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ABSTRACT The maximal covering location problem attempts to locate a limited number of facilities in
order to maximize the coverage over a set of demand nodes. This problem is NP-Hard and it has been often
addressed by using metaheuristics, where the execution time directly depends on the number of evaluations of
the objective function. In this article, the principles of efficient discarding and partial evaluation are applied
to obtain more efficient versions of the objective function of this problem, i.e. not-approximate surrogate
objective functions. An experimental study is presented to compare the surrogate functions in terms of
number of distance comparisons and runtime. The results show that (on average) the best surrogate function
is more than 5 times faster than the original function in general, and more than 8 times faster in the largest
instances. This proposal allows for a more efficient metaheuristic solution based on swap operators.

INDEX TERMS Efficient discarding, partial evaluation, maximal covering location problem, objective

function.

I. INTRODUCTION

Metaheuristics have proved to be flexible methods than can
be used to find good solutions for optimization problems [1].
However, they must perform a large number of the objective
function evaluations which implies a high computational cost.
One way to reduce this computational cost is by using surro-
gate functions [2], which may be either approximate or exact
versions of the original objective function of the problem.
Two approaches to obtain equivalent (not approximate) ver-
sions of objective function are: partial evaluation [3] and
efficient discarding [4]. Partial evaluation takes into account
the influence of the operators on the quality of the solutions.
It only evaluates the part of the objective function that was
modified by the action of the operators [3]. On the other
hand, efficient discarding consists in stopping the evaluation
when it is known that the remaining part of the solution
will not affect the final value of the objective function. Both
approaches have been successfully used in several problems,
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such as: aggregation of rankings [3], graph drawing [5],
task planning [4] and binary problems [6]. These examples
indicate the growing interest in the objective function cost
reduction in metaheuristics.

The maximal covering location problem (MCLP) is an
optimization problem that attempts to find the best location
of several facilities (p) in order to maximize the coverage of a
set of demand nodes [7]. This problem has many applications
such as: location of patrol stations and police distribution [8],
ambulances organization and distribution [9], location of
fire stations [10] and location of cameras in urban traffic
networks [11]. Unfortunately, MCLP is NP-Hard [12], and
the solution space of the problem is given by the binomial

coefficient (I;I) [13], when |J| is the total of facilities and p
is the number of facilities to be located.

Many papers have focused on solving MCLP, both accu-
rately and approximately [14], thus producing efficient appli-
cations of this problem in real-world contexts. Murray [14]
summarized the main research areas concerning the prob-
lem. CPLEX [15], Gurobi [16], LINGO [17], among others,
are the main tools that have been used to solve the MCLP
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in an exact way for small instances. Heuristics (such as
Greedy-Add [18] and Lagrangian Relaxation [13]), and meta-
heuristics (such as Genetic Algorithms [19], GRASP [20],
Simulated Annealing [21] and Tabu Search [22]) and Hybrid
approaches [23] have been used to solve the MCLP in
an approximate manner. These approximate methods have
obtained good results for large-scale instances.

When a MCLP instance is solved in a specific domain
by the previous algorithms, the quality of the best solution
obtained is related to the time and computational resources
that are available for execution. If some additional time is
allowed, the search may continue, and an improved solution
may be obtained. This is particularly important when the
MCLP is applied to situations where the response time is
critical, such as emergency attention [9] or surveillance [8].

Previous papers have focused on the efficient exploration
of the search space, but the way to implement the objective
function has not yet been analyzed in detail. As the objective
function of MCLP has quadratic complexity [13] (as detailed
below), the impact of using surrogate functions in order
to reduce the computational cost in MCLP is an interesting
aspect to be studied.

This article is focused on obtaining more efficient versions
of the objective function of MCLP, i.e. not approximate surro-
gate functions. In particular, the impact of partial evaluation
and efficient discarding on the objective function of MCLP
is studied. The experimental study presented demonstrates
the notable reduction obtained in the execution time. The
article is organized as follows: Section II presents the MCLP,
emphasizing the computational cost of the objective function.
Section III proposes the inclusion of efficient discarding
and partial evaluation in order to obtain surrogate functions.
Section IV presents an experimental study with 170 instances
that shows how the best surrogate functions can significantly
reduce the execution time. Section V presents an analysis of
the complexity of the best surrogate functions focusing on
when their efficiency is affected. Section VI presents and
discuss the importance of the results obtained, as well as the
limitations and implications. Finally, the conclusions of the
article are presented.

Il. THE MAXIMAL COVERING LOCATION PROBLEM
The maximal covering location problem (MCLP) was origi-
nally introduced by Church and ReVelle in [7]. The objective
of MCLP is to find the best location of a limited number of
facilities in order to maximize the coverage over a set of the
demand nodes. MCLP considers a discrete set of facilities and
demand nodes. Each demand node has an associated demand,
representing its level of importance. The mathematical model
of MCLP is presented below.

The parameters and variables that define the MCLP are:

o I, I: the index and set of demand nodes.

« j,J: the index and set of facility sites.

¢ a;: population or demand of the node i.

o dj;: the shortest distance (or time) from demand node i

to the facility j.
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« p: number of facilities to be located.

e §: coverage distance. It is the minimum distance
(or time) required between a demand node and facility
in order to be considered to be covered.

e N;: {jldj < S} set of potential facilities that can cover
the demand generated in i.

e X; : {0, 1} a binary variable which equals 1 if the facility
is placed at node j, O otherwise.

o Y;: {0, 1} abinary variable which equals 1 if the demand
node i is covered by one or more facilities located within
a distance of S, O otherwise.

The objective function:

Maximize Z = Z a;Y; @))
icl
Subject to:
Yi<) Xiiel @
JEN;
Y Xi=p 3)
jeJ

The objective function (1) aims to maximize the sum of
the demand of the covered nodes. Constraint (2) implies that a
demand node i is covered only when there is one or more open
facilities that belongs to the set N;. Constraint (3) implies
that the number of facilities to be located is p. Fig. 1 shows
a solution for a MCLP instance with p = 4, which is a
binary vector where each one (1) indicates an open facility,
and 0 otherwise. It can be see that open facilities are located
in nodes 2, 3, 4 and 9.

Facilities
Jj nodel node 2 node 3 node 4 node 5 node 6 node 7 node 8 node 9
X; 0 1 1 1 0 0 0 0 1

FIGURE 1. Representation of a solution, where locations 2, 3, 4 and 9 are
open (p = 4).

Fig. 2 presents a graphical representation of the solution
of Fig. 1, where each rectangle represents a facility and each
circle represents a demand. It is worth noting that in order
to evaluate each solution, it is necessary to determine the Y;
values for each demand node, which are not inputs to the
problem. Each value Y; is assigned by determining whether
the demand nodes are covered by one or more open facilities
(Xj = 1), that are located at a distance equal to or less than the
defined radius S. Then, all ¥; values must be multiplied by the
a; values and summed up to obtain Z. This implies that (/ *p)
operations are needed [13] in terms of distance comparisons
between demand nodes (/) and open facilities (p).

MCLP is NP-Hard [12] and the solution space is given by
the binomial coefficient (;) [13]. To solve MCLP exactly,
it is necessary to evaluate the solution space given by (;)
solutions. As (I * p) is the number of distance compar-
isons (operations) that are necessary to evaluate one solution,
the complexity of solving MCLP (exactly) is (I xp ([17)) [13].
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FIGURE 2. Graphic representation of the solution presented in Fig. 1.

A direct way to perform the evaluation of the objective
function is: for each facility where X; = 1, the I demand
nodes must be visited, in order to obtain the Y; values. For
each demand node, if Y; = Oandd;; < S,thenY; = 1 and g; is
added to Z. As this comparison is made between each facility
and each demand node, the complexity of the calculation of
Z is O * p) [13], in terms of the number of distance com-
parisons against the reference radius S. Algorithm 1 shows
the procedure for calculating the objective function of MCLP.
In the rest of the article, this form of computing the objective
function will be called the ‘““original” objective function.

Algorithm 1 Original Objective Function
1: procedure objFunctionMCLP(J, I, p)

2: Z=0

3: j=0

4: repeat

5: ifXj = 1 then

6: i=0

7: repeat

8: if dij < Sand Y; =0 then
9: Z=7Z+a;

10: Yi=1

11: i++

12: until i = |I|, all I nodes are visited
13: Jj++

14: until j = |J|, all J facilities are visited
15: return Z

Daskin [13] showed that if / = 100, J = 50 and p = 1,
only 5000 operations are needed, but if p = 10, 1.027 % 1013
operations are needed. Assuming that a computer can perform
107 operations per second then 12 days are needed to solve
this instance of the problem, making any cost reducing option
very attractive.
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In order to solve the MCLP for large instances, the use of
heuristic algorithms has gained interest [14]. Feasible initial
solutions are often constructed and operators that maintain
the feasibility are used when trying to solve the MCLP with
metaheuristics.

In this sense, as the number of open facilities (p) must be
kept constant, one of the most used operators is the 2-swap
operator [24]. This operator closes a facility (setting its value
X; to 0) and opens another (setting its value X; to 1). The
selection of the facility to close and to open is at random.
Fig. 3 shows an example of the application of this operator
with J = 4 and p = 2. In this example, the facility j = 1 is
closed and the facility j = 2 is opened.

Before applying the operator
j 1 2 3 4

X 1 0 1 0
After applying the operator
j 1 2 3 4
X o0 1 1 0
FIGURE 3. Example 2-swap operator application.
Several heuristics (such as Greedy-Add [18] and

Lagrangian Relaxation [13]) and metaheuristics (such as
Genetic Algorithms [19], Simulated Annealing [21] and
Tabu Search [22]) have been used to solve MCLP in an
approximate way. They have obtained good results for large
instances. To guide the search in the approximate algorithms,
the objective function of the MCLP must be calculated many
times. Finding a more efficient way to calculate it would have
a very positive impact on the use and application of these
algorithms. Indeed, if the time taken to evaluate each solution
is reduced, it could be used to obtain either a better solution
in the same amount of time or a similar solution in less time.

Ill. SURROGATE FUNCTIONS BASED ON PARTIAL
EVALUATION AND EFFICIENT DISCARDING
In this section, two different ways of implementing the objec-
tive function of MCLP by using efficient discarding and par-
tial evaluation are presented. Both approaches can be applied
independently, which implies that there are three versions of
surrogate functions with respect to Algorithm 1 (the original
objective function). The use of efficient discarding, partial
evaluation and combination of both approaches are consid-
ered. Table 1 shows the new symbols used in the algorithms
pseudo-code presented in this section

As in the previous section, the complexity analysis will
take into account the number of distance comparisons
between a facility and a demand node, which verifies the
coverage restriction. The time complexity of the introduced
surrogate functions is O(I * p) in the worst case scenario,
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TABLE 1. Notations Used in the Algorithms.

Symbol | Definition

A Set of uncovered demand nodes
G Set of covered demand nodes by the closed facility
H Set of covered demand nodes by the opened facility

Z1ast | Value of the objective function in the previous solution
Index of the closed facility
O Index of the opened facility

i.e. the same as the original objective function. However,
in Section IV, the advantages of the proposals in terms of their
average case time complexity are showed.

A. EFFICIENT DISCARDING
The principle of efficient discarding [4] is similar to
some classic algorithms such as the Alpha-Beta algo-
rithm [25] or the Branch and Bound approach in Operations
Research [26]. The idea is to avoid unnecessary calculations
that will not affect the result.

Applying this to Algorithm 1, the time wasted by visiting
all the demand nodes is remarkable when considering points
where Y; = 1 because they were covered by previously
analyzed open facilities. In addition, in the case where all
nodes have already been covered or all open facilities have
been analyzed, it would be unnecessary to continue visiting
the remaining facilities because they would not change the
final value of Z. This means that the rest of the comparisons
can be discarded.

Algorithm 2 Objective Function With Efficient Discarding

1: procedure objFunctionMCLPDisc(J, I, p)
2: A=1

3 Z=0

4 p=0

5: j=0

6 repeat

7 if X; = 1 then

8 i=0

9: P4+
10: repeat
11: ifd; < S then
12: Z=7Z+4a;
13: Yi=1
14: A=A-{i}
15: 1+ +
16: until i = (A or |A| =0
17: j++
18: untilp’ =por |A| =0
19: return Z

Algorithm 2 describes the variant of the objective function
with efficient discarding. The process is based on controlling
the set A of the demand nodes that have not yet been covered
and the number of open facilities already visited p’. Based on
these variables, the evaluation is stopped conveniently.
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In many cases, this new function may allow a reduction
in terms of distance comparisons in the objective function.
However, the worst case scenario for this algorithm occurs
when all demand nodes are covered by a single facility and
this facility is visited last. In this case, the time complexity
is O(I = p). This implies that, in the worst case scenario, this
version is similar to the original. The average case will be
analyzed in the experiments conducted in Section IV. This
function can be used for any search algorithm because it
does not depend on the way it is used (metaheuristic and
operator) to obtain the solution to be evaluated by the objec-
tive function.

B. PARTIAL EVALUATION

Partial evaluation is a principle that only evaluates the part
of the objective function that was modified by the action of
the operators [3]. This implies that partial evaluation depends
on the operator used to obtain the solution to be evaluated.
Based on the usual 2-swap operator (explained in Section II
and in Figure 3), partial evaluation can save the positions of
the facilities that were changed; thus, it is only necessary to
evaluate the demand nodes that were affected by the change.

O

>
oy
© = o m

08

FIGURE 4. Elements of the objective function of the MCLP with partial
evaluation.

For example, the demand nodes that are covered by the
facilities that remain open (j = 3 in Fig. 4) will remain
covered. In general, the objective function can only vary in
the coverage of the demand nodes that were covered by the
facility that was closed and the demand nodes that will be
covered by the facility that was opened. The demand nodes
covered by both affected facilities (those changed by the
operator) and the demand nodes that are not covered by any
of them do not change their coverage. Consequently, they do
not affect the evaluation of the new solution.

To implement partial evaluation, it is necessary to save
some information for each solution: the position of the facility
that was closed; the one that is now opened; and in addition,
for each state a relation of I — nodes with its Y; value.
This increases the use of internal memory and computational
resources, and the next section will show how that can sig-
nificantly reduce the execution time. With this information,
partial evaluation will only evaluate the part of objective
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function Z that was modified when applying the mutation
operator. Based on the positions that underwent changes, two
sets of demand nodes G and H are created (G C I, H C I,
GNH=0):

« G includes the nodes covered by the closed facility that
are not within the radius S of the new open facility. The
sum of the demand associated with the nodes of the set
G is subtracted from the previous Z value, leaving Zg.
It is worth noting that this demand will not necessarily
remain uncovered since they could be covered by one of
the other facilities that remain open.

o H includes the nodes that were not previously covered
and that now can be covered by the new opened facility.
The demand value of the set H is added to Zg, and the
value Zg4 g is obtained.

« Finally, the nodes in set G are evaluated p — 1 times in
order to check their coverage: each q; is added if they are
covered (djj < §) by the facilities where X; = 1 in the
new state. This provides a new covered demand Zg . The
final value of Z is calculated as the sum Zg+g + Zg'.

Fig. 4 shows an illustrative example of the different ele-
ments involved in the evaluation of the objective function of
MCLP. Taking into account the state of Fig. 4, the facility
j = 1 and j = 3 are initially open (Fig. 4 (A)), and the
demand nodes 1, 2, 3, 4 and 8 were covered. When applying
the 2-swap operator, the facility j = 1 has been closed
and the facility j = 2 has been opened (Fig. 4 (B)). Thus,
the demand nodes 1 and 2 belong to set G and the demand
nodes 5, 6 and 7 belong to set H.

At this point it can be concluded that demand nodes of
sets G and H may modify the value of Z. The demand
nodes 3 and 4 do not modify the value of Z, since in previous
state they were covered by facility j = 1 and they are still
covered by facility j = 2. As the demand nodes 8 and 9 are
completely independent of the analyzed facilities, they do not
affect the value of Z.

Algorithm 3 presents the procedure the objective function
of the MCLP with partial evaluation. It has three new inputs:
Ziast (value of the objective function of the previous state),
C (position of the facility that was closed) and O (position
of the facility that was opened). It is worth noting that when
the first solution is generated there is no previous state, thus
Algorithm 1 or Algorithm 2 must be used to compute the
objective function.

The worst case scenario for Algorithm 3 occurs when the
G UH = I. This occurs when all demand nodes are covered
by the facility that was closed or by the facility that was
opened. Thus, the complexity of this function is O(I * p) in
the worst case scenario. The average case is analyzed in the
experiments in Section I'V. It worth noting that the set H is
not used in the computation of the objective function in the
Algorithm 3, but this step was included in order to be able to
conduct the analysis conducted in the following sections.

This surrogate objective function can be used both in exact
and approximate search algorithms. As requirement, to use
this function, it is necessary to guide the search by simple
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Algorithm 3 Objective Function With Partial Evaluation
1: procedure objFunctionMCLPartialEval(J, I, p, Zj,, C,

0)
2 Z =Zigst
3: G=10
4: i=0
5: repeat
6: if dic < S and d;p > S then
7: Z— =aq;
8: G=G+{i}
9: Y= 0
10: else if dic > S and djp < S then
11: if Y; = 0 then
12: H=H + {i}
13: Z+ =a;
14: Yi=1
15: i+ 4+
16: until i = |/|, all the nodes in I are visited
17: k=0
18: j=0
19: repeat
20: if X; = 1and j! = O then
21: repeat
22: if dgpy; < S then
23: Z+ = agk)
24: Yoy =1
25: k++
26: until k£ = |G|, all the nodes in G are visited
27: j++
28: until j = |J|, all the facilities in J are visited
29: return Z

swaps, i.e. by swapping one open facility with another closed
facility as shown in Figure 3 (2-swap operator) and to save the
Jj— value of these facilities. As similar idea may be applied
to several swaps, if the information related to the demand
covered in each solution is updated. Also, it is necessary to
save the value of the objective function of the solution before
the application of the operator. However, this surrogate func-
tion can not be applied to metaheuristics based on crossover
mechanism, e.g. genetic algorithms.

C. COMBINATION OF EFFICIENT DISCARDING AND
PARTIAL EVALUATION

It is also possible to combine partial evaluation with effi-
cient discarding in order to reduce the number of distance
comparisons. In this case, it may not be necessary to take
into account all open facilities, since all the demand nodes
of set G may have been covered, nor may it be necessary
to continue visiting more facilities if all the open facilities
have already been visited. Again, it is worth noting that when
the first solution is generated there is no previous state, thus
Algorithm 1 or Algorithm 2 must be used to compute the
objective function.
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Algorithm 4 Objective Function With Partial Evaluation and
Efficient Discarding
1: procedure objFunctionMCLPEvalPartDisc(J, I, p, Zj4s:,
C,0)

2 Z = Ziayt

3: G=190

4: i=0

5: repeat

6: ifdic < S andd;p > S then
7: Z— =aq;

8: G=G+{i}

9: Y, =0

10: else if dic > S and djp < S then
11: if Y; = 0 then

12: H =H + {i}

13: Z+=a;

14: Yi=1

15: i+ +

16: until i = |/|, all the nodes in I are visited
17: p’ = 1, the new opened facility
18: j=0

19: repeat
20: if X; = 1 and j! = O then
21 P4+
22: k=0
23: repeat
24: if dG[kU < S then
25: Z+ = agi]

26: YG[k] =1

27: G=G—{k}

28: k++

29: until k = |Glor G =0
30: Jj++

31: untilp’ =por G =0

32: return Z

Algorithm 4 shows the procedure of the objective function
of MCLP with partial evaluation and efficient discarding. The
requirements are the same than the function with only partial
evaluation.

The worst case scenario for this algorithm is the combina-
tion of the worst cases scenarios of the previous algorithms.
Similarly, the worst case scenario occurs when GUH = [ and
the facility that can cover them is the last one. Thus, the time
complexity in the worst case scenario is O( xp). The average
case is analyzed in the experiments in Section IV.

IV. EXPERIMENTAL STUDY

This section presents an experimental study that aims to eval-
uate the performance of the proposed versions of the objective
function, in terms of the number of distance comparisons
between facilities and demand nodes, and the overall com-
putational time. Consequently, this experiment provides an
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average case analysis of the different versions of the objective
function.

First, the data for the experimentation should be defined.
In order to design the set of instances, three data set of
the Traveling Salesman Problem, available in [27] (ar6723,
pm4951 and fi10639), were selected. Different instances
were derived as result of the combinations of / values between
1500 and 9000, and J values between 80 and 850. It has
selected p values by using 30, 40, 50, 60 and 70% of each
J value.

Two values of § (small and large radius) were used. In each
instance, the small values of S can obtain a solution with a
coverage about 60 to 95% for the highest value of p. The
large value of S permits a solution with coverage of about
90 to 99% to be obtained for the highest value of p. In sum-
mary, 170 instances for the experiments are used, obtained
from the previous combinations of factors. The description
of the instances is shown in Table 2.

TABLE 2. Description of the 170 Instances Used in the Experiments.

Data set I J ‘ p

pm8079 1500 80 |24 32 40 48 56 |156 556
fil0639 1800 10030 40 50 60 70 |102 402
ar9152 2000 15045 60 75 90 1051068 1568
pm8079 2500 20060 80 100 120 140|136 336
fil0639 3000 250|75 100 125 150 175|182 300
ar9152 3500 30090 120 150 180 210 | 1068 1468

| S small S large

pm8079 4000 350|105 140 175 210 24550 150
pm8079 4500 400|120 160 200 240 280 |50 150
ar9152 5000 450|135 180 225 270 315|650 1050

ar9152 5500 500|150 200 250 300 350|700 900
ar9152 6000 550|165 220 275 330 385|450 650
fil0639 6500 600|180 240 300 360 420|250 400
fil0639 7000 650|195 260 325 390 455|190 350
fil0639 7500 700|210 280 350 420 490|102 302
fil0639 8000 750|225 300 375 450 525|280 380
fil0639 8500 800|240 320 400 480 560 | 200 320
fil0639 9000 850|255 340 425 510 595|182 402

The previous data were generated based on a semi-random
style that is commonly used in the context of MCLP [28] and
without the intention of causing bias in any of the functions.
The results obtained are then analyzed, based on the charac-
teristics of the instances used.

In the experimental process, a Local search algorithm
is used in order to obtain several solutions to the MCLP
instances and to be able to evaluate them with the objective
functions. Local search methods [1] have been used before in
the context of MCLP [14]. The simplest version can be based
on a random initial solution and the application of mutation
operators, accepting a new solution when it is better than the
current one.

For this reason, Hill-climbing as the metaheuristic was
selected to conduct the experiments with the mutation oper-
ator described in Figure 3. This algorithm does not have any
other operation that could interfere with the performance of
the functions, such as auxiliary lists or selection/replacement
operators. However, it should be noted that the time of
the proposed surrogate functions does not depend on the
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FIGURE 5. Average of distance comparisons.

metaheuristic but on the operator used. Thus, it could be used
in other metaheuristics based on mutations such as Evolution
Strategies, Simulated Annealing or Tabu search. The Hill-
climbing was executed 30 times with 10000 evaluations of
each the objective function in independent form. With 30 exe-
cutions and 10000 evaluations for each execution, the bias
that the randomness can produce in the results is reduced, thus
obtaining an average behavior.

Finally, experimental conditions were established. The
model was implemented in Java by using BiCIAM class
library [29] for the implementation of optimization problems
and the use of metaheuristic algorithms. To establish a fair
comparison in terms of implementation in Java, the follow-
ing aspects were taken into consideration. First, the original
function and discarding function only need a temporary list
of covered and uncovered nodes, which is left unreferenced
(Java terms) upon completion of the calculation. Also, in the
functions with partial evaluation it was necessary to have (for
each solution) a list of covered demand nodes. The experi-
ments were conducted on a personal computer with 8GB of
RAM and an Intel (R) Core (TM) i7 CPU at 2.4 GHz.

In the following subsections, the results that correspond
to the number of distance comparisons that are computed
in each version of the objective function will be shown,
as this is the fundamental operation that it intends to reduce.
Then, the average execution time is analyzed. The results will
be shown using graphs, where the behaviors of the similar
functions are given in more detail.

A. REDUCTION OF THE FUNDAMENTAL OPERATION

In this section, the number of distance comparisons com-
puted by each algorithm (objective function) is analyzed.
In the original function, this operation is performed for the

20548

s}

X
660000000 x
< A
560000000 X
E x  Xx XX
xX
S 460000000 % X x X On
o £ g Xx X Sxfy gn
g 360000000 s XX gi % o 'ﬁ
o o§ ¥ é EE @
T 260000000
3 Eaa B
ok f
° -E 160000000
H
© 60000000
1000000 1500000 2000000 2500000
I*p
XDp ODdp
1200000000 v B
1100000000
x
1000000000 X
H 900000000 x
2 x
éswummo Pl
3 x X
@ 700000000 x x x
i < @
B x X o o
5 LI
B #1'® 500000000 & o x xo @ XX
2 of &R 5 Po 8 =§= o
5000000 £ 400000000
= [a] 3] (mi] ]
300000000
2500000 3000000 3500000 4000000 4500000 5000000 5500000
*p
XDp ODdp

p facilities with respect to all the demand nodes, so the
distance is calculated p * I times [13].

Fig. 5 shows the average of the total number of distance
comparisons for all iterations (10000) in the 30 executions
(on the y — axis) in relation to the corresponding p * I value
(on the x — axis). The discarding function (Dd, circles),
the function with partial evaluation (Dp, crosses) and with
both aspects (Ddp, squares) are shown. The representation
of distance comparisons in the original objective function is
obviated, since it is always equal to (p=1)* 10000 (iterations).

It can be observed that Dd made more distance compar-
isons than Dp and Ddp for all the instances. Section A and B
of Fig. 5 show, in more detail, the behavior of the Dp and Ddp
functions. They differ by about 20% on average (Dp performs
more distance comparisons).

Fig. 6 shows the percent of savings that could be obtained
in terms of distance comparisons. This percent was calculated
as the average of distance comparisons for each surrogate
function with respect to the original function.

A considerable decrease can be observed in the number of
distance comparisons in the surrogate functions with respect
to the original objective function. The functions with partial
evaluation imply greater reductions in the number of distance
comparisons for larger instances. Section A and B of Fig. 6
show that Dp and Ddp compute less than 30% of the number
of distance comparisons made in the original function in
all cases. Also, Ddp and Dp perform less than 10% of the
number of distance comparisons for the largest instances, i.e.
with partial evaluation, the saving of comparisons increases
for the largest instances. On average, Dd performs approx-
imately 50% of the distance comparisons performed by
the original function, while Dp (and Ddp) only made 5%
(4%, respectively).
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FIGURE 7. Average runtime.

In summary, the three variants of surrogate functions allow
a remarkable reduction in the number of distance compar-
isons, but the best function is the combination of partial eval-
uation and efficient discarding. Later, in Subsection IV-C,
statistical tests are performed in order to confirm the advan-
tage of the proposals (see Table 3).

B. TIME REDUCTION WITH SURROGATE FUNCTIONS

As indicated above, the surrogate functions allow a remark-
able reduction in the number of distance comparisons.
The reduction in time is now specifically analyzed taking
into account that in order to obtain these reductions other
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operations had to be carried out as part of the objective
function. Fig. 7 presents the average runtime (in milliseconds)
of the original objective function (To, triangles), the surrogate
function with efficient discarding (Td, circles), with partial
evaluation (Tp, crosses) and the surrogate function with both
aspects (Tdp, squares). Each time value (on the y — axis)
is averaged over 30 executions of each problem and it is
associated with the I % p value (on the x — axis).

It can be seen that, for most instances, the time taken by
Td is greater than that of the original objective function.
This happens because very few nodes are discarded. In terms
of the implementation of the efficient discarding, set A
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(see Algorithm 2) is a Java linked list, and when ¥; = 1 this
demand node must be removed from the list. A linked list was
used for A because deletion is more efficient in this data struc-
ture than it is in array lists. Although the search for the nodes
is slower in linked lists, it is not as slow as a deletion in an
array list [30], making it more efficient to use a linked list to
implement efficient discarding. However, none of these extra
computations are compensated with a significant reduction in
terms of distance comparisons. Maybe other data structures
should be studied in the future.

Fig. 8 shows the percentage of the average time taken by
surrogate functions with respect to the average time taken
by the original function. Again, it can be observed that
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Td (in general terms) is slower than To. Indeed, Td was only
better than To in some small instances.

However, the functions with partial evaluation (Tp and Tdp)
reduce the execution time in all instances. In the smallest
instances (that is, I < 3000) Tp (respectively, Tdp) uses
on average 32% (respectively, 29%) of the original runtime.
In the largest instances (that is, / > 3000), it is worth
noting that Tp (respectively, Tdp) uses on average 14%
(respectively 12%), of the original time. Indeed, both func-
tions with partial evaluation are more than 5 times faster in
general. In the largest instances, Tp (respectively, Tdp) is
more than 7 (respectively, 8) times faster than the original
function.
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The execution time, as observed, was remarkably reduced
using the functions with partial evaluation, and this reduction
is even more noticeable for the largest instances. Fig. 9 shows
the runtime (on the y — axis) and number of distance com-
parisons (on the x — axis) for the instances with I > 4000.
All the objective functions analyzed are detailed below:
original function (OF, triangles), surrogate function based
on efficient discarding (DF, circles), with partial evaluation
(PF, crosses), and with both aspect (DPF, squares).

It can be observed the great difference that exists between
the PF and DPF with respect to OF in terms of time and num-
ber of distance comparisons. The most remarkable reductions
are observed for larger instances. Fig. 9 (A) shows that the
DPF performs a smaller number of distance comparisons than
PF and executes in less time. In spite of the advantage of
DPF with respect to PF, this advantage is not as significant
as the advantage of DPF and PF with respect to OF and DF.
This means that partial evaluation (used in PF and DPF) is the
most important aspect that can influence the reduction of the
execution time.

C. STATISTICAL TESTS

In order to detect significant differences among the objective
functions, the Friedman test [31] and the post-hoc Holm [32],
Finner [33] and Li [34] were applied, for the number of
distance comparisons and the execution time, with « = 0.05.
Keel [35] was used to conduct the tests. Table 3 shows
the Friedman ranking and the results of the post-hoc Holm,
Finner and Li. The p— values coincide in all three post-hoc
with respect to « for each analysis (distance comparisons and
runtime). Thus, this consensus in only one column (Post-hoc)
is shown.

TABLE 3. Friedman Ranking and Post-Hoc Results for Distance
Comparisons and Execution Time. The “+” Symbol Indicates the Control
Method and “<” Means That the Control Method was Significantly Better
Than the Others.

Distance comparisons | Runtime
Objective functions | Ranking Post-hoc Ranking Post-hoc

Ddp 1 * 1.14 *
Dp 2 < 1.86 <
Dd 3 < 3.90 <
Do 4 < 3.10 <

Table 3 shows that there were significant differences
between the functions in both aspects (comparisons and run-
time), since p — value = 0. The best function in both cases
was Ddp and the slowest was Dd, for the reasons explained
above.

In order to confirm the direct relationship between the
execution time and the number of distance comparisons,
the Pearson correlation coefficients [36] were obtained:
between Do and To is 0.98, between Dd and Td is 0.98,
between Dp and Tp is 0.94, and between Ddp and Tdp is
0.94. This proves that it was a good decision to focus on the
reduction of the number of distance comparisons in order to
reduce the execution time of the objective function of MCLP.
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V. ANALYSIS OF THE BEST OBJECTIVE FUNCTION

In the previous sections, it is shown that the best surrogate
objective function is based on the combination of the prin-
ciples of partial evaluation and efficient discarding. Given
its small difference with respect to the function that only
has partial evaluation, the principle of partial evaluation has
more influence on the reduction of distance comparisons and
execution time. For this reason, it considers that is important
the analyzes of the complexity of the objective function of
MCLP when the partial evaluation is applied.

It is previously defined that the worst case scenario for
partial evaluation occurs when G U H = [I. In this section,
three scenarios where the function with partial evaluation
made more distance comparisons than the original function
are explained. Fig. 10 shows the conditions where the first
scenario occurs.

[ TR}
© = o

FIGURE 10. Worst case: Scenario 1.

At first (Fig. 10 (A)), all demand nodes are only covered
by the open facility, e.g. j = 1 and X1 = 1. After applying the
2-swap operator (Fig. 10 (B)), facility j = 3 is now open and
Jj = lisclosed, the demand nodes of set G = {1, 2, 3, 4, 5, 6}
andset H =@. Then GUH = {1,2,3,4,5,6} = I. Hence,
the worst case scenario in partial evaluation has occurred,
since the I demand nodes should be evaluated p — times (for
each open facility).

In order to better explain the situation, an example
in Fig. 10 is given:

e InScenario 1,1 ={1,2,3,4,5,6},J ={1,2,3,4} and

p = 2, the original objective function (see Algorithm 1)
will perform I % p distance comparisons. If / = 6 and
p = 2 then 6 % 2 = 12 distance comparisons.

« In the partial evaluation, as result of the first cycle, if all
the nodes belong to set G, it will perform 2 x 6 = 12
distance comparisons (see Algorithm 3 and 4), where 2
represents the number of distance comparisons needed
to know if each demand node belongs to G, and 6 is |I]|.

o In the second cycle 1 * 6 = 6 comparisons must be
added where 6 is |G| and 1 represents the other facilities
that have not been analyzed (p — 1) and could cover the
demand nodes of set G.

« Finally, a total of 12 + 6 = 18 distance comparisons
would be made. Thus, the function with partial evalua-
tion is worse than the original function in Scenario 1.
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FIGURE 11. Worst case: Scenario 2.

The second scenario is described in Fig. 11. This sce-
nario may take place after the occurrence of scenario 1
(Fig. 11 (A)). Now, Fig. 11 (B) shows that the facility j = 3
was closed and the facility j = 1 was opened, then the set
G=0,thesetH ={1,2,3,4,5,6}andGUH =1.

An example in Fig. 11 is given:

o As in the previous example, 6 x 2 = 12 distance com-
parisons will be performed using the original function.

« In the first cycle of the partial evaluation, as all the nodes
belong to set H, 4 « 6 = 24 distance comparisons will
be performed (see Algorithm 3 and 4). The first two
comparisons are carried out in order to verify if they are
in set G, and the other two comparisons are necessary in
order to verify if they are in set H.

o Inthesecond cycle 10 = 0 comparisons must be added,
since the set G = (J and the 1 represent the other facilities
that have not been analyzed (p — 1).

« Finally, a total of 24 + 0 = 24 distance comparisons
would be made. Thus, the function with partial evalua-
tion is worse than the original function in Scenario 2.

FIGURE 12. Worst case: Scenario 3.

The third scenario occurs when the I — nodes belong the
sets G and H, where GNH = {{}. Initially, Fig. 12 (A) shows
that the facility j = 3 is opened. Then, this facility is closed
and the facility j = 1 is now opened (Fig. 12 (B)). Finally,
all demand nodes are covered by the facilities that were
modified. There is also an example to explain this scenario,
see Fig. 12:
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« As in the previous examples, 6 x 2 = 12 distance com-

parisons will be carried out, using the original function.
o Inthefirstcycle, thesets G = {4, 5,6} and H = {1, 2, 3}
will be constructed. Then 3 %2 = 6 comparisons will be
made for the set G, where 3 is |G| and 2 is the number of
distance comparisons required to determine set G. Then,
3x4 = 12 comparisons for set H are made, where 4 is the
number of distance comparisons in order to determine
set H, and 3 is |H|. Finally, a total of 6 + 12 = 18
distance comparisons are obtained in the first cycle.
o Inthesecond cycle 1%3 = 3 comparisons must be added,
since set G has three demand nodes, and 1 is the number
of facilities that have not been analyzed (p — 1).

« Finally, a total of 18 + 3 = 21 distance comparisons
would be made. Thus, the function with partial evalua-
tion is worse than the original function in Scenario 3.

In the scenarios explained above, the function with partial
evaluation performs more distance comparisons than the orig-
inal function. This demonstrates that the number of compar-
isons depends on the characteristics of each instance and on
the facilities that are modified by the mutation.

In the experiments presented in the Section IV, the sizes
of G and H for each iteration and instances were saved,
and the average size of G and H were calculated over
10000 iterations and 30 executions. Fig. 13 shows the per-
centage that represents the size of set G and H with respect
to the size of set / for each instance (on average).

It can be observed that the behavior of the percentage that
represents G with respect to / is similar to the behavior of
the number of distance comparisons and execution time, i.e.
it decreases for the largest instances. Set H has almost no
influence on the number of distance comparisons, since its
size (on average) was smaller than the size of set G.

It is worth noting that the worst case scenario (where
the new objective function with partial evaluation does not
improve the original function) only occurs when GUH = 1.
According to Figure 13, the average size of G is only over
5% in the smallest instances (it never reaches 12%), while
the average size of H is smaller than 1% of I in all instances.

This implies that the extreme cases where the proposals
do not speed-up the objective function are very unlikely.
In addition, the situation where the combined sizes of
G and H is over 5% of I only occurs for several small
instances (and this value is less than 2% in the largest
instances). In the greatest instances (where it is more impor-
tant to reduce the computational cost) the new proposals are
useful with a very high probability. With this result it can
be concluded that the worst case scenario of the surrogate
objective function with partial evaluation occurs if G = 1,
but this almost never happens.

VI. DISCUSSION

Based on the results presented previously, several points can
be highlighted. In general terms (and particularly with respect
to the configuration of the parameters), it is worth mentioning
the following:
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The beneficial effect of partial evaluation is noteworthy,
i.e. the functions with partial evaluation are the fastest.
This is due to the reduction that this technique implies in
terms of distance comparisons. Indeed, the direct effect
of the distance comparisons in the execution time was
confirmed.

In general, the functions without partial evaluation are
slower. The maximum (worst) average time taken to
obtain a solution was obtained by the discarding function
in the instance where I = 7500 and p = 70% with
the small radius S (about 2 minutes on average to obtain
a solution). However, with the large radius the instance
that took the longest time on average was the one where
I = 8500 and p = 70%(1.5 minutes). The original
function obtained the largest average execution time in
the largest instance (I = 9000 and p = 70%) with both
coverage radius S, where it took about one minute.

In the case of the functions with partial evaluation,
the execution time was substantially shorter. Indeed,
their longest execution time occurs in the instance with
the largest coverage radius S,/ = 9000 and p = 70%
(about 6 to 8 seconds). With the small coverage radius
S, the longest execution time is about 4 to 5 seconds in
the instance I = 8000 and p = 70%.
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o On average, the large radius S increases the execution

time of the original function To and the partial evaluation
functions Tp and Tdp (by approximately 13%, 43% and
25%, respectively), with respect to the runtime with
the small S. However, the large radius S decreases the
execution time of the efficient discarding function by
approximately 80%. This is due to the fact that a large
radius implies that set G and H are larger, thus the
execution time increases for the original functions and
for the function based on partial evaluation. In the case
of the efficient discarding function when the radius § is
large the function discards more because it is easier to
cover a demand, thus the execution time decreases.

The analysis conducted in Section III concludes that the
new proposals does not change the time complexity of
the MCLP fitness objective evaluation in the worst case
scenario. However, the analysis conducted in Section V
clearly states when this happens, resolving that this
extreme situation would be very unlikely. Indeed, based
on the results presented in Section V, the introduced
versions of the objective function are faster than the
original function with a very high probability. This is
why the functions with partial evaluation perform better
on average.
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o The proposed surrogate functions are particularly bene-
ficial in the largest instances where it is more important
to reduce the computational cost, since these instances
are the ones that demand more computational effort. The
beneficial effect of this speed-up in almost all objective
function evaluations is demonstrated in the average case
analysis conducted in Section IV. The average time of
the best objective function (Tdp) is about 12% of the
original time for the largest instances (I > 3000).
Indeed, the best surrogate functions are generally more
than 5 times faster.

o In general, the results obtained are aligned with
the objectives of the work. The proposed techniques
(efficient discarding and partial evaluation) allow to
reduce the number of distance comparisons that are com-
puted in the objective function of MCLP. This reduc-
tion in the comparison produces a direct effect on the
reduction of the execution time (as it was confirmed with
the computation of the correlation coefficient between
distance comparisons and execution time). In the case
of the functions with partial evaluation this implies a
significant reduction in the execution time.

Taken into account that the best objective function uses
the principle of partial evaluation, several limitations and
opportunities can be considered:

o Some limitations of the use of the function with partial
evaluation are detailed in Section V. These cases may
occur when two facilities are enough to cover all the
demand nodes, or when there are many facilities that
cover almost no nodes. Thus, it would be more conve-
nient to use the original objective function to solve this
type of instances. However, it is important to note that
this type of instances are very unlikely and they are easy
to solve. The main interest of the proposals presented in
this article is to solve large instances.

« Another limitation of the presented functions with par-
tial evaluation is their dependency on the use of the
2-swap operator. However, there are some opportunities
to extend their use. Indeed, if the mutation operator
makes several swaps, the proposal may be adapted in
order to be able to still reduce the computational cost.
For example, if the operator makes k swaps, partial
evaluation may be used repeatedly. Thus, the evaluation
of these k-swaps may take approximately k x 12% of the
time of the original function (for large instances). For
example, for k = 4 the partial evaluation may use 48%
of the original time. An experimental evaluation of this
situation may be studied in future research.

o The advantages of the results presented in this article
may be considered limited when the metaheuristics are
based on several mutation operators, i.e. when swap is
just one of the available mutations. For example, this
happens if there are three mutation operators (2-swap
being one of them) and each operator is used with the
same probability. In this example, the application of the
partial evaluation presented here would allow that 1 out
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of 3 evaluations to be done faster. Thus, an approxi-
mately equal cost would be maintained in 67% of the
evaluations but the other 33% of the evaluations may
be done in only 12% of the time (on average, for the
largest instances). This would imply that the global time
would be approximately 67% + 12% * 33% = 67% +
4% = T1%, thus saving about 30% of the overall
execution time.

Therefore, the use of the proposed objective function
may represent a benefit in the execution time of the search
algorithms. In order to understand the importance of the
results presented in this article, it is important to realize what
is implied when a metaheuristic-based solution for MCLP
uses the new objective functions in real and experimen-
tal applications. Two situations are given to exemplify this
implication:

« To solve instances of MCLP, if a given execution time
is allowed for a metaheuristic, the speed-up induced by
the surrogate functions presented in this article allows
an extra search to be conducted within the same exe-
cution time. Conversely, in the same time the original
function can only perform about 20% of the iterations
that the proposed surrogate functions can do. Therefore,
the results obtained may improve if the proposed func-
tions are used.

o Consider a MCLP application where the desired place-
ment of the drones is obtained in 10 seconds in a drone-
based surveillance system. The speed-up induced by the
surrogate functions presented in this article allows the
desired placement to be obtained in less than 2 seconds
(for the case of the largest instances that are more than 5
times faster than the original function). Thus, the propos-
als may allow 8 extra seconds of surveillance that may be
critical in several situations such as identifying suspects
before they escape from a crime scene.

Thus, the surrogate functions presented in this article imply
abeneficial effect in terms of efficiency that may be translated
either into better solutions archived in the same amount of
time or into similar solutions achieved in less time.

VIl. CONCLUSION

In this article, three surrogate functions were proposed for
the MCLP, using a combination of partial evaluation and
efficient discarding. As a result of the experiments carried
out, the following statements were verified:

o The three surrogate functions reduce the number of dis-
tance comparisons with respect to the original objective
function, saving (on average) approximately 50% of the
comparisons when the efficient discarding is used (Dd),
95% for partial evaluation (Dp), and 96% for the com-
bination of both (Ddp).

o The surrogate function with efficient discarding alone
(Td) only produces a small reduction in the execu-
tion time (on average), and this advantage only occurs
in 17 out of 170 instances.
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The functions with partial evaluation (Tp and Tdp) allow
for more than 80% of the original time (To) to be saved,
i.e. they are more than 5 times faster.

The statistical tests proved that there are significant
differences between the functions. The fastest function
(which is also the function that performs the small-
est number of distance comparisons) is the surrogate
function that combines efficient discarding with partial
evaluation, followed by the function that only includes
partial evaluation.

The advantage of both functions with partial evaluation
are quite remarkable when compared to the others. The
principle of partial evaluation in the objective function
of the MCLP produces a very positive influence in the
reduction of distance comparisons and time of execution
(5 to 8 times faster than the original function).

The worst case scenario for the objective function with
partial evaluation occurs when G = I, but this happens
very infrequently.

The objective function with partial evaluation and effi-
cient discarding can be used in metaheuristics that use
the 2-swap operator in several or all iterations.

To use partial evaluation, it is necessary to update
the demand nodes covered by a state after each swap
(mutation) is applied. The partial evaluation presented
in this article cannot be used if the new states (solutions)
have been obtained by using crossover or other
operators.

The use of the best objective functions proposed in real
situations of MCLP permits to obtain solutions of the
problem in less time.

As future research, the partial evaluation method for the
MCLP can be extended to allow the objective function to
be calculated when the swap operator makes more than
one change to the current state. Also, the version of the
best objective function may be extended to other variants
of MCLP, such as multi-period environments, where the
changes produced by the operators occur in different periods
of time.
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