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Abstract Eddy currents play a key role in a wide range of applications, including induction heating, non-destructive testing, braking,
and non-contact damping. The determination of their equivalent electrical parameters, particularly resistance and self-inductance, is
essential for physical interpretation and for the validation of numerical models, yet explicit closed-form formulations remain scarce.
In this work, closed-form expressions are derived for the resistance and self-inductance associated with transformer-induced eddy
currents in conducting plates with large aspect ratios. The analytical formulation enables the evaluation of the induced magnetic field,
magnetic flux, and Joule losses, leading to compact expressions for the equivalent electrical parameters and a consistent RL circuit
representation of the system. The proposed expressions provide an analytical benchmark for the validation and interpretation of
numerical models of transformer-induced eddy currents in long conducting plates. The results are compared with existing analytical
approximations obtained under more restrictive assumptions, demonstrating consistency while providing a physically consistent
analytical description within the assumptions of dominant longitudinal currents and large aspect ratios.

1 Introduction

When a conductive plate is subjected to a time-varying magnetic field, eddy currents are induced. These currents are widely used in
applications such as braking systems [1], non-contact damping [2], metal separation [3], and sensors [4] and also play a significant role
in energy dissipation in transformers [5] and electrical machines [6]. In complex geometries, their effects are typically analysed using
numerical methods [7], whereas analytical solutions remain comparatively scarce. Nevertheless, simple closed-form expressions,
although less common, provide valuable physical insight and enable rapid validation of computational models.

Analytical solutions for the associated electrical parameters in several idealised configurations have been reported in the literature,
including the studies by Bialek [8], Siakavellas [9], and Ekman [10, 11]. Bialek assumes currents to be uniformly distributed across
the width of the plate, whereas Siakavellas models them as concentric rectangular loops. Ekman proposes an analytical approximation
for the equivalent electrical parameters of thin rectangular wires.

However, explicit closed-form results for plates with a dominant dimension remain scarce. In this work, closed-form expressions
for the resistance and self-inductance associated with transformer-induced eddy currents in long conducting plates are derived
from an analytical current distribution based on less restrictive assumptions. The formulation enables the analytical evaluation of
the induced magnetic field and magnetic flux, leading to a consistent equivalent RL representation of the system. The obtained
expressions are compared with previously reported simplified analytical models, highlighting their differences and showing that the
present formulation, based on less restrictive assumptions, provides a more consistent analytical description within the assumptions
of long thin conducting plates.

2 System description

In this study, a thin plate of conductivity o, length L, width Ly, and thickness L; is considered, with L, < Ly and L; < L,.
The plate lies in the x—y plane, where the x-axis corresponds to the longitudinal direction of length L, the y-axis to the transverse
direction of L, and the z-axis is normal to the plate. The coordinate system is defined such that the origin is located at the centre of the
plate. A uniform time-harmonic magnetic field with flux density amplitude B and angular frequency w is applied in the z-direction.
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The analysis is carried out under the magneto—quasi-static approximation, assuming that the electromagnetic wavelength associated
with the applied magnetic field is much larger than the plate dimensions [12].

The interaction between the magnetic field and the conductive plate induces eddy currents. Their spatial distribution is assumed
to be predominantly longitudinal along the x-direction, neglecting the end-region recirculation required to close the eddy-current
paths, as illustrated in Fig. 1. Additionally, since the plate is assumed to be sufficiently thin, the current distribution is considered
uniform across the thickness. Then, the current density distribution amplitude, as detailed in [12], can be written as

. 2y .
JO) = Jy(y)x = JmaxL7X, (N
)7

where Jmax = wo BLy [ 2.

Boundary effects are known to become less significant as the length-to-width ratio increases, as illustrated by the current
distributions shown in Fig. 6 of Appendix A, obtained using the numerical method presented in [13]. These results, including ratios
that do not satisfy L, < L,, show that, as the aspect ratio increases and satisfies L, < L,, the current paths progressively approach
the theoretical behaviour predicted by Eq. (1) and depicted in Fig. 1. In particular, the recirculation required to close the eddy-current
paths becomes confined to the shortest plate edges, while the dominant current component becomes predominantly longitudinal.

The colour bars in Fig. 6 indicate the local current density normalised with respect to the maximum theoretical longitudinal
current density Jyax predicted by Eq. (1). The maximum values in the colour bars are the maximum values of J,, which occur at (x,
y) = (0, £L,/2). It can be observed that, from an aspect ratio of 5 onwards, the current distribution predicted by Eq. (1) closely
matches the numerical results.

To further evaluate the validity of the proposed approximation, a global relative quadratic error between the numerically evaluated
current distributions Jhym and the analytical distribution Jmeder given by Eq. (1) is calculated. Since an exact analytical solution
Jexact 18 not available, the numerical solution obtained using the finite-difference model is taken as the reference distribution. The
error ¢ is then defined as

n
f [Jexact(x, ¥) — Jmodel (%, y)IZdA Z |Jnum,i — Jmodet (%, )’i)|2
A i=1

L i ~ ; , 2)
dA 2
1{ [Jexact(x, ¥)I E |Jnum,i |
i=1

where (x;, y;) represent the coordinates of the ith node, and 7 is the total number of nodes of the numerical model. Figure 2 illustrates
this error for ratios 1 through 50. From these results, it can be pointed out that, for ratio 10, the error is 3.1%, for ratio 20 itis 1.5%
and for ratio 30, 0.99%.

It can be concluded that, for ratios higher than 10, the model provides a good approximation of the expected results and therefore
the present analysis assumes L, /Ly > 10.
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3 Closed-form expressions for equivalent resistance and self-inductance

In this section, closed-form expressions for the equivalent resistance and self-inductance are derived. The formulation is based on
the analytical evaluation for the power amplitude of Joule’s losses, the total circulating current amplitude and the induced magnetic
field and magnetic flux, with the equivalent resistance and inductance evaluation approach carried out as proposed in [9].

3.1 Equivalent electrical resistance

The equivalent electrical resistance R of the plate can be obtained from Joule’s law,
Py =I°R, (©)

where P denotes the amplitude of the instantaneous Joule power dissipated in the conductor and / represents the amplitude of the
total circulating current. Although the conducting plate is not a discrete multi-turn coil, the induced eddy currents form circulating
paths continuously distributed over the plate surface. These current paths can be interpreted as a continuum of elementary planar
current loops of different sizes lying on the same plane, as illustrated in Fig. 3.

For the elementary loop located at the transverse coordinate y, the associated differential circulating current d/, as pictured for
one of the loops in Fig. 3, is defined from the longitudinal current density crossing the central section x = 0, namely

dI = J,(0,y)dydz. “4)

The resulting equivalent circulating current follows the distributed closed-loop interpretation adopted in [9] and can therefore
be consistently used in the present model while satisfying charge conservation for the dominant longitudinal current component.
Consequently, the total equivalent circulating current is obtained by integrating these elementary contributions over half of the plate

width, yielding
L;/2 Ly/2 J L.L
1—/ / Je()dyde = ®)
L./2J0

On the other hand, Joule’s losses can be derived from the current density vector field J from the local form of Joule’s law, which

gives
L./2 Ly/2 Ly/2 , 2 J2 L, L L
P = / / / |J(X 1, Y, )1 2)| drdydz = max 6)
L.2)-L,2)-L.2 3o

Finally, substituting these expressions into Eq. (3), the equivalent resistance R}, proposed in this paper results in
16 Ly
P 30L, Ly,

@)

It can be noted that this resistance is proportional to the aspect ratio of the plate L, /L and inversely proportional to the thickness
of the plate L,.

3.2 Equivalent self-inductance

The equivalent electrical self-inductance L of the plate can be obtained from the proportionality between the magnetic flux linkage
and the equivalent circulating current. Since the induced currents are continuously distributed over the conducting plate rather than
flowing through a discrete multi-turn circuit, the magnetic flux linkage is here defined as the total magnetic flux associated with the
distributed eddy-current loops defining the equivalent circulating current. Under this interpretation,

d=LI, ®)
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where & denotes the magnetic flux linked with the circulating currents and is obtained from the induced magnetic field B, (x,
y). Consequently, the inductance derived in this work should be interpreted as an equivalent inductance associated with the RL
representation of the distributed eddy-current system. Accordingly, the formulation is also consistent with the classical magnetic-
energy relation

W, —1d>1—1L12 9)
T T2
To calculate the induced magnetic field, the plate surface is modelled as a set of parallel differential filaments with currents d/ in
x-direction, which, for the wire located at the y’-position results in
dI(y") = Ju(y )L dy". (10)
The differential magnetic field B, induced at a point with coordinates (x,y) can then be expressed as
Ly/2 — L,/2+
dB.(x,y,y) = %{0 /2% + x/24x dI(y). (1)
=W = L2+ (5 =) (=¥ &+ Le/2P 4 (5 = y)?
To derive a closed-form expression for the magnetic field over the plate from Eq. (11), the integral is evaluated in the Cauchy
principal value sense to handle the singularity of the kernel

BZ(x7 )’) =

JmaxpoL; /Ly/2 y/ Ly/2—x + Ly/2+x dy’ (12)
27L, ) ’
Ly L2\ ==L/ + 0=y 0 =y + Le/2P + (5 = y)?

The detailed integration process can be found in Appendix B and yields

140 Jmax Lz L, L, L\ (Ly \*
B,(x,y)=———{— = +x)In| =+y+, /| —+x) +—=—+»
2Ly 2 2 2 2

2 2 2 2
Ly L, Ly Ly Ly Ly
+yln| — —x+ —_ — +| = — —yln| ——x+ — - +| =+ . 13
ylnj == —x \/<2 X> (2 y ylnf == —x > X Sty 13)

By analysing Eq. (13), several properties of the induced magnetic field can be identified. First, the field exhibits symmetry with
respect to both the x- and y-axes. Second, it should be noted that the induced magnetic field tends to infinity when y — £L,/2,
which is a consequence of the line-current approximation adopted in the formulation.

Additionally, when x = L, /2, Eq. (13) becomes indeterminate due to terms of the form 0-co. However, evaluating the limit as
x — L, /2 yields a finite expression given by
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Fig. 4 Magnetic field generated
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Figure 4 shows the magnetic field density at a quarter of the plate, normalised to the absolute value of the induced field By at its

centre point (0,0), which results in
/12 2
gy Hotmnlole (B EEVEES (15)

B nly Ly

Note that, for visualisation purposes, the magnetic field shown in Fig. 4 is truncated at 2 to better illustrate the spatial distribution
across the plate. It represents its bowl-like shape with a minimum value at its centre. Equation (14) is also plotted in Fig. 4 in dark
blue along the right-hand edge of the field.

From Eq. (13), the induced magnetic flux over the plate can be obtained by integrating as

Ly/2 pLy/2
o = 4/ / B (x,y)dydx. (16)
0 0

Equation (16) is an improper integral, as B;(x, y) tends to infinity along an edge of the plate. However, its result converges to a
finite expression, yielding

3 3 2 _ g2 2 L +\/m
o — Homaxle Ly Ly 2Li-1Ly Ly\/m+LxLy Ty SN (17

nL, |3 6 6 2 L,
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From Eq. (8), the equivalent inductance presented in this paper L, results in

6 6 2 Ly

3 3 2 _ g2 2 Ly+ L2+ L2
Lo | Ly Ly 2L oLy g Liky P TVERTE ) (18)
P nl?| 3 Y

This expression can alternatively be rewritten as a function of the ratio L, /L, after expressing the logarithmic term as an inverse
hyperbolic sine, which yields

4oLy | L2 L L2 1 L2 L L
Ly=HO%x| Zx y_< X_> 1+ 2+ sinh~! . (19)

Ly
m | 3L2 6L, \3L2 6 L2 2L, L,

X

When L, — o0, neglecting higher order terms, the following approximations can be made:

L? 113
I+ 5 ~1+7 (20)
Lz 212
and
L, L
sinh ! =2 ~ =2 1)
Ly Ly
Substituting Egs. (20) and (21) into Eq. (19) while neglecting terms proportional to L, /L, and proportional to Li / L)zc, yields
2
Loo= "L, 22)
T
which satisfies
. Ly
Iim — =1. (23)

This result confirms the expected asymptotic behaviour of the inductance reported by Bialek [8] and Siakavellas [14], and
coincides with the expression that would be obtained for infinitely long current filaments in Eq. (11).

4 Comparison
In this section, the expressions for the equivalent resistance and self-inductance derived in this work are compared with other
analytical models reported in the literature as a function of the length-to-width ratio, as shown in Fig. 5. Since the proposed model is

derived under the assumption L, /Ly > 10, the comparison is restricted to this range. The compared analytical models are detailed
in Appendix C, as well as their asymptotic values.
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On the one hand, the normalised equivalent resistances R/ R}, are shown in Fig. 5a, where the proposed resistance Ry, is given
by Eq. (7). While the models presented by Bialek and Siakavellas decrease with the ratio and approach asymptotic values for the
illustrated range, the proposed resistance and that reported by Ekman remain constant. Note that those models are approximately
RB,0o/Rp = 0.62, Rs «0/Rp = 0.75, and Rg/R;, = 0.19, respectively, which can be derived from the expressions in Appendix C.

On the other hand, Fig. 5b shows the normalised equivalent self-inductances L/Lo, as well as a dotted line representing the
asymptotic expression for L. The expressions reported by Bialek and Siakavellas approach asymptotic values for the considered
ratios, leading to an underestimation of the equivalent self-inductance, specifically, the asymptotic relationships are Lp,o0o/Loc =
0.58 and Ls, /Lo = 0.80. In contrast, the model proposed by Ekman exhibits a logarithmic dependence and increases with the
aspect ratio. These relationships are also derived from the asymptotic expressions in Appendix C.

Finally, it can be pointed out that, for ratio 10, the normalised value of the presented self-inductance is 0.97, which indicates that,
for practical use, the asymptotic expression from Eq. (22) can be used without a significant loss of accuracy.

5 Conclusions

In this work, closed-form expressions for the equivalent resistance and self-inductance associated with transformer-induced eddy
currents in long conducting plates have been derived. These expressions provide a simple analytical description of the electrical
behaviour of plates with large length-to-width ratios.

The proposed formulation allows the electromagnetic problem considered to be represented by an equivalent RL electrical circuit,
which greatly simplifies the interpretation of the underlying physical phenomena. In addition, the obtained expressions provide a
convenient analytical benchmark for validating numerical methods commonly used to analyse transformer-induced currents in
conducting plates within the assumptions of dominant longitudinal currents and large aspect ratios.
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Appendix A. Current maps for different aspect ratios

Current maps for transformer-induced eddy currents in rectangular conducting plates with length-to-width ratios Ly /Ly =1, 2, 5,
10, and 20 are shown in Fig. 6. These maps were obtained using the numerical method presented in [13] and illustrate the progressive
dominance of the longitudinal current component as the aspect ratio increases. The current maps are normalised with respect to the
maximum theoretical longitudinal current density Jmax predicted in Eq. (1). For visualization purposes, the geometrical scales of
the plates shown in Fig. 6 are not represented proportionally to their actual dimensions. Consequently, the displayed geometries do
not preserve the actual aspect-ratio scaling.
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Appendix B. Detailed integration for induced magnetic field and induced magnetic flux

In this appendix, the integration of the differential singular kernel in Eq. (12) is detailed, to obtain induced magnetic field and
magnetic flux. Firstly, a variable change is performed in Eq. (12), where u = y — y’ and y/ = y — u, which yields

BZ('x’ )’) =

Jmax oLz /WW YLi/2=%)  (Ly/2-x)
2mLy 2 \ufud e (= L/2? i+ (= L2

Y(Lx/2+x) _ (Lx/2+x)
i+ (+Lo/2? \Ju+ (4 Lo/2)

du (24)
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The separate addends have known primitives, which makes the integration process in the Cauchy principal value sense easier.
Its result is precisely Eq. (13). As mentioned in the main body of this work, this expression tends to infinity when y — £L, /2.
However, integrating over the plate surface results in a finite expression.

To obtain a closed-form finite expression for the induced magnetic flux, the induced magnetic field is first integrated along half
the plate width. To ease the integration process, Eq. (13) is separated into the terms containing ﬂ:(y +Ly/ 2) and those containing
:I:(y —L,/ 2). The latter are evaluated in the Cauchy principal value sense. Integration along half the plate width then yields

J L.|1/L L 2 1/L 2 1/L L 2
d(x) = Tmaxl0%z | 2 (Zx o Tax) v L2 —x) o —x = —x) +L2
2nLy |2\ 2 2 Yo\ 2 2\ 2 2 y

1/L 2oL, L 2 L
— (= x) —ZE WL+ (= —x) +L2) (= —x
2\ 2 2 2 Y 2

L, (L L 2 L2\ /L L, (L L
+ 2 2+ [ —x) + 2 ([ —x) = 2 ) = 4x (25)
2 2 2 4 2 2 2 2

Equation (25) has two In co terms when evaluated at x — L, /2. To obtain a finite closed-form expression for the flux, d®(x)
is evaluated in the principal value sense to integrate along half the plates length, yielding the expression in Eq. (17). The use of the
Cauchy principal value provides a finite and well-defined closed-form result for the magnetic flux despite the logarithmic singularity
of the magnetic field at the plate edges.

Appendix C. Analytical expressions used in the comparison

This appendix summarises the analytical expressions employed to generate the reference curves shown in Fig. 5. The formulations
corresponding to the models proposed by Bialek, Siakavellas, and Ekman are listed below for both the equivalent resistance and
the equivalent self-inductance. These formulations are based on the assumptions of uniform current distribution, rectangular current
loops, and thin-wire approximation, respectively. The notation follows that introduced in the main text. In particular, Ly, L, and
L denote the plate length, width, and thickness, respectively, while o and pg represent the electrical conductivity and vacuum
permeability.

Equivalent resistance

Bialek [8]:
2 (Li+1L]
Rp = 1.665 . (26)
oL, \ L.L,
Siakavellas [9]:
4 [L?+L2
Rg = Al B 27
oL\ LxLy
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Ekman [11]:
Ry = L (28)
FT oL L
Equivalent self-inductance
Bialek [8]:
2
Ly = 1.665%(@6 +Ly). (29)

Siakavellas [9]:

o+ LI+ L3 Ly+ /L2+L2

2
Ly=""dL 1+l —— | [+L,|1+In
371 Ly Lx
L
L

LZ_LZ y<Lx+ /L)2(+L%)
+——2 1n - (30)
L2412 [ Lo(Ly+ /13+13)
Ekman [10]:
3/2
L L L2 L2 L L L L? LAY [L,\?*?
L e e . B Y = et (—") +<—y> RNEI))
6T Ly | L2 L2 Ly "Ly \Lg L2 L, Ly

Asymptotic values for large aspect ratios

The asymptotic expressions for large aspect ratios, i.e. when L, /L, — o0, used in the comparison with the present formulation are
derived from the expression in [§—11] and listed below.

2L,
Rpoo = 1.665 . (32)
oLyL,
4L, o)
ST 6L, L,
Rg = Rg (34
210l
Lp.co = 1.665 “g x (35)
20l
Lsoo = 25 (14 21m2) (36)
3
oLy 2Ly
Lioo = 1 37
E,00 P Il< Ly ) 37
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