmb

0 2mt 0 0 mt 0
22lnmb 0 4l2nmb 13lnmb 0 − 3l2nmb

54mb 0 13lnmb 156mb 0 − 22lnmb

0 mt 0 0 2mt 0
− 13lnmb 0 − 3l2nmb − 22lnmb 0 4l2nmb

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(A.2) 

and the elemental stiffness matrix Kn,loc is given by [42]
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Kn,loc =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

12kb 0 6lnkb − 12kb 0 6lnkb

0 kt 0 0 − kt 0
6lnkb 0 4l2nkb − 6lnkb 0 2l2nkb

− 12kb 0 − 6lnkb 12kb 0 − 6lnkb

0 − kt 0 0 kt 0
6lnkb 0 2l2nkb − 6lnkb 0 4l2nkb

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(A.3) 

The parameters in the above matrices are defined as 

mb =
ρvbdln
420

(A.4) 

mt =
ρvbd

(
b2 + d2

)
ln

72
(A.5) 

kb =
E(1 + iη)bd3

12l3n
(A.6) 

and 

kt =
G(1 + iη)cb3d3
(
b2 + d2

)
ln

(A.7) 

where the geometric factor c is obtained as a function of the ratio b/d as detailed in Table A1.

Table A1 
Geometric factor c as a function of the ratio b/d [48].

b/d 1 2 4 8 ∞

c 0.281 0.286 0.299 0.312 1/3

Transformation to the global coordinate system.
To formulate the system of equations in a global coordinate system xyz, as depicted in Fig. A1b, the local mass and stiffness matrices must be 

transformed accordingly. In the global coordinate system the degrees of freedom at each node are: the transverse displacement w(t), the rotation about 
the x-axis θx(t), and the rotation about the y-axis θy(t). The generalised coordinate vector of the element in the global system for the n-th element, 
qn,glob(t), is expressed as 

qn,glob(t) =
[
w1(t) θx,1(t) θy,1(t) w2(t) θx,2(t) θy,2(t)

]T (A.8) 

and the relationship between the generalised coordinate vectors in the global and local coordinate systems are given by 

qn,loc(t) = Tqn,glob(t) (A.9) 

where T represents the transformation matrix between the local and global coordinate systems. Consequently, the elemental mass and stiffness 
matrices in the global coordinate system, denoted as Mn,glob and Kn,glob, respectively, are obtained via the transformations 

Mn,glob = TTMn,locT (A.10) 

and 

Kn,glob = TTKn,locT (A.11) 

where T is given by 

T =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 0 0 0 0 0
0 1 0 0 0 0
0 0 − 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 − 1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(A.12) 

Assembly of global mass and stiffness matrices
The global system matrices are constructed by assembling the transformed elemental contributions over all elements. The global mass and stiffness 
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matrices, M and K, are formulated as follows 

M =
∑Nx

n=1
Mn,glob (A.13) 

and 

K =
∑Nx

n=1
Kn,glob (A.14) 

It is noted that the global system comprises Nx +1 nodes, with the degrees of freedom appropriately assembled to ensure continuity and compatibility 
between adjacent elements.

Appendix B 

This Appendix presents the procedure for computing the dynamic response of a second-order differential equation using the Newmark method. 
This method is a widely used implicit time integration scheme for solving second-order differential equations. It is conditionally stable and allows 
control over numerical damping, making it particularly suitable for solving dynamic problems that involve structural damping.

The general second-order differential equation governing the system’s dynamics is given by 

Mq̈(t)+Cq̇(t)+Kq(t) = Fext(t) (B.1) 

where t denotes time, M is the mass matrix, C is the damping matrix, K is the stiffness matrix, q(t) is the nodal displacement vector, and Fext(t) is the 
external nodal force vector. The notation ( •)⋅ represents a time derivative.

To apply the Newmark method, initial conditions for q(0) and q̇(0) must be specified, along with the external force vector Fext(t). The method 
approximates velocity and displacement using weighted averages of acceleration over discrete time steps Δt, expressed as [49]

q̇(t + Δt) = q̇(t)+ [(1 − β)q̈(t) + βq̈(t + Δt) ]Δt (B.2) 

and 

q(t + Δt) = q(t)+ q̇(t)Δt +
[(

1
2
− α

)

q̈(t) + αq̈(t + Δt)
]

Δt2 (B.3) 

where α and β are parameters that influence the numerical stability and accuracy of the method. By solving Eqs. (B.2) and (B.3) at each time step, 
the Newmark method provides a step-by-step solution to the system’s dynamic response. The full algorithm is outlined in Table B1.

Table B1 
Step-by-step solution using Newmark integration method [49].

A. Initial calculations:

1. Form stiffness matrix K, mass matrix M, and damping matrix C.
2. Initialise q(0) and q̇(0), and compute q̈(0) from Mq̈(0) = Fext(0) − Cq̇(0) − Kq(0).
3. Select time step Δt and parameters α and β and calculate integration constants:

β ≥ 0.50 α ≥ 0.25(0.5 + β)2

a0 =
1

αΔt2
a1 =

β
αΔt

a2 =
1

αΔt
a3 =

1
2α − 1

a4 =
β
α − 1 a5 =

Δt
2

(
β
α − 2

)

a6 = Δt(1 − β) a7 = βΔt

4. Form effective stiffness matrix K̂ = K + a0M + a1C.
B. For each time step:
1. Calculate effective loads at time t + Δt:
F̂ext(t + Δt) = Fext(t + Δt) + M(a0q(t) + a2q̇(t) + a3q̈(t)) + C(a1q(t) + a4q̇(t) + a5q̈(t))
2. Solve for displacements at time t + Δt:
K̂q(t + Δt) = F̂ext(t + Δt)
3. Calculate accelerations and velocities at time t + Δt:
q̈(t + Δt) = a0(q(t + Δt) − q(t) ) − a2q̇(t) − a3 q̈(t)

q̇(t + Δt) = q̇(t) + a6 q̈(t) + a7 q̈(t + Δt)

Data availability

Data will be made available on request.
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