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Abstract

We address the Selective Harmonic Modulation (SHM) problem in power electronic

engineering, consisting in designing a multilevel staircase control signal with some prescribed
frequencies to improve the performances of a converter. In this work, SHM is addressed through
an optimal control methodology based on duality, in which the admissible controls are piece-
wise constant functions, taking values only in a given finite set. To fulfill this constraint, the
cornerstone of our approach is the introduction of a special penalization in the cost functional,
in the form of a piece-wise affine approximation of a parabola. In this manner, we build optimal
multilevel controls having the desired staircase structure.

Copyright © 2022 The Authors. This is an open access article under the CC BY-NC-ND license

(https://creativecommons.org/licenses/by-nc-nd/4.0/)

Keywords: Selective Harmonic Modulation; Optimal Control Theory; Duality; Piece-wise affine

penalization; Multilevel controls

1. INTRODUCTION

In power electronic engineering, Selective Harmonic Mod-
ulation (SHM) (Sun and Grotstollen, 1992; Sun et al.,
1996) is a well-known technique, employed to improve the
performances of a converter by increasing its power and,
at the same time, reducing its losses. In broad terms, the
scope of SHM is to control the phase and amplitude of the
harmonics in the converter’s output voltage, by generating
a control signal with a desired harmonic spectrum through
the modulation of specific lower-order Fourier coefficients.
In practice, this signal consists in a step function with a
finite number of switches, taking values only in a given
finite set. This function can be fully characterized by:

1. The waveform, i.e. the sequence of values that the
function takes in its domain.
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2. The switching angles, i.e. the sequence of points where
the signal switches from one value to following one.

Hence, solving the SHM problem consists in determining
the waveform and switching angles in the control signal.
SHM has been extensively studied in the engineering liter-
ature. Nowadays, many different techniques are available
to approach this problem, among which we highlight:

1. Conversion into a finite-dimensional optimization
problem. It consists in fixing a suitable waveform
for the desired control signal and finding the optimal
location of the switching angles (Perez-Basante et al.,
2017). This approach has the main drawback of
requiring an a priori knowledge of the waveform, which
may be quite cumbersome in some situations. In fact,
even determining the number of switching angles is
not straightforward in general.

2. Conwversion into a polynomial system. This approach is
based on employing appropriate algebraic transforma-
tions to convert the SHM problem into a polynomial
system whose solutions’ set contains all the possible
waveforms for a predetermined number of switching
angles (see (Yang et al., 2016) and the references
therein). Hence, also in this case, it is necessary to
fix a priori the number of switching angles, which is
something that, in general, is preferable to avoid.

3. Conversion into a constrained optimal control prob-
lem. This is a very novel approach, which has been
firstly proposed in our recent contribution (Biccari
et al., 2021). It consists in identifying the Fourier
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coefficients of the signal with the terminal state of
a controlled dynamical system, where the control is
actually the signal, which is computed by minimiz-
ing a suitable cost functional. In contrast with the
aforementioned methodologies, the main advantage of
this formulation is that neither the waveform of the
solution nor the number of switching angles need to
be a priori determined. On the contrary, the optimal
waveform and switching angles are automatically
obtained as a result of the minimization process.

In this contribution, we present an alternative optimal
control approach to solve the SHM problem, based on the
so-called adjoint methodology, which has been systemati-
cally associated with optimal control problems and their
applications to several fields of science and engineering
(Castro et al., 2007; Giles and Pierce, 2000). A similar
methodology has already been applied in our recent work
(Biccari and Zuazua, 2021) to obtain multilevel controls
for linear time-dependent control systems satisfying the
Kalman rank condition. In this work, we will show how this

dual technique can be adapted to solve the SHM problem.

This document is structured as follows. In Section 2,
we introduce the mathematical formulation of the SHM
problem. In Section 3, we present the optimal control
approach to SHM and its dual version, which is the main
contribution of the present paper. Section 4 is devoted
to numerical examples of a concrete SHM problem that
we have solved by means of our methodology. Finally, in
Section 5, we summarize the conclusions of our work and
propose some open problems for future investigation.

2. PRELIMINARIES

In this section, we present the mathematical formulation
of the SHM problem and introduce the notation that will
be used throughout the paper. Let

U="{uy,...,ur}

be a given set of L > 2 real numbers satisfying

(2.1)

up =—1, ur, =1 and ug41 = up +

Vke{1,...,L}.

L-1

The main objective of SHM is to construct a step function
u(t) : [0,27) — U, with a finite number of switches, such
that some lower-order coefficients in its Fourier expansion

u(t) = Z {a]— cos(jt) + b, sin(jt)
JjEN
take specific values prescribed a priori.

Due to applications in power converters, it is typical to
only consider functions with half-wave symmetry, i.e.
u(t+m) = —u(t)

vt € [0, 7). (2.2)

Notice that, because of (2.2), the Fourier coefficients of u
corresponding to even indices j vanish. Indeed,

1 271'
a; = —/0 u(T) cos(j§7) dr

™

1 /07T u(7) [COS(jT) —cos(j(7 + 71'))] dr

s

l(1 — (—1)j) /07T u(r) cos(j7) dr,

s

1 2
b; = —/ u(7)sin(j7) dr
0

(1 - (—1)j) /07T u(7) sin(j7) dr,

1
which gives the Fourier expansion

™

u(t) = Z [aj cos(jt) + b, sin(jt)} (2.3)
jEN
2‘] r . 2 [T o
a; = 7—1_/0 u(r)cos(jr)dr, b; = ;/0 u(7) sin(j7) dr.

Moreover, in view of (2.2), in what follows, we will work
with the restriction wljp ) which, with some abuse of
notation, we still denote by u. Hence, we will consider
piece-wise constant functions u : [0,7) — U of the form

Q
ult) =Y SXig, b0 (B): QEN, (2.4)
g=0

where

e S = {sq}qQ:O with s, € U and s; # sqq1 for all
q€{0,...,Q} is the waveform.

o O = {¢q}¢?:1 are the switching angles such that
0=¢0<¢1<...<¢Q<¢Q+1=T(.
® X[4,.6,.1) denotes the characteristic function of the
interval [¢g, Pg+1)-
In the engineering applications that motivated our study,
due to technical limitations, it is preferable to employ
signals taking consecutive values in Y. In the sequel, we

will refer to this property as the staircase property, which
can be rigorously formulated as follows (see also Figure 1).

Definition 1. We say that a signal u of the form (2.4)
fulfills the staircase property if its waveform S satisfies

(spim, sy AU =0, Vge{0,....Q -1},  (25)

where s/ = min{s,, 5411} and s7'*" = max{sq, 5¢41}.

S4

1 =

1/2
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0 S1 83
-1/2
59
| | -
0 ¢1 ¢ /2 ¢ T 3m/2 2

Figure 1. Signals w(¢) in the form (2.4) with half-wave
symmetry, U = {—1,0, 1}, three switching angles and
fulfilling the staircase property (2.5).
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With the notations just introduced, we can finally formulate
the SHM problem as follows.

Problem 2. (SHM). Let U be given as in (2.1), and let
&, and &, be finite sets of odd numbers of cardinality
|€a] =: N, and |&| =: Np respectively. For any two given
vectors a; € R and b, € R™, we want to construct a
function w : [0,7) — U of the form (2.4), satisfying (2.5),
such that the vectors a € RV and b € R, defined as

a= (aj)je&,, b= (bj)jegb (2.6)

satisfy a = a, and b = b, where the coefficients a; and
b; in (2.6) are given by (2.3).

and

3. SHM AS AN OPTIMAL CONTROL PROBLEM

In (Biccari et al., 2021), the SHM problem has been
formulated via optimal control. The starting point of this
approach is to note that, in view of (2.3), for all j € N
the Fourier coefficients in (2.6) satisfy a = y,(m) and
b = yu(7), with y,, yp defined as

2 [ .
o= () e, Hast) = = [ utr)cos(inir

™

2 [ e
Yo = (U6) jee, wni(t) = — / u(7) sin(j7)dr.
0

Besides, thanks to the fundamental theorem of calculus,

Y := [Ya,¥s] ' is the unique solution to the ODE system
. 2
90 = 2Dwue. el
y(0) =0,

where D(t) = [De(t), Db(t)]
D°(t) € RN are given by

and D%(t) € RN+ and

2
D(t) = — [cos(elllt),cos(egt), e ,cos(eflv‘lt)]
;T (3.2)
D(t) = = [sin(e},t),sin(e,%t), e Sln(eb t)}
™
Here, € and e} denote the elements in &, and &, i.e.
Eo=1{ele2 &3, .. ey & = {eé,eg,eg,...,eé\f"}.

Hence, for &,, &, ar, and b, given, the SHM Problem 2
can be reduced to ﬁnding a control function u of the form
(2.4 Satlstylng Ag SU.Ch that the corresponding solution
y € C’ [0, ) +Nb ) satisfies y(7) = [ar, b] .
Flnally, through the Change of variables x(t) := y(m —t),
we get from (3.1) that x(t) satisfies

x(t) = C(t)u(?),
x(0) = [ambTr]T
with C(¢t) = —D(t), and the SHM Problem 2 is equivalent

to the following null controllability one.

Problem 3. (SHM via controllability). Let U be given as
n (2.1), and let &,, & and [ar, b] be given as in Problem
2. We look for a function w : [0,7) — [—1,1] of the
form (2.4), satisfying (2.5), such that the unique solution
x € C([0,7); RY) to (3.3) satisfies x(7) = 0.

€ [0,m) (3.3)

= Xp,

In (Biccari et al., 2021), we have shown that Problem 3 can
be solved via an optimal control approach, by computing
the optimal SHM control u. € L*([0,7);[—1,1]) through

argmin
weL([0,m);[—1,1])

x solves (3.3)

Fotu) = gelx(ml + [ o)

where € > 0 is a (small) penalization parameter and the
function £ € C(R) is constructed as the piece-wise affine
interpolation of the parabola P(u) = u?, considering the
elements in U as the interpolating points, and satisfies:

L(u) = {i\k(u)

Fe(u)

Ue =

fulwuw) ey pon

if u=uy,
(3.5)
where
A (0) := (Upg1 + Uk)U — UkUE41- (3.6)
In particular, we have proved in (Biccari et al., 2021,

Theorems 4.1-4.2 and Proposition 4.1) that:

e u., solution to Problem 3 is unique, has the form (2.4)
taking values only in ¢/ and satisfies (2.5).
e u. is continuous with respect to the initial datum xq
in the strong topology of L'(0, 7).
e The optimal trajectory x. associated with u. satisfies
- (m)llfn < 4em]|L]loo, (3.7)

that is, u. is an approximate control solution of the
SHM problem, allowing us to get e-close to the target
Fourier coefficients.

As we anticipated, the main interest of this paper is to show
that the SHM Problem 3 can be solved through duality.
As a matter of fact, applying general results of the Fenchel-
Rockafellar theory (Ekeland and Temam, 1999), we can
build the following dual problem associated with (3.4)

Pe,r = argmin J.(pr) (3.8)
pr]R

T.(ps) = /0 LH(CT(Op) di + 5 Ips i + (x0. )

where and £* € C(R) is the convex conjugate of L and is
given by (see (Boyd et al., 2004a, Chapter 3) and (Boyd
et al., 2004b, Section 3.31))

Ap(w)  ifw € [wr—1,wk)
LM(w) = ¢ A (w) ifw<wp Vke{l,...,L},
AL(w) ifw>wp
where A} (w) := wpw — u} and
wp = Wy — %, wp (= wr—1+ 71 (3.10)

Wk::uk+uk+17 Vke{l,,L—l}

Dual optimization problems as (3.8) are widely employed
in the control literature as they typically allow for an
explicit characterization of the controls (see (3.12) below).
Moreover, they may reduce the computational effort with
respect to their primal counterpart (3.4) when addressing
the optimization process. This because the optimization
variable in (3.4) is the control u € L([0,7);[-1,1]),
which is time-dependent, while in (3.8) one minimizes over
pr € RM. This renders an optimization process which
is, sometimes, computationally less expensive. We refer
to (Boyer, 2013) for a more complete discussion on these
issues in the context of the heat equation.
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In what follows, we will show that the multilevel staircase
control solution to the SHM Problem 3 can be obtained
through the minimization of (3.8) and is given by

u-(t) € 9L (CT (t)pe,r). for a.e. t €[0,7), (3.11)

where OL* denotes the subdifferential of the (non-
differentiable) function £*, defined for any q € RV as

aL*(q) = {c ER: L*(r) — £*(q) > C(r —q), ¥r e ]RN}.

Besides, since L* coincides with the standard derivative
wherever the function £* is differentiable, we have from
(3.11) that u. is given by the slopes of the linear branches
A7 in (3.9), except for the ¢, such that CT(t))per = we, we
being one of the values given in (3.10). This, in particular,
will imply that the controls computed through (3.8) have
the desired multilevel and staircase structure. As a matter
of fact, we have the following result.

Theorem 4. For any € > 0, there exists a unique minimizer

Per € RY of the functional J.. Moreover, this minimizer

is related with the minimizer u. of F. through the formulas

u-(t) € OL* (CT(t)pgm), for a.e. t € [0,7) (3.12)
and

X (T) = —€Pe.x- (3.13)

In particular, (3.7) is satisfied, i.e. pe,» univocally deter-

mines a multilevel and staircase approximate control u.,
solution to the SHM Problem 3.

Proof. First of all, the existence and uniqueness of a
minimizer p. » € RV for J. is an immediate consequence
of the direct method of calculus of variations, since
the functional is clearly continuous, strictly convex and
coercive, i.e.

J-(pr) = +00 as  |Prllgy — +o0.

Let us show that, if u. is in the form (3.12), then (3.13)
holds. To this end, we first notice that the minimizer p.
can be characterized by the Euler-Lagrange equation

Vv pr € RY,

:O7

o=

d -
Eja(pe,ﬂ' + UPn)

which, in our case, reads as

—(ePe.x + X0, Pr) € /07r (oL*(C' (t)pe.x), CT ()P dt,
(3.14)

where (-,-) is the standard scalar product in R¥. Besides,
the unique solution to (3.3) can be characterized through
a direct integration against a vector ¢ € RY as

(x(t) ~x0.0) = / (u(r), CT (1)) dr.

Then replacing ¢ = p, in (3.15), we see that the optimal
trajectory X. is characterized as

(e (7) — %o, Br) € / T (OL (CT (Bpen), CT (1P d.

Combining this with (3.14), we get that

<X5(7T) - XO?f)TF> = _<5p5,ﬂ' + XO?f)W>7
from which we immediately obtain that x.(7) = —€pe «.
Finally, let us show (3.12). To do that, let us consider
v(t) € LY([0,7);[~1,1]) and denote z,(t) the solution of

{z,(t) =C(t)v(t), tel0,m)
Z,(0) =0

(3.15)

(3.16)

Multiplying (3.16) by pe» and integrating in time, since
Z,(0) = 0, and using (3.13), we obtain that

0= [ it per) dt - /0 (CH0(t), perr) dt
= (2(7), Pen) — / ((t),CT (t)pe.r) dt (3.17)
0

1 s
= m(@xm) - [ ©00.CTOp.) dr

On the other hand, the minimizer u. of (3.4) can be
characterized by the Euler-Lagrange equation

0c /0 (O£ -(1)),0(0)) dt + (), 2 ()

Vo e LY[0,7); [-1,1]).
Combining this with (3.17), we then have that

0c /()W<é9£(us(t)) — CT(t)per,v(t)) dt.

Since the above relation holds for all v(t) € L([0, w); [-1, 1]),
we then conclude that
CT(t)pe.r € OL(uc(t)), for a.e. t € [0, ),

which, thanks to (Niculescu and Persson, 2018, Theorem
1.7.3), is equivalent to (3.12). Finally, the multilevel and
staircase structure of u. in (3.12) is a consequence of the
fact that, by construction, £* is a piece-wise affine function
and, therefore OL* is piece-wise constant. The complete
details of this last part of the proof are omitted here for
brevity, and can be found in (Biccari and Zuazua, 2021).

Remark 5. According to Theorem 4, our dual methodology
provides a solution to the SHM Problem 2 under the
perspective of approximate controllability, meaning that
we can construct a multilevel and staircase approximate
control u. allowing us to get e-close to the target Fourier
coefficients. For completeness, we shall stress that in the
literature (see, e.g., (Fabre et al., 1995)) approximate
controllability had also been addressed through a slightly
different approach, by minimizing the functional

To(pr) = / L(CT (t)px)dt + 2 [|prlgn — (X0, Pr)-
(3.18)

In this case, the coercivity of i, hence the existence
of an optimal control p. , is guaranteed by the unique
continuation principle

C(t) ' pr=0 foracte[0,m) = py=0.
This is the Fenchel-Rockafellar dual of the problem

/ " Lut)) dt
0

(3.19)

argmin (3.20)
uweL([0,m);[-1,1])

x solves (3.3)

[l (m) 1l v <e

Us =

Nevertheless, as it has been observed in (Glowinski and
Lions, 1994; Boyer, 2013)), to solve (3.18) or (3.20) nu-
merically may lead to important computational difficulties,
which can instead be avoided through (3.8)

4. NUMERICAL EXPERIMENTS

In this section, we present some numerical experiments to
illustrate how our dual approach (3.8) allows to solve the
SHM Problem 3. To this end, we consider the frequencies

&, =& ={1,5,7,11,13} (4.1)
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and the target vectors
a; = b, = (m,0,0,0,0)" € R®, ¥m € [-0.8,0.8]. (4.2)
In the engineering applications of SHM motivating our

work, m in (4.2) is the so-called modulation indez. Finally,
we choose ¢ = 107% and the control set

meaning that u. will be a 3-level staircase control function
taking only the constant values in (4.3). As for the
minimization of ., we adopt the approach of (Biccari et al.,
2021, Sections 6.1 and 6.2) and implement the interior point
method via the optimization software IPOpt (Wéchter
and Biegler, 2006), with the help of the open-source tool
CasADi (Andersson et al., 2019) for nonlinear optimization
and algorithmic differentiation. Our experiments were
conducted on a personal Acer laptop with 1.6 GHz Intel
Core i5-10210U processor and 16GB RAM. The results of
our simulations are displayed in Fig. 2 and 3, in which we
have plotted the function

®:[-08,08 x[0,7] — U
(m,t) — Ue (1),

where, for each m € [—0.8,0.8], ue », represents the solution
to the SHM problem in our case of study. That is, Fig.
2 and 3 contain all the solutions of the SHM problem
in the range of modulation indices m € [—0.8,0.8] and
with the frequencies, targets coefficients and levels defined
in (4.1), (4.2) and (4.3), respectively. In Fig. 2, ug p, is
displayed seen from above. Each vertical snapshot in the
picture corresponds to a multilevel control for a specific
modulation index, which moves from one level to another
each time there is a change of color. Moreover, to better
appreciate the multilevel and staircase structure of the
controls obtained, we present in Fig. 3 a side view of ue .
In both figures, we can appreciate how our numerical results
are in accordance with Theorem 4.

t
T/ i 1
‘
-1
0. 0.4 0.8

Figure 2. Top view of the 3-levels staircase control for the
SHM Problem 3 computed via the minimization of 7.

Ue,m (t) =0

3m/4

- /2

™/

T
4
0
-0.8 -0.4 0

m

Finally, in Figure 4 we plot [|x.(m)||Z.0 for all values of the
modulation index. We see that, in accordance with (3.7),

- (m)]|210 ~ & ¥m € [~0.8,0.8].
This confirms the effectiveness of our methodology.

5. CONCLUSIONS

In this paper, we have discussed the Selective Harmonic
Modulation problem in power electronic engineering adopt-
ing an optimal control viewpoint. More precisely, we have
illustrated how the SHM Problem 2 can be interpreted

Ue () = D(m, t)

-1

Figure 3. Side view of the 3-levels staircase control for the
SHM Problem 3 computed via the minimization of 7.

—6
g.5 0 ‘
— % (m)|?

2,
15!

1
0.5 ‘ 1 »

0.8 0.4 0 0.4 0.8

Modulation index m

Figure 4. Errors between the computed Fourier coefficients
a and the targets a, as functions of m.

as an approximate controllability one for which the SHM
signal u plays the role of the control and can be obtained
through a dual minimization process. Besides, we have
shown both theoretically and through numerical simula-
tions that, by suitably designing the penalization £* in
our cost functional as the convex conjugate of the piece-
wise affine approximation of a parabola, the proposed
dual optimal control problem automatically generates
SHM signals having the desired multilevel and staircase
structure. As already observed in our previous contribution
(Biccari et al., 2021), this optimal control approach to
SHM solves several critical issues arising in practical power
electronic engineering applications. In particular, neither
the waveform nor the number of switching angles need to
be a priori determined, as they are implicitly established
by the optimal control. This bypasses the (usually difficult)
task of a priori estimating the number of switches which is
necessary to reach the desired Fourier coefficients. However,
some relevant issues are not covered by our study, and will
be considered in future works:

1. Characterization of the solvable set. The SHM
Problem 2, by its own nature, brings some restrictions
when converted into a controllability one. Firstly, the
time horizon for the control problem is 7, therefore
fixed and bounded. Secondly, the energy of the
controls is also bounded, as uw can only take the
values in the control set U. These restrictions yield
that not all the initial data xo € R in (3.3) are
controllable, meaning that the SHM problem may not
be solvable. It would then be interesting to have a
full characterization of the solvable set for the SHM
problem, thus determining the entire range of Fourier
coefficients which can be reached by means of our
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approach. A rough estimate of the solvable set can be
obtained by considering (3.8) with € = 0 and noticing
that, as shown in (Biccari and Zuazua, 2021, Section
3), there exists a constant C > 0 such that

/ £4(C(t) Tpr) dt > C [Pl
0

The observability inequality (5.1) is equivalent to
the unique continuation (3.19) and, therefore, yields
that, in the limit ¢ — 0%, the coercivity of J. is
guaranteed for small enough initial data, namely,
Ixollzv < C. On the other hand, for large initial
data, this coercivity may be lost. We stress that this
is just a sufficient condition showing that the SHM
problem can be solved through null controllability
if the solvable set is contained in some ball in the
euclidean space RY. It would be interesting to obtain
a sharper characterization of this solvable set and,
possibly, its geometry.

. Minimal number of switching angles. In practi-
cal applications, to optimize the converters’ perfor-
mance, it is required to keep the number of switches
in the SHM signal the lowest possible. This yields to
the very relevant yet challenging task of designing
a cost functional for our optimal control problem
which provides a multilevel and staircase signal wu,
with the additional structural property of having
the minimal possible number of switching angles.
A similar problem has been treated, in a different
context, in (Lin et al., 2014). There, the authors
addressed optimal discrete-valued control problems
using the so-called control parametrization enhancing
technique and introducing in their cost functional
a penalization term involving the 7T'V-norm of the
control. This term has precisely the effect of reducing
the variations (hence, the switching) in the control
signal. It would be worth to analyze whether a similar
approach is applicable also in our context, for instance
by penalizing the 7'V -norm of the control in (3.4), and
if it effectively yields to a minimal switches’ number.
. Comparison with the direct optimal control
approach. In this paper, we have proposed an adjoint
optimal control methodology to address the SHM
problem, as an alternative to the direct optimal control
approach developed in our previous contribution
(Biccari et al., 2021). As we have seen in Theorem
4, this adjoint technique has the main advantage of
allowing for an explicit characterization of the optimal
control through (3.12), from which the multilevel
structure can be easily inferred. Moreover, as we have
commented in Section 3, duality in optimal control
may sometimes help alleviating the computational
effort when actually addressing the optimization
process. Nevertheless, this gain in the computational
effort is most often difficult to quantify, as it depends
on the specific problem one is solving and on the
optimization algorithm employed. Our analysis in this
work has not touched this relevant issue, since our
main concern was proposing a novel approach to SHM
rather than comparing this approach with existing
ones. A more complete study of the direct and adjoint
optimal control strategies applied to SHM, addressing
also the aforementioned computational aspects, will
be the objective of a future research work.

(5.1)
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