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This article presents a comprehensive study that evaluates the potential advantages of adopting a unified,
systematic, and organized general fractional model within the Sliding Mode Control (SMC) design framework. The
exploration extends to the model’s applicability in a variety of disciplines. Although prior research has utilized
SMC and fractional-order systems independently, no previous work has established a mathematical framework

that integrates a generic fractional-order SMC model. The study addresses this gap and highlights potential
implications for control design and applications in a variety of fields, particularly for chemical processes.

1. Introduction

Fractional-order systems and control structures have received in-
creasing interest in the academic and industrial community in recent
years, and there are many potential breakthroughs in this field [1,2].
Fractional-order systems use fractional calculus, which is the exten-
sion of traditional calculus that considers the derivation and integration
of any order, not only integers. Academics and industry professionals
widely acknowledge that these systems offer various advantages over
traditional systems of integer order, including superior precision, ro-
bustness, and higher-order dynamics [3].

In the last four decades, fractional-order calculus has been used suc-
cessfully in the modeling of physical phenomena and systems studied
in many fields of science and engineering [4]. Among these, industrial
chemical processes are particularly relevant [5-7], which have evolved
to affect a variety of sectors, such as biomedicine, chemical engineering,
environmental systems, materials engineering and technology.

In this context, fractional-order control structures use fractional-
order models and controls to improve control systems’ performance [8].
In a conventional control system, the controller uses an integer-order
derivative to calculate the rate of change of the control signal. In con-
trast, in a fractional-order control system, the controller makes use of a
fractional-order derivative. Fractional-order controllers offer several ad-
vantages compared to their integer-order counterparts [3]. For example,
they can provide superior control performance, particularly in nonlin-
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ear or time-varying dynamic systems. In addition, they can improve
system stability, reduce both overshoot and undershoot, and provide
better tracking of desired setpoint values. Furthermore, fractional-order
controllers can be tuned more easily than integer-order controllers, and
they can be designed to achieve specific performance objectives [9].

In chemical engineering applications, fractional-order controllers
can significantly improve control performance, demonstrating the po-
tential of fractional systems and control structures in this engineering
area. Some studies focus on developing analytical and design procedures
to incorporate fractional-order integrodifferential operators into classi-
cal control systems [10,11]. This involves extending classical control
theory to account for fractional-order dynamics and developing new an-
alytical and design tools to deal with the resulting complexities [12,13].
Since the proportional-integral-derivative (PID) controller is currently
the most dominant control algorithm in industry [14], a natural ap-
proach is to use a fractional-order PID controller, which extends the
traditional integer-order PID controller by including fractional integral
and derivative terms [15-17].

To design fractional-order control systems, a model of the controlled
process is usually required. Developing a phenomenological model for
many industrial processes is often difficult due to their complexity and
the significant limitation of insufficient data on the process parameters.
Most process models that link controlled and manipulated variables are
of higher order, needing more complicated controllers mainly for ana-
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lytical purposes and the number of tuning parameters. Hence, a reduced-
order model might be sufficient for design purposes [18].

Standard first-order plus dead-time (FOPDT) models can be consid-
ered a valuable resource in process control, as they facilitate system
examination using straightforward low-order linear models with dead
time. Their primary strength lies in their simplicity and ability to grasp
the fundamental dynamics of various industrial processes. However, a
limitation of these simplified models is the uncertainties they introduce,
which can reduce the performance of traditional controllers [19].

Another approach involves employing fractional-order calculus to
model and analyze complex systems. It is important to note that
fractional-order differential equations are an excellent technique for de-
scribing many complex physical systems [3,20]. Fractional-order models
can capture nonlinear and nonlocal dynamics that are difficult to depict
using traditional integer-order models [21].

More specifically, the industry requires accurate methods to identify
fractional models that are characterized by their simplicity of imple-
mentation and application [22]. In this particular context, the literature
presents a broad range of techniques of identification for reduced-order
fractional models. Some identification methods for fractional first-order
plus dead-time (FFOPDT) models that have recently been proposed are
listed below. Analytical techniques based on process response to a step-
input signal, as proposed in [23] and [24], provide an effective proposal
while remaining simple and easy to implement. The procedure outlined
in [25] takes advantage of the asymptotic behavior of the Mittag-Leffler
(ML) function to estimate more accurately the fractional order. Another
common approach involves identification methods based on optimiza-
tion algorithms [20,26,27]. The hybrid approach detailed in [28] com-
bines analytical techniques with those based on optimization, revealing
a balance between procedural simplicity and model accuracy. These
types of identification procedures will facilitate the widespread imple-
mentation of reduced-order fractional models within industrial contexts
[29]. More recently, a generalized approach based on the process re-
action curve has been introduced to identify fractional second-order
systems [30].

On the basis of the limitations of conventional controllers, an in-
creasing number of researchers have integrated fractional theory into
control systems in recent years. The goal is to increase the perfor-
mance of the control system including fractional integral and derivative
terms. Progress in applied fractional calculus and emerging computa-
tional techniques have led to the development of new control strategies
considering fractional-order models. Consequently, the design of control
systems based on fractional-order calculus requires developing novel
tools and techniques [31]. For example, fractional-order optimization
methods have been developed to tune fractional-order controllers [32],
and fractional observers have been used to estimate the states of frac-
tional systems [33]. In addition, simulation tools have been developed to
simulate fractional-order systems and their corresponding control struc-
tures [34].

Control theory recognizes the structure of sliding mode control
(SMC) as one of its widely studied topics [35]. SMC is a robust nonlinear
control technique to synthesize controllers for linear and nonlinear pro-
cesses [18,36]. The fundamental principle of SMC is to drive the system
to a sliding surface, thus constraining the system dynamics to a specific
subspace. The control input is configured to keep the system on the slid-
ing surface, even in the presence of disturbances and uncertainty. This
approach ensures the stability and robust performance of the system.
Additionally, it also gives the SMC significant characteristics, serving
as a robust control tool offering effective response to nonlinear systems
with uncertainty. Thus, SMC is beneficial due to its insensitivity to devi-
ations and perturbations of modeling that affect these systems [37-39].
SMC has been implemented in a variety of contexts, including chemical,
electrical, mechanical, and aerospace systems, and has proven valuable
in practical areas such as power systems, robotics, and vehicle control.

As mentioned above, the SMC guides the controlled variable from its
initial state to a desired final state by employing a sliding surface that
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reflects the intended behavior of the process variable. Consequently,
the process behavior of the process will be sensitive to the surface pa-
rameters [40,41]. Within the control law, the sliding surface plays a
crucial role, comprising two components: the continuous (sliding part)
and the discontinuous part (reaching part) [35,42,43]. Despite its ad-
vantages, SMC can be challenging to implement due to the chattering
phenomenon. Chattering is a high-frequency oscillation in the control
input when the system is close to the sliding surface. This can result in
excessive wear and tear on mechanical systems and can cause electrical
noise in electrical systems. Various modifications have been proposed to
mitigate chattering, including boundary layer methods, smoothing tech-
niques, adaptive control methods, and some in fractional sliding mode
control [44].

The present study is motivated by the recent advances and the grad-
ual introduction of fractional calculus at industrial level, the importance
of fractional reduced-order models to characterize industrial processes,
and its application in the framework of SMC to improve control perfor-
mance of this control structure in chemical applications.

This paper presents a comprehensive study aiming at identifying the
potential benefits of adopting a complete, schematic, and organized gen-
eral fractional model in the context of SMC control design, as well as its
potential applications in other areas. SMC and fractional-order systems
have been used in different ways in previous research, but no mathe-
matical framework encompassing a general fractional-order model has
been developed. To the best of our knowledge, this is the first time that
a generalization of a fractional-order model has been utilized to synthe-
size an SMC law, and different specific realizations of the control law
are used to validate its effectiveness.

To summarize, the key contributions of this research are as follows:

1. Introduce a comprehensive and structured general fractional model
in the context of SMC control technique.

2. Explore the potential benefits of using this general fractional-order
model.

3. Examine the implications of the general fractional model in control
design and its applicability in various fields. Finally, it validates the
proposed control law through testing with specific implementations
in chemical process.

The structure of this paper is organized as follows. Section 2 pro-
vides background information on fractional calculus. In Section 3, the
generalization of the fractional Sliding Mode control law is presented,
considering a general fractional reduced-order model. Section 4 consid-
ers some particular cases of the control law discussed in the previous
section. An analysis of the stability is discussed in Section 5. Section 6
shows the numerical results when the designed control law is imple-
mented in two application examples, a nonlinear mixing tank and a
high-order linear system with a long time delay. Finally, conclusions
are presented in Section 7.

2. Elements of the fractional calculus
2.1. Brief introduction to fractional calculus

Consider a finite interval [a, b] on the real axis R. The Riemann-
Liouville fractional integral of order @ > 0 is expressed as (refer to [45—
481):

h(t)

a __L [0
(I%h) ) _r(a)/(x_z)l—a di, x>a, @

where I'(a) is the Gamma function. Let IZ+ (L) denote the collection
of functions h represented by (1) of a summable function, where h =
I{‘Iﬂ(p and @ € L(a,b). Note that a comprehensive description of these
functions can be found in [45,48]. We denote the classical integral as 1.
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Theorem 1. A function h € I{‘;(Ll(a, b)),a > 0, if and only if Ié:"‘h €
AC!([a,b]), I =[a]+1 and (17" P (@) =0, k=0,...,1 - 1.

AC'([a, b]) represents the set of functions A that are continuously
differentiable within the interval [a, b], up to order [ — 1, and AU~V is
absolutely continuous in [a, b]. Removing the final condition from The-
orem 1 yields a set of functions permitting a summable fractional-order
derivative.

Definition 1 (Refer to [48]). For a function h € L(a,b) to have a
summable fractional-order derivative (DZ+h) (x), it must satisfy the

condition:

(I'2%h) (x) € AC!([a, b)),
where [ = [a] + 1.
Definition 2. For a > 0 and / = [a] + 1, the operator DZ . is defined as
I
. d _

follows: <Dz+f> (1) := (E) (I{’ﬁ”f)(t), whenever f € L[a,b].

Some important results that facilitate in advancing fractional theory
concern the composition of operators, a concept not universally valid;

hence, it is necessary to carefully consider the hypotheses required for
the function.

Lemma 1. If R(a) > 0 and f(x) € L,(a,b), with (1 < p < c0), then the
following equalities

DLIY )= f(x) and (DLIZx)=[f(x) R@>0), (2

hold almost everywhere on [a, b]. (See the proof in [48].)

Lemma 2. Let R(a) >0, n=[R(a)|+ 1 and let f,_, = (It’z';"‘f)(x) be the
Riemann-Liouville fractional integral of order n — a.
Ifl<p<ooand f(x) € I;+(Lp)l then

(% D%, f)x) = f (). 3)
(See the proof in [48].)

2.2. Laplace transform of fractional-order derivatives

Definition 3. Consider F(s) := (& f)(s) to represent the Laplace trans-
form of certain function f, @ € (n— 1,n], and n € N (see [48]).

(£ D& f)(s)=5"F(s) - Z SFHDETF £)(0)
k=1

Note that the semigroup property for the composition of fractional
derivatives is not universally applicable (refer to [47, Sect. 2.3.6]).
Specifically, the property:

DZ+ (DZJZ) = Dzyh, 4
holds under the conditions:

K@t =0, j=0,1,...,s—1, ®)

where h € AC’~!([a,b]), h® € L,(a,b) and s = [y] + 1. This result can
be summarized in the following lemma:

Lemma 3. Let h € AC*~!([a,b]) and h® € L, (a,b). Then, the equation
DZ+ (DZ+)h=DZ+ (DZ+)h’ (6)
holds provided that
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h@hH=0, j=0,1,...,s—1, %)

where s = [y] + 1.
Proof. Refer to [47, Sect. 2.3.6] for the proof. []

3. Theoretical mathematical model

This section presents a generalization of the fractional-order slid-
ing mode control law, considering a general fractional reduced-order
model. The reaction curve is achieved using an open-loop procedure
[49], which involves subjecting the process to a step-type change, ap-
proximately 10% around the operating value in the controller output.
The model parameters are determined using the methods presented by
Gude et al. [25,22].

It is important to note that this model is obtained solely for the design
of control laws and will not be subject to subsequent abrupt changes.
In addition, most chemical processes are in the regulation mode, which
means that the rejection of disturbances is the main control activity. The
natural robustness of the SMC compensates for the uncertainties in the
model.

Remark 1. Although the model provides a generalized representation of
the process, this paper prioritizes simpler cases for both examples and
numerical implementation. Utilizing a broad framework for straight-
forward problems might appear contradictory, however, our aim is to
thoroughly comprehend the model, scrutinize the theorems, and assure
precise mathematical computations. Given that the model represents
overdamped systems, it has potential uses in chemical processes and
mobile robotics.

This section is organized as follows. In Section 3.1, the mathematical
objects necessary to better understand the generalization of the reduced-
order fractional model are defined. Section 3.2 presents a generalization
of the fractional-order SMC control law considering a general model,
which is expressed in the form of a rational transfer function with mul-
tiple fractional parameters.

3.1. Introduction of the mathematical objects

Before defining our model, let us define the following mathematical
objects that will help us better understand generalization.
Considering

aa] X“l eoe aam Xam s
ay < <dp,
where the variable X% corresponds to the fractional derivative or inte-
gral of order «; in terms of the vectorial representation (X*1, ..., X%).

J
We introduce the abbreviations

a Ay _ a)ta a a3 _ arta o a, — ay+---+a,
XM X2 = XUt xoxe = xotea oy . X% = X% n

A is a set of all combinations of m indices ay, ..., @, with 1 <p; <--- <
Hp S 1.

Example 1. Consider the considered set A = {ay,ap, a3, 2] + @, 0] +
a3, + a3, + ay + az}. Then S, (-) = ay + a; D*' + a; D* + a; D™ +
ap DT 4 ay3 DY g3 DY g5 DY Parameter ) is the
identity element of A.

The parameters a4 € A represent all possible combinations of sums,
as shown in the example. With this in mind, we can define the operator
that we will use throughout this paper. The Riemann-Liouville operator
D

at

(22r) 0 :=(Dr) 0= (dd—x)l @7 )y ®)
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This operator satisfies the following conditions:

- DY) =(")
o () = (")
« If max{a, } <1 means that )/ ¢; < 1. Then

d 1—
(p22r)w=(7Z)ar . ©
n € N is connected with the transfer function.

On the other hand, consider the operator ¢ decomposed into a dif-
ferential part S, and an integral part I, expressed in terms of the
fractional-order derivative operator as follows:

o[X.,Y] :=DS, [X, Y]+ VI, [X,Y] (10)

where S,,1, € AC' (R xR,R), ® and ¥ are real constants, and ¢ can
be considered as a real-valued function ¢ : R X R — R. Our operators

S, and I, can be written in the following form:

Sa()= D asD(), an
A

I,()= Y b43"" () a2
A

where n=[a,]+1and a, and b, are real numbers. D% is the fractional
derivative in some sense and J"~%4 is the Riemann-Liouville integral.

3.2. Rational model functions § with p € R and multiple fractional
parameters

In this section, a generalization of the fractional-order SMC control
law is proposed by considering a general model in the form of a ratio-
nal transfer function with multiple fractional parameters. To proceed
with this development, we will first define the sliding surface function.
Taking into account equation (10) and the function e, secondly, we will
propose a general form for G. This function generalizes any rational
model of the form constant over exponential. Thirdly, we will adapt o
to the form of G under certain conditions, for which we will propose and
demonstrate a key proposition. Fourthly, we will conclude with a the-
orem that completes the cycle and allows, under certain assumptions,
the use of this method by simply applying the theorem as seen in the
example later on.

Definition 4. Consider e, Ie € AC!(R, R) functions. Using (10), the slid-
ing surface function o,[e, Ie] is defined as:

oyle, Iel(t) = DS, [e, Iel(t) + W1, [e, Le](t). (13)
We introduce the operator T as follows:

TX) :=(X.Y)=X +1Y, 14
in consequence:

T(e) :=(e,Ie)=cqe+¢;1e, (15)
where c;,¢; €R and I(-) represents the classical Riemann integral.

Consider the following function G(s) : R — R, defined as:
K

G(s) := (16)

n

K
T s sk
[ewos T1%%5

i=1 k=0

where p; € R and «; € [a, b] (fractional parameter) for each i € N.

Example 2. The case considering n=2, p, =T, p, =L, a; = a, and
a, =1 is the most studied case and corresponds to the transfer function
of the FFOPDT model [22]:
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K

G(s)= ————.
exp(T's*) exp(Ls)

a7

We now provide a first-order approximation for the function G(s)
from eq. (16):

G(s)= K , as)

. (Pisai)o (P,‘Sai)l
I1 o T T

i=1

where r; is the i-th component associated with the truncation of order i
in the Taylor series expansion. Thus, the expression can be simplified:

Ge)=—F 19

H(l +ps% +r;)

i=1

Remark 2. The expression (19) represents a generalization form of a
function g such that p € R and ¢ = O(s). Note that the differentiability

problems occur only at the zeros of Q.

Proposition 1. Consider G(s) = 58 and the hypothesis of Lemma 3
K
o= s 0 '
i=1 k=0 :
Then, we have:
n oo pk
X+ H Z k—i!D"“'X(t) =U®K, (20

i=1 k=1

where D*% represents the fractional derivative of order ka; (note that
Di()=D()= ().

Proof. Let G(s) define as:

G(s)= =— 21)

This implies:

n o0 . 0’1 k
xo[[3 @ L " _ UK. (22)

i=1 k=0 k!

The above proposition establishes the relationship existing between the
transfer function G(s) and the expressions for X (s) and U(s).

Due to the convergence property of power series and Lemma 3, we
can write the following relation:

(o)

o] o]
D Y (pis) = Y D(pys™) = ) D (pls*). 23)
k=0 k=0

k=0 =

Applying the Laplace inverse transform £7! to eq. (22), while assuming

that Z sk’l(Dgi_kX )(0) = € such that ¢ — 0 for each n € N, results in
k=1
the following expression:
n oo plf
112 k—"Dk"iX(t) =U®K. 24)

i=1 k=0 "

Remark 3. Note that these conditions (};_, s"_l(Dgi:kX )(0) =€) are
required in the case where the fractional parameters reside in an interval
(a,b). However, in the case where they are in (0, 1), it is sufficient to
request the initial condition only on the function (X (0) =¢).

We are aware of the difficulty posed by initial conditions in frac-
tional calculus, due to its non-locality. However, this is a much more
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advanced topic of discussion that falls outside the scope of this paper,
as we impose the condition max(} , a4) <1, seeking to make the im-
plementation much simpler.

On the other hand, and merely aiming to generate future discussions
on the treatment of initial conditions in fractional calculus, one could
consider sets of functions (polynomials, for example) that ensure the
solution of initial value problems. []

Consider the error signal e(t), which is defined as follows:

e(t)=R@®) — X (), (25)

where R(?) is the setpoint, specifying desired operating values for track-
ing changing references or rejecting disturbances, and X (7) is the process
output or controlled variable, representing actual output values. Error
information is fundamental in SMC as it uses feedback to adjust the pro-
cess and ensure it meets the desired specifications, whether tracking
changing references or regulating against disturbances. Both functions
R(t) and X(¢) belong to AC"([a,b]),n € N.
In consequence,

4 o—e=R-X, (26)
dt

le=IR-1X. 27)

Now, we analyze the implications of T(e).

Te)=TR-TX. (28)

Te)=(R—-X,IR-IX)=R-X+IR-1X=
R+IR-(X+IX)=TR-Tx.

The following proposition is needed to continue our development; its

proof is quite straightforward.

Proposition 2. Consider ay >0, a4 € A and n4 = [a 4]+ 1. The derivative
of o,[X,Y] with respect to time t is zero if and only if:

(@ZaA< t)""”+ ZbA >I"A “A(T(e)) = 0. 29
A

- d \"a! d

On the otherhand,lfD,A=<I>;aA (E) +‘P;bAE. Then, we
can rewrite (29) as:
DA1"~(T(e)) = 0. (30)
Proof. Using linearity:

d

p «(T(e) = (3D

%aa [e,Ie] =

d d
(DESa[e,Te]+‘I’EIa[e,Ie]=
d a d n—a _
[} AE GAED Ale,Ie)+¥ AE bAEI Ae,Ie)=0.

Finally, using the definition of the fractional derivative, we get the re-
sult. [

The following particular cases serve to apply to specific models
(whether known or unknown. For example, of order a; + a,) and to
understand how the proposition works.

Particular Cases:

1. When n, =1, (29) reduces to:

<¢‘ZaA( 1) +lPZbA )11 (e, Te) = 0. (32)
A
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2. Using I in the equation (29) instead of I"47%4:

@ZaA( ) le, Ie]+‘PZbA[e Iel= (33)

3. Using I in the equation (29) instead of 1"4™%4 and n, =2:

<DZaA< ) le.Ie] +‘I‘ZbA[e Ie]= (34)

Remark 4. Two conditions to discuss: the first is that max(} , a) <1
serves to simplify the model when calculating and computationally im-
plementing it; however, in this paper, the model is developed in a gen-
eral way. The second is that taking n, = [a A] + 1 ensures that each
of the indices of a4, € A meets the condition. For example, if we work
with two fractional indices @, a,, the condition requires that n; = a; +1,
ny =a,+1, butalso n, = (a; + @,)+ 1. Consider that n =n, =[a ]+ 1.

By using Proposition 2 and the operator T applied to e, we have the
following relationship:

d a d n—a
(I);aAZD A(TR—TX)+‘I’;bAE1 4(TR-TX)=0.

In summary, under the general control law study and when the operator
T is applied to the error e, it leads to the relationship o, (T(e)) =0.
In consequence, we can write the following system:

nook

H Z Dk"'X(t) =U(K,

i=1 k= 0 p J (35)
— D% — — J"% — =
@;”Ad:D (TR TX)+\PZA:bAdtI (TR-TX)

or equivalently,

H Z Dk":xo) =U(K,

i=1 k= 0 (36)
D/A1"a=%a(TR-TX)=0.

With all the results previously displayed, we can formulate the following
theorem:

Theorem 2. Let A be a set of all combinations of m indices ay, ..., @,
X,Re L(a,b), ay €(a,b) and a,,b,, P, ¥ € R. Under the hypothesis of
Lemma 3 and D°(-) = D% (.) = ¢;, where c¢; €R for each i € N. Then, the
control law in the Riemann-Liouville sense is provided by:

U@l =

z [H Z D"”"X(t) D' ["A~“A(R+ IR — (X+IX))]
i=1 k= 0

Considering 6 < n and the truncation error of the exponential function equal
to zero, we get the following expression:

U =
L5 doxo-
i=1 k=0
d q d n—a
(%mkﬁpu%kalk k>~<R+IR—(X+IX))]. (37)

The explicit matrix form for (37), which is very useful for implementation
purposes, is:
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KUt =
n 0 _k
Py ka; d d _
-L pke —( ®a, = D% + Wb, L “k))-
(gk=ok! /;4 dt dt
X
<R+IR—(X+IX)> (38)

Here, 6 < n is a parameter that governs the truncation of the expo-
nential power series expansion. It is worth noting that, in practice, the
value of 6 is taken to be large, approaching infinity, to ensure accu-
rate results. In addition, »n denotes the number of exponential functions
involved in the operators S, and I,,.

4. Particular cases

In this section, we consider several particular cases of the control
law given in Theorem 2.

The structure of this section is as follows: Section 4.1 deals with the
classical approach to the fractional-order SMC control law, assuming
the fractional parameters approach one. In Section 4.2, the control law
is particularized for the case of transfer functions with two exponen-
tial functions, which is an interesting case due to its relevance to the
FFOPDT model. Finally, Section 4.3 formulates the explicit general case
involving n exponential functions.

4.1. Several cases and classical approach

The limit will be taken as the fractional parameters tend to one, with
the idea of showing what the control law looks like in the classical case
(that is, with integer parameters) to guide the reader on how the model
looks in a particular case.

Case 1: Consider n=0=1, A= {a;}. Using the explicit matrix form of
Theorem 2. Then we have:

KU(t) =
S d d
<C0+p1Dal —<2<I>akEDak+‘PbkEI""_ak)>~
k=0
X
R+IR-(X+1X)
where ¢; =¢.

Case 2: Consider ¥ =0,n=2,60=1and A = {a;,a,,a; + @, }. Using the
explicit matrix form of Theorem 2. Then we have:

KU(t) =
2 1k
P ke, d X
13 %t _chak_uak).( k )=
<i=lk=0k! = dt R+IR-(X+1X)
2 4 B
& — — D% . =
<[l[<ci+PiD ) %@akdsz> <R+IR—(X+IX)>
p

d d d
+p, D" )( + D”2> —d>< — D% +a,— D"+ —D”1+”2)) .
((cl P TP @ dt “ dt 12 dt

X
R+IR—(X+1X)
(39)
Taking lim1 U(t), fori=1,2, we get:
=
KlimU(t)=
;=1

liml (0102 + ¢y py D2 + cyp; D! + p, p, D*17%2 )X—
a;—
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. d d d
@1 ( L po 4, L po 4 —D”1+"2)(R+1R— X+1X)=
e\ g “ 2y ( )

d d?
<Clcz +(c1pp + CZP])E +p1pzﬁ)x—

dZ d3

((a1 tayis +a12ﬁ><R+1R—(X+IX))

40
Case 3: Consider ®=0,n=2,60 =1and A = {a;,a,,a; +a,}. Using the
explicit matrix form of Theorem 2. Then we have:

KU(t)=

2 1 k
pi ka; d n,—a . X
<H LAY LS Ll B Ny o

i=1 k=0 """ keA

Case 4: Consider the function (39) of the case 2. And taking the follow-

ing limits process a; + ay = 1,0y — %,az - % Then we have:

KU =
1 1 d 1 d 1 d 1
+ Dz)( + Dz) —<I>< 4 pr4a, 2 D3 —+a;, LD ))
((Cl Pi CTP aldt a2dz alzdz

X
R+IR—(X+1X)
4.2. Two exponential function case

This particular case is the most studied and approximates the transfer
function of the FFOPDT model [22].
Consider the transfer function of the model (16) given by two expo-
nentials (n = 2):
K
Nk
2 o0 (pis a,)
Hi=1 2k=0 k!
Truncating the series at k = 1 and assuming that the truncation error is
zero, we obtain the following rational transfer function:
_X(s) K
T Er—
ues) T2, (1+pis®)

G(s)=

G(s) (41)

Remark 5. Despite the unnecessary use of the product notation in this
case to represent the product of only 2 binomials, we will employ it as
it is simpler and helps to understand the subsequent generalization.

Notice that the denominator Q(s) of G(s) can be expressed as:

2

o) =[] (1+pis%), (42)

i=1

and we can observe the following properties:

1. O(s) =0 if and only if p;s% = —1, which is equivalent to s% = ;Tl
with p; #0 foreachi=1,...,n. 1
2. The degree of Q(s) is given by grad(Q(s)) = Z,'.':l «a; for the gen-
eral case, and grad(Q(s)) = a; + a, for the specific case mentioned

above.
By using Theorem 2, with 6 =1 <n=2 and ¥ = ® = 1, we obtain:

KU®) =

21
HZﬁDkﬂi _<Za iD”k+b i[”k‘ak) .
k! & hat kdi

i=1 k=0

X
R+IR— (X +1X)
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4.3. Explicit general case

In this section, the fractional-order SMC control law is obtained by
considering a general model in the form of a rational transfer function
with multiple fractional parameters.

Consider the transfer function of the general model (16) given by n
exponential functions:

X(s) _ K

G(s)= U0) =—

) (43)
(14 p;s%)
i=1
where K € R. By using Theorem 2, with # < n and ¥ = ® = 1. We derive
the control law.

KU®) =
n 1 p(g

[H 3 2o DX (@) = DIA IR+ TR = (X + IX))] =
i=1 k=0 "

n
[H (c,. +p,.D“f)X(t) -y 4L (axD + b1 )]

. dt

i=1 keA
Note that the series is truncated in our last model at order 1, yet we have
n fractional indices whose sum can be equal 1. The intriguing aspect of
the proposal is its flexibility, although numerical implementation might
be challenging or even impossible.

5. Stability (convergence condition)

This section explores the concept of stability, extending it beyond
the classical framework, and focusing specifically on Lyapunov stability.
Understanding the role of stability in a broader context can be challeng-
ing and abstract. Therefore, it becomes crucial to scrutinize the explicit
form of objects to ensure stability. However, we will elucidate a path
that navigates through the classical approach while incorporating more
general objects.

In the context of SMC systems, stability is obtained when two condi-
tions are met: a) the stability of the sliding surface, which depends on
the choice of parameters a4, and b) reaching the sliding surface within
a finite time, guaranteed by satisfying the reachability criterion.

Consider the discontinuous or switching part of the controller U (t),
which can be defined as:

U, ) = Kpsgn(c(t)). (44)

The complete control law is provided by:
v =
1 n oo pk d
ik _ a _ _
7 [HZ LD X = ® Y, ay T DR+ TR = (X + 1)
i=1 k=0 A
WY by Lrmea(R+ TR- (X + 1)())] +U, ).
~ di
Considering

o,le, Ie](t) := DS, [e, Ie](t) + V1, [e, Ie](r), (45)
and equations (11) and (12),

o,le Ie](t) =

@Y a,D%(e,Te)+W Y byI" (e, Ie). (46)
A A
Using

e=R-X, 47)

we can rewrite (46) as:
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o,le Ie](t) =

@Y a,D(R+IR—(X + X))+
A

WY byI" R+ IR = (X + 1X)). (48)
A

At this point, one can observe the need for an explicit model to
properly study stability. Calculating %aa [e, Ie](t) in relation to the con-
sidered model, the following expression is obtained:

%aa[e, Iel(t) =

d d 3
© LS, le. Tel) + ¥ I e Tel(r) =

e Z a,D4(R+IR— (X +IX))+
dr &

d _
Y— b, I" *"A(R+IR—- (X +IX)). 49
dt; JT"A(R+ TR — (X + X)) (49)

Using Proposition 1, through algebraic manipulations and an explicit
model, it could be seen that the equation

%Ua[e, Ie](t)o,le, Ie](t) <0

holds.

Remark 6. The handling of a model with abrupt changes must be ap-
proached from a distributional perspective. Although the theoretical
mathematical model requires functions with favorable properties in
terms of differentiability or integrability, from a practical and exper-
imental standpoint, the step or impulse (a distributional derivative of
the step) is omitted due to its practically negligible contribution to per-
formance, given its very short duration and the detrimental effect to
the final control element. In other words, from an experimental imple-
mentation perspective, responses with steps or impulses are treated as
a continuous model; therefore, our model is applicable.

6. Application examples

To investigate the feasibility of the designed control law, numerical
simulations are implemented by applying it in a nonlinear model and
analyzing the performance when the process works in regulation mode.
Additionally, the proposed controller is applied to a high-order linear
system with a long time delay. The results were acquired through sim-
ulation with Matlab-Simulink.

Remark 7. As expected, two particular cases were used for computa-
tional implementation. The purpose was to demonstrate the flexibility
of the theoretical proposal, but crucially to evaluate it against existing
results, and thus confirm its efficacy.

6.1. Mixing tank process

A nonlinear mixing tank process [18] is considered, as illustrated in
Fig. 1. The tank is fed by two streams: a hot flow W] (¢) at a temperature
T, (1), and a cold flow W, () at a temperature T,(f). A temperature trans-
mitter positioned 125 [ft] from the tank determines the temperature of
the outflow (7}(¢)).

The control system is designed to keep the mixing temperature 75 ()
stable despite fluctuations in hot flow W/ (). This is achieved by ma-
nipulating the fail-close valve (FC) to adjust the cold flow W,(t). Fur-
thermore, the temperature transmitter is calibrated to measure within
a range of 100 to 200 [F]. For the interested reader, the complete de-
scription of the nonlinear model, the steady-state parameters, and the
system variables are found in [18].
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Fig. 1. Mixing tank process.
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Fig. 2. Open loop response of the mixing tank process for step input.

6.1.1. Mixing tank process identification

Fig. 2 depicts the output of the mixed tank process and the two
approximate models, FOPDT and FFOPDT. The parameters of the ap-
proximate FOPDT model were derived using the methodology proposed
in [50], while those for the approximate FFOPDT model were deter-
mined using the approach presented in [23]. Equations (50) and (51)
show the approximate models in the form of transfer functions.

—0.82016_4'2712s
218455 +1

—0.8201¢=*2391s

2.2649510161 4 1

Groppr(s) = (50)

Grroppr(s)= (51)

From equations (50) and (51), the controllability index (% > 1) in-

dicates that this process is difficult to control with a dominant time delay
[14]. Note also that for cases with % > 1, the FFOPDT model has a pa-
rameter « that is somewhat more than one.

The mean squared error (MSE) is used as an index to validate the
approximate models obtained. Specifically, the results obtained for both
reduced-order models, FOPDT and FFOPDT, are M.SEroppr =2.5127-
1077 and MSEppoppr = 4.8353-1077, respectively. It can be seen that
the value of the MSE index is very low for both approaches. Thus, the
models have been validated.

6.1.2. Fractional-order sliding mode control implementation
In this part, the general expression for the fractional-order SMC con-
trol law is specifically expressed for the FFOPDT model considered in
the application example. The approximate fractional model presented
in (51) can be rewritten as a particular case:
K

0= D @se + D G2
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where K = —0.8201,T =2.2649s, L =4.2391 s, ¢; =1.0161,and a, = 1.

The transfer function for the general fractional-order model dis-
cussed in this study is as outlined in (16). Considering the first-order
approximation (6 = 1) of the two-exponential function case (n = 2) while
assuming that the truncation errors are zero, one obtains the expression:

2 1 k
0= 413 o xo]-

i=1 k=0
% X(t) + p; DY X(1) + py D2 X (1) + p,py D“1+“2X(t)]. (53)

From eq. (53), the following expression results:

DU TR X (1) = LU(t) - iD“lX(t) - iD“ZX(t) - Lxu) (54)
PP P P p1p2
Note from (52) that py =T and p, = L, and K, a; and «a, take the
numerical values above.
Next, considering ® =1, ¥ =0, and the set A = {a;, a5, a; + @, }, the
particular form of ¢, [T(e)] (1) is:

Z akiD"k(R+ IR-(X+1IX)=
i dt
€A
age(t) + a; D e(t) + a, D™ e(t) + a;, D11 *%2e(t) = 0 (55)
Following the procedure presented in Section 4 and considering that
ay,a, — 1, the derivatives approach the classical limit; therefore, we can
assume that D* R(t) =0, D®2R(t) =0, D*1**®2 R(t) = 0. In [18], it was
demonstrated that the elimination of the derivatives of the reference

value does not impact the performance of the control, leading to a more
straightforward controller.

Remark 8. Despite the mathematical rigor employed in this work, as-
sumptions about derivatives of the reference signal are given to simplify
the practical implementation. These assumptions do not affect the de-
velopment of the theory or the application itself.

From eq. (55), the following sliding condition is obtained:

age(t) — ay D" X(1) — a, D2 X (1) — a;, D2 X (1) = 0 (56)

Combining egs. (53) and (56) and considering a;, = 1, we have:

age(t) — a, D™ X (1) — a, D X (1)
[i U@t — ~ D" X(1)— L D2 x(r) - LX(r)] =0 (57)
PPy 123 )41 PPy

Thus, the equivalent controller law is:

U, ()=

% [aoe(l‘)-i' (,,1_2 —a1>D"“X(1)+ (171_1 - az)DazX(l)+ ﬁx(t)

(58)

To determine the adjusting parameters for the sliding surface, we
adhere to the guidelines provided in [18]. These choices guarantee min-
imal performance indices and are provided as follows.

L_1

al:p_zzL (59)
1 1

ay=—=— (60)

: T

To ensure that the sliding surface behaves as an overdamped system,
ag should be:

2
(a)+ay)
S0
Then, the resulting equivalent controller law can be rewritten as fol-
lows:

ay (61)
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Table 1

Controller tuning parameters.
SMC, 40 SM C/zra[m.ved
4p=0.1197  a,=0.1147
2, =0.6919 @, =02359
- a, =0.4415
Kp,=03735 K,=03862
6=0.7054 6=0.6890

260

240 1
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220 / 1
200 2nd

160 / 4th b
140 - / 8

W, (t) [Ib/min]

120 . . . ! !
0 200 400 600 800 1000 1200
Time [min]
Fig. 3. Variations of hot flow W (¢).
1
U, () = % [T Lage(t) + X(1)] . (62)

Finally, the complete control law, the equivalent control law, and the
discontinuous control law are presented in (63). Furthermore, to avoid
the chattering effect, the discontinuous part is smoothed as proposed in
[18]:

Kpo, (1)
lo O] +6

We compare the performance of the proposed controller with the
SMC proposed in [18], called classic. Parameters K, and 6 are adjusted

using the methodology described in [18]. The tuning parameters for
both controllers are presented in Table 1.

U@t)= % [T Lage(t) + X (1)] + (63)

6.1.3. Simulation results of mixing tank process

As mentioned above, the objective of controlling the mixing tank
process is to maintain a constant required mixing temperature 75(t) in
the presence of disturbances in the hot flow W (¢). Fig. 3 illustrates these
disturbances in the hot flow W(¢), showing four reductions in the hot
flow rate: the first, a 50 [Ib/min] reduction at 10 minutes, followed by
three additional reductions of 25 [Ib/min] at 210, 450, and 750 minutes,
respectively.

Furthermore, the adjustment made to W(¢) changes the time delay
from 3 to 4.9 minutes, as illustrated in Fig. 4. Hence, the mixing tank
process can be seen as a system with a variable dominant time delay.

Fig. 5 illustrates the process output in response to the disturbance
rejection test, indicating that both controllers can maintain reference
values in the presence of disturbances. However, the proposed controller
exhibits slightly better performance during the final perturbation.

Fig. 6 shows the evolution of the control action for the disturbance
rejection test, revealing that both controllers perform similarly.

Different measures, including the integral absolute error (1 AE), in-
tegral square error (.S E), and the total variation of the control action
(TVu), were employed to evaluate the effectiveness of both controllers.
The T'Vu index shows comparable results for both controllers. However,
the proposed controller shows slightly lower I AE and I.S E values com-
pared to the SMC controller (Fig. 7).

To assess the stability and convergence of the controller, the phase
diagrams in Fig. 8 illustrate the evolution of the control law in response
to each disturbance shown in Fig. 3. In this instance, the process output
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Fig. 4. Time delay variations.
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Fig. 5. Temperature responses of mixing tank process for disturbance rejection
test.
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Fig. 6. Controller output for disturbance rejection test.

remains stable at the desired reference level despite the disturbances.
Each disturbance causes a temporary deviation from the reference, in-
creasing the error. However, the proposed controller ensures stable per-
formance by showcasing a cyclic attractor that consistently converges
to the same endpoint after each disturbance. The phase diagrams effec-
tively demonstrate the controller’s capability to restore the process to
the reference level following disturbances and variations in the nominal
dead time.

6.2. High-order linear system with a long time delay

This numerical example was previously studied by Camacho et al. in
[51] and its transfer function is presented below:
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e—SS
G(s) (64)

T G+ D055+ 10255+ 1)(0.1255 + 1)

The system represented in Eq. (64) can be approximated by an
FOPDT model using the reaction curve method [49], as follows:

3685

G == 65
roppr(8) = T3 (65)

For the fractional model, the method proposed by Gude in [23] is
used to obtain the parameters of the FFOPDT model:

e—5A469s

—_— 66
1.668s1-124 + 1 €6

Grroppr(s) =

As evident from the above equations, the controllability ratio Ly
suggest that the process is difficult to control. Additionally, for these
cases, the FFOPDT model exhibits a parameter « slightly greater than 1.

Fig. 9 shows the open-loop process output response, alongside the
responses of the FOPDT and FFOPDT models for a step input. To val-
idate the approximate models, the mean square error (MSE) was cal-
culated, resulting in MSEpoppr = 1.721 - 107* and M SEgppoppr =
4.718 - 107, Both models exhibit low MSE values, indicating that they
are well-validated.

6.2.1. Implementation of the proposed control

To implement the proposed controller for high-order linear systems
with a long time delay, the procedure outlined in Section 6.1.2 is fol-
lowed. Using the approximate fractional model from (66), the following
parameters are obtained: K =1, T =1.668 s, L =5.469 s, a; = 1.124,

10
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Fig. 9. Open-loop output response of high-order linear system with a long time
delay for step input.

Table 2

Controller parameters for
high-order linear system with
a long time delay.

SMCyusic  SMCppopsea
Jo=02011  a,=0.1377
4, =09453 a4, =0.1828
- a, =0.5994
Kp,=0.1663 K, =0.2069
5=10.6989 5=0.6845

and @, = 1. Additionally, the first-order approximation (6 = 1) of the
two-exponential function case (n = 2) is analyzed under the assumption
of zero truncation errors. In this particular case, ® =1 and ¥ =0 are
considered with the set A = {a}, a5, a; + a5 }.

To adjust the sliding surface parameters, we follow the guidelines
provided in [18]. To achieve optimal performance indices and ensure
that the system exhibits overdamped behavior, the relationships speci-
fied in (59), (60), and (61) are applied.

The sliding surface is then defined similarly to (55), and the corre-
sponding control law is given in (63).

We compare the performance of the proposed controller with the
conventional SMC outlined in [18]. The parameters K, and 6 are opti-
mized using the approach described in [18]. The tuning parameters for
both controllers are presented in Table 2.

6.2.2. Reference tracking test

In this test, two reference changes are introduced. The first is a unit
step applied at 5 [sec], while the second involves reducing the amplitude
to 0.5 at 160 [sec], which is maintained until the end of the simulation,
as shown in Fig. 10. Both controllers successfully guide the process to
track the reference. Additionally, the proposed controller shows a lower
overshoot compared to the SMC during the reference changes.

Fig. 11 presents the responses of the control actions. It is observed
that the SMC controller generates larger control action peaks compared
to the proposed controller during the reference changes.

The performance metrics for the reference tracking test are shown
in Fig. 12, where it can be seen that the proposed controller has the
lowest values in terms of the performance indices TVu, ISE, I AE and
overshoot M,%. This indicates that the proposed controller provides
better overall performance.

6.2.3. Disturbance rejection test

In this test, a unit step reference change is applied at 5 [sec], followed
by a disturbance with an amplitude of —0.2, introduced at 160 [sec] and
maintained until the end of the simulation, as shown in Fig. 13. Both
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Fig. 12. Comparative of performance indexes of the controllers for reference
tracking test.

controllers successfully reject the disturbance while maintaining the de-
sired reference, with similar output responses during the disturbance.

Fig. 14 shows the control action for the disturbance test, showing
that both controllers produce very close responses when the disturbance
occurs.

Fig. 15 provides a detailed comparison of the performance indices
obtained for the disturbance test. It is evident that both controllers per-
form similarly, with very similar values in terms of /AE, ISE, and
TVu.
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To summarize, the proposed controller outperforms the original one
in the tracking test and yields comparable results in the disturbance
rejection test. Thus, the generalized model’s proposed controller is ef-
fective for processes with variable and dominant delays.

7. Conclusions

This article presented preliminary findings from a study evaluating
the potential advantages of adopting a unified, systematic, and orga-
nized general reduced-order fractional model within the SMC design
framework.

The simulation findings showed that, compared to an SMC based
on an FOPDT model, the proposed SMC, considering the generalized
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fractional model, performed slightly better in handling disturbances
with different dead-time variations. The proposed controller also outper-
formed the conventional SMC for high-order systems with long delay,
particularly in reference tracking. Future studies should explore a wider
variety of evaluations, including the effects of noise, the time required to
attain the sliding surface, and controller tuning equations derived from
fractional parameters obtained through the identification methodology.
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