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A B S T R A C T

Neural ordinary differential equations have emerged as a natural tool for supervised learning from a control
perspective, yet a complete understanding of the role played by their architecture remains elusive. In this work,
we examine the interplay between the width 𝑝 and the number of transitions between layers 𝐿 (corresponding
to a depth of 𝐿+1). Specifically, we construct explicit controls interpolating either a finite dataset , comprising
𝑁 pairs of points in R𝑑 , or two probability measures within a Wasserstein error margin 𝜀 > 0. Our findings
reveal a balancing trade-off between 𝑝 and 𝐿, with 𝐿 scaling as 1 + 𝑂(𝑁∕𝑝) for data interpolation, and as
1 + 𝑂

(

𝑝−1 + (1 + 𝑝)−1𝜀−𝑑
)

for measures.
In the high-dimensional and wide setting where 𝑑, 𝑝 > 𝑁 , our result can be refined to achieve 𝐿 = 0. This

naturally raises the problem of data interpolation in the autonomous regime, characterized by 𝐿 = 0. We adopt
two alternative approaches: either controlling in a probabilistic sense, or by relaxing the target condition. In
the first case, when 𝑝 = 𝑁 we develop an inductive control strategy based on a separability assumption whose
probability increases with 𝑑. In the second one, we establish an explicit error decay rate with respect to 𝑝 which
results from applying a universal approximation theorem to a custom-built Lipschitz vector field interpolating
.
1. Introduction

Residual neural networks (ResNets) can be defined, in their simplest
form, as the family of discrete systems
{

𝐱(𝑘 + 1) = 𝐱(𝑘) +𝑊 (𝑘)𝝈 (𝐴(𝑘)𝐱(𝑘) + 𝐛(𝑘)) ,
𝐱(0) = 𝐱0 ∈ R𝑑 ,

(1.1)

with 𝑘 = 0,… , 𝐿, (𝑊 (𝑘), 𝐴(𝑘),𝐛(𝑘)) ∈ R𝑑×𝑝 ×R𝑝×𝑑 ×R𝑝, for some 𝑑 ≥ 1,
𝐿 ≥ 0 and 𝑝 ≥ 1. Each time step 𝑘 is a layer of the network, and
the number of layers 𝐿 + 1 is known as its depth. The parameter 𝑝,
which identifies the number of neurons per layer, is known as the width.
The activation function 𝝈 ∶ R𝑝 → R𝑝 is defined as the column vector
𝝈(𝐲) = (𝜎(𝑦(1)),… , 𝜎(𝑦(𝑝))) from a fixed nonlinear function 𝜎 ∶ R → R.
We will consider the ReLU activation, given by 𝜎(𝑧) = max{𝑧, 0}, 𝑧 ∈ R.

It has been noted (Chang, Meng, Haber, Tung, & Begert, 2018;
Chen, Rubanova, Bettencourt, & Duvenaud, 2018; E, 2017; Haber &
Ruthotto, 2017) that (1.1) corresponds to the forward Euler scheme
for the family of continuous-time models known as neural ordinary

∗ Corresponding author.
E-mail addresses: antonio.alvarezl@uam.es (A. Álvarez-López), arselane.hadj_slimane@ens-paris-saclay.fr (A.H. Slimane), enrique.zuazua@fau.de

(E. Zuazua).

differential equations (ODEs):
{

𝐱̇(𝑡) = 𝑊 (𝑡)𝝈 (𝐴(𝑡) 𝐱(𝑡) + 𝐛(𝑡)) ,
𝐱(0) = 𝐱0 ∈ R𝑑 ,

(1.2)

with (𝑊 ,𝐴,𝐛) ∈ 𝐿∞ (

(0, 𝑇 ),R𝑑×𝑝 × R𝑝×𝑑 × R𝑝) for some fixed 𝑇 > 0. If
𝜎 is Lipschitz then existence and uniqueness of solutions hold for every
initial datum 𝐱0.

In (1.2), the time 𝑡 ∈ (0, 𝑇 ) parameterizes the evolution of the state
𝐱 through a continuous range of layers. It is common to take (𝑊 ,𝐴,𝐛)
as piecewise constant over (0, 𝑇 ) with a finite number of discontinuities
𝐿. This approach aligns the dynamics more closely with those of (1.1)
and makes the parameter space finite-dimensional, which simplifies
optimization (see Massaroli, Poli, Park, Yamashita, & Asama, 2020) and
provides a practical way to quantify complexity of the model using 𝐿,
as in Alvarez-Lopez, Orive-Illera, and Zuazua (2023), Ruiz-Balet and
Zuazua (2023).

We thus define depth in neural ODEs as the number of distinct
values of (𝑊 ,𝐴,𝐛), given by 𝐿 + 1, which is a measure of complexity.
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After discretization, (1.2) becomes a ResNet with 𝐿 + 1 layers, each
repeating multiple times according to the discretization step size. Thus,
the effective number of layers increases at the discrete level but 𝐿 + 1
remains a good measure of its macroscopic complexity.

Eq. (1.2) can be equivalently written as

𝐱̇ =
𝑝
∑

𝑖=1
𝐰𝑖(𝑡)𝜎(𝐚𝑖(𝑡) ⋅ 𝐱 + 𝑏𝑖(𝑡)), (1.3)

where, for 𝑖 = 1,… , 𝑝, 𝐰𝑖(𝑡), 𝐚𝑖(𝑡) ∈ R𝑑 are the columns of 𝑊 and
the rows of 𝐴, respectively, and 𝑏𝑖(𝑡) is the 𝑖th coordinate of 𝐛. We
will adopt formulation (1.3), although for simplicity, we denote the
assembled parameters (𝐰𝑖, 𝐚𝑖, 𝑏𝑖)

𝑝
𝑖=1 using the matrix form (𝑊 ,𝐴,𝐛).

We can extend neural ODEs in a natural way to handle probability
distributions rather than just points in R𝑑 . By interpreting its right-hand
side as the advection field that drives the evolution of a measure 𝜌, we
obtain the so-called neural transport equation (Ruiz-Balet & Zuazua,
2024):

𝜕𝑡𝜌 + div𝐱

( 𝑝
∑

𝑖=1
𝐰𝑖 𝜎(𝐚𝑖 ⋅ 𝐱 + 𝑏𝑖)𝜌

)

= 0. (1.4)

Prior research indicates that control theory offers significant potential
for examining the properties of neural ODEs, for instance, via optimal
control (E, 2017; Esteve, Geshkovski, Pighin, & Zuazua, 2021; Esteve-
Yagüe & Geshkovski, 2023) or geometric control techniques (Agrachev
& Sarychev, 2021; Scagliotti, 2023; Tabuada & Gharesifard, 2023). A
fundamental problem still open is to develop a comprehensive under-
standing of the roles played by depth and width with respect to the
expressive power of the model, see Fan, Lai, and Wang (2020), Hardt
and Ma (2017), Lu, Pu, Wang, Hu, and Wang (2017). This property is
often evaluated by its capacity to interpolate either a finite set of point
pairs or two given probability measures.

The first concept, commonly referred to as finite-sample expressiv-
ity (Yun, Sra, & Jadbabaie, 2019), relates to the approximation power
of the model, as discussed in Li, Lin, and Shen (2022). It essentially
amounts to a simultaneous control problem for the flow map at time 𝑇
of (1.2), defined by

𝛷𝑇 (⋅;𝑊 ,𝐴,𝐛) ∶ 𝐱0 ∈ R𝑑 ⟼ 𝐱(𝑇 ; 𝐱0) ∈ R𝑑 ,

where 𝐱(𝑡; 𝐱0) is the solution of (1.2). The goal is to find a control
function (𝑊 ,𝐴,𝐛) such that 𝛷𝑇 maps 𝑁 given input points to 𝑁
corresponding target points in R𝑑 . Throughout this work, each pair
input-target will be represented by a solid circle and an empty circle,
respectively, of a particular color.

In the second scenario, we aim to control the transport dynam-
ics described by (1.4) in order to evolve a given initial density 𝜌0
into a target density 𝜌𝑇 . This task is highly relevant in generative
modeling of synthetic data via normalizing flows (Kobyzev, Prince,
& Brubaker, 2021; Papamakarios, Nalisnick, Rezende, Mohamed, &
Lakshminarayanan, 2021). We approach it as an approximate control
problem in the Wasserstein-𝑞 metric space for 𝑞 ≥ 1, extending prior
work focused on 𝑊2, see Elamvazhuthi, Gharesifard, Bertozzi, and
Osher (2022), or in 𝑊1 with 𝑝 = 1, see Ruiz-Balet and Zuazua (2023).

Our main objective is to develop a comprehensive theory of interpo-
lation for the family of models described by (1.3), linking the error to
the specific architecture (𝑝, 𝐿). Both numerical and theoretical studies
suggest that deeper networks usually achieve better performance (El-
dan & Shamir, 2015; Huang, 2003; Mhaskar, Liao, & Poggio, 2017),
a tendency particularly evident in training (Yun et al., 2019; Zhang,
Bengio, Hardt, Recht, & Vinyals, 2016).

Understanding the balance between width and depth is thus vital
for optimal design of neural ODEs. As we vary 𝐿 and 𝑝, two limiting
models emerge:
Shallow neural ODEs. 𝐿 = 0 is fixed, while the width 𝑝 can be as large
as required:

𝐱̇ =
𝑝
∑

𝐰𝑖𝜎
(

𝐚𝑖 ⋅ 𝐱 + 𝑏𝑖
)

, (1.5)

𝑖=1

2 
Fig. 1. Qualitative representation of models (1.5) and (1.6) as discrete systems. Blue,
green and orange circles represent respectively the input 𝐱, the residual term 𝑊 𝝈(𝐴𝐱+𝐛)
output of each layer, respectively. Switches represent activation functions.

where {(𝐰𝑖, 𝐚𝑖, 𝑏𝑖)}
𝑝
𝑖=1 ⊂ R𝑑 × R𝑑 × R are constant controls, making the

equation autonomous. The field on the right-hand side of (1.5) corre-
sponds to a one hidden layer neural network with 𝑑 components. The
approximation capacity of this class of functions has been extensively
studied (see Cybenko, 1989; DeVore, Hanin, & Petrova, 2021; Pinkus,
1999). The discrete version of (1.5) can be identified with a one hidden
layer ResNet, as seen in Fig. 1(a).
Narrow neural ODEs. 𝑝 = 1 is fixed, while the depth 𝐿 + 1 can be as
large as required:

𝐱̇ = 𝐰(𝑡)𝜎 (𝐚(𝑡) ⋅ 𝐱 + 𝑏(𝑡)) , (1.6)

where (𝐰, 𝐚, 𝑏) ∈ 𝐿∞ (

(0, 𝑇 ),R𝑑 × R𝑑 × R
)

. The ability of this model to
interpolate data and approximate functions has been explored in Lin
and Jegelka (2018), Ruiz-Balet and Zuazua (2023). It offers the advan-
tage of easier construction of explicit controls compared to (1.5), owing
to its simplified dynamics, albeit at the expense of increased depth,
which scales with the cardinal 𝑁 of the dataset. The discrete version of
(1.6) corresponds to a deep ResNet with one neuron per hidden layer,
so it alternates layers of dimension 1 and 𝑑, as seen in Fig. 1(b).

Developing a unified theory that bridges shallow and narrow neural
ODEs would combine the vast work done for (1.5) with the intuitive
dynamics of (1.6). Moreover, it would facilitate the optimal design of
a neural ODE through the strategic choice of depth and width. This
entails optimizing the complexity 𝜅, defined as the total number of
parameters in (1.3):

𝜅 ∶= (𝐿 + 1) × 𝑝 × (2𝑑 + 1). (1.7)

Indeed, on each of the 𝐿+1 hidden layers, 𝑝 neurons of dimension 2𝑑+1
need to be determined.

1.1. Roadmap

In Section 2, we present the main results of our work in two parts.
First, in Section 2.1 we study the problem of interpolating a finite
dataset with (1.3), understood as the property of simultaneous control
for neural ODEs. Second, in Section 2.2, we approach the approximate
controllability of probability measures using the dynamics of (1.4). In
Section 3, we discuss the main implications of our work and pose some
open questions. In Section 4, we prove the main results and provide the
necessary tools as lemmas.

1.2. Notation

• We use subscripts to identify the particular elements from a
dataset and superscripts for the coordinates of a vector. In addi-
tion, (column) vectors are denoted with bold letters and matrices
with capital letters.

• We denote by 𝐱 ⋅ 𝐲 the scalar product of 𝐱, 𝐲 ∈ R𝑑 .
• We denote by ⌈𝑧⌉ the lowest integer greater than or equal to
𝑧 ∈ R, and by ⌊𝑧⌋ the highest integer lower than or equal to 𝑧.

• We denote by S𝑑−1 the (𝑑 − 1)-dimensional sphere in R𝑑 .
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• We denote by Lip
(

R𝑑 ,R𝑑) the space of Lipschitz-continuous vec-
tor fields in the usual norm, and by 𝐿𝑉 the Lipschitz constant of
each 𝐕 ∈ Lip

(

R𝑑 ,R𝑑).
• Given any Borel measure 𝜇 in R𝑑 and continuous function 𝑓 ∶
R𝑑 → R𝑑 , we denote by 𝑓#𝜇 the push-forward measure, defined
for each Borel 𝐴 ⊂ R𝑑 by

𝑓#𝜇(𝐴) = 𝜇(𝑓−1(𝐴)).

• We denote by 𝑐
𝑎𝑐 (R

𝑑 ) the space of compactly supported, abso-
lutely continuous probability measures on R𝑑 .

2. Main results

2.1. Simultaneous control

Let 𝑁 ≥ 1 and 𝑑 ≥ 2, and consider a dataset

 = {(𝐱𝑛, 𝐲𝑛)}𝑁𝑛=1 ⊂ R𝑑 × R𝑑 (2.1)

with 𝐱𝑛 ≠ 𝐱𝑚 and 𝐲𝑛 ≠ 𝐲𝑚 for all 𝑛 ≠ 𝑚. First, we study the finite-
sample expressivity of the general model (1.3), recast as a problem of
simultaneous control.

Problem-Definition. For any fixed 𝑇 > 0 and 𝑝 ≥ 1, find controls
{

(𝐰𝑖, 𝐚𝑖, 𝑏𝑖)
}𝑝
𝑖=1 ⊂ 𝐿∞ (

(0, 𝑇 );R𝑑 × R𝑑 × R
)

,

such that the flow map 𝛷𝑇 generated by (1.3) interpolates the dataset
, i.e., it drives each data point from its initial position 𝐱𝑛 to its target
𝐲𝑛. This is fulfilled when

𝛷𝑇 (𝐱𝑛;𝑊 ,𝐴,𝐛) = 𝐲𝑛 for all 𝑛 = 1,… , 𝑁.

Note that neural ODEs allow for a time rescaling from 𝑇 to any
𝑇 ∗ > 0, i.e., for 𝑠 ∶= 𝑡𝑇 −1𝑇 ∗ it holds

𝛷𝑇 (⋅; (𝑊 ,𝐴,𝐛)(𝑡)) = 𝛷𝑇 ∗

(

⋅;
( 𝑇
𝑇 ∗𝑊 ,𝐴,𝐛

)

(𝑠)
)

. (2.2)

If 𝜎 is positively homogeneous of degree 1, like ReLU, we can further
write:

𝛷𝑇 (⋅; (𝑊 ,𝐴,𝐛)(𝑡)) = 𝛷𝑇 ∗

(

⋅;
(

𝛾𝑇
𝑇 ∗ 𝑊 , 𝛾−1𝐴, 𝛾−1𝐛

)

(𝑠)
)

for all 𝛾 > 0. Loosely speaking, (2.2) shows that time and velocity (or
control norm) can be interchanged when covering a fixed distance.

Our first result provides a relationship between 𝐿 and 𝑝 that ensures
the interpolation of  at any time 𝑇 :

Theorem 1. Let 𝑁 ≥ 1, 𝑑 ≥ 2 and 𝑇 > 0 be fixed. Consider the dataset 
as defined in (2.1). For any 𝑝 ≥ 1, there exists a piecewise constant control

(𝑊 ,𝐴,𝐛) ∈ 𝐿∞ (

(0, 𝑇 );R𝑝×𝑑 × R𝑝×𝑑 × R𝑝)

such that the flow 𝛷𝑇 (⋅;𝑊 ,𝐴,𝐛) generated by (1.3) interpolates , i.e.,

𝛷𝑇 (𝐱𝑛;𝑊 ,𝐴,𝐛) = 𝐲𝑛, for all 𝑛 = 1,… , 𝑁.

Furthermore, the number of discontinuities of (𝑊 ,𝐴,𝐛) is

𝐿 = 2 ⌈𝑁∕𝑝⌉ − 1. (2.3)

Let us briefly describe the algorithm. First, we pivot around the 𝑥(1)-
coordinate and control the remaining 𝑑 − 1 coordinates. Consequently,
the trajectory of each initial point 𝐱𝑛 is confined within the hyperplane
defined by 𝑥(1) = 𝑥(1)𝑛 . Then, we pivot using the controlled coordinates
to adjust 𝑥(1). This algorithm requires a depth of 2⌈𝑁∕𝑝⌉ layers, which
is independent of the dimension 𝑑, since a constant control suffices to
simultaneously steer 𝑑−1 coordinates in the first step, assuming 𝑝 > 𝑁 .

Remark 1. If 𝐲𝑛 = 𝐲𝑚 for some 𝑚 ≠ 𝑛 in (2.1), then interpolation is not
achievable due to the uniqueness of solutions in (1.3). In such cases,
we can relax the statement to approximate controllability by applying
Theorem 1 to an 𝜀-perturbation of the targets, for any fixed 𝜀 > 0.
3 
Remark 2. The number of switches 𝐿 in Theorem 1 is independent of
the chosen time horizon 𝑇 . Specifically, property (2.2) ensures that,
for any 𝑇 ∗ > 0, we can construct some controls that interpolate 
using 𝐿 discontinuities. In this way, the final time affects the estimates
only through its trade-off with the control size ‖𝑊 ‖. This duality can
be exploited to obtain more accurate estimates of the gap between
optimal and explicit controls for exact or approximate controllability.
For instance, in Fernández-Cara and Zuazua (2000) a similar analysis
was conducted in the context of linear parabolic equations.

Remark 3. Theorem 1 is broadly applicable to any globally Lipschitz,
nonlinear activation function, provided there exist −∞ ≤ 𝑎 < 𝑏 ≤ ∞
such that

𝜎(𝑧) = 0, for all 𝑧 ∈ (𝑎, 𝑏). (2.4)

ndeed, in Li et al. (2022), any 𝜎 satisfying (2.4) is referred to as a ‘‘well
unction’’, and is used as the key tool to approximate functions in 𝐿𝑝

hrough simultaneous control.
For Lipschitz activations that do not satisfy (2.4), such as 𝜎(𝑧) =

anh(𝑧), our method is not applicable. Moreover, to the best of our
nowledge, a constructive control algorithm has not yet been developed
or such cases. However, it has been established in Cheng, Li, Lin, and
hen (2023) that (1.2) possesses simultaneous controllability (or the
niversal interpolation property) as long as 𝜎 is globally Lipschitz and
onlinear.

Relaxation to locally Lipschitz activations satisfying (2.4), such as
𝑘(𝑧) = max{𝑧, 0}𝑘 (for 𝑘 ≥ 1), is more delicate since 𝛷𝑇 might not be
ell-defined. In general, finite-time blow-ups can occur, meaning that
ach target should be sufficiently close to the corresponding initial da-
um to ensure feasibility (Cheng et al., 2023). Our algorithm, however,
s based on the use of divergence-free fields, so it could be adapted for
hese cases.

In (2.3) we can see that, as 𝑝 increases, the number of discontinuities
decreases with the same rate, meaning that width and depth play a

imilar role in the steering. Nevertheless, a result on the optimal design
f the models for our particular algorithm can be derived:

orollary 2. For the family of controls given by Theorem 1 that ensure
nterpolation of , the minimal complexity is

min = (4𝑑 + 2)(𝑁 + 1),

btained when 𝑝 = 1, i.e., when the neural ODE takes the form (1.6).

The complete transition from the narrow model (1.6) to the shallow
odel (1.5), characterized by 𝐿 = 0 is not attained in (2.3). Due to the
ivision into two steps in the proposed algorithm, whenever 𝑝 > 𝑁
he selected control will exhibit a single switch (𝐿 = 1), reaching

two-layer architecture, rather than the autonomous ansatz (1.5).
he restriction naturally raises the question of whether simultaneous
ontrol is possible in shallow neural ODEs (1.5). For this task, a recon-
ideration of the algorithm presented in Ruiz-Balet and Zuazua (2023)
ecomes necessary. In the high dimensional setting, and more precisely,
hen the dimension exceeds the number of data points (𝑑 > 𝑁), we can

efine the statement of Theorem 1 to include the case 𝐿 = 0:

orollary 3. Let 𝑁 ≥ 1, 𝑑 ≥ 2 with 𝑑 > 𝑁 , and 𝑇 > 0 be fixed. Consider
he dataset  as defined in (2.1). For any 𝑝 ≥ 1, there exists a piecewise
onstant control

𝑊 ,𝐴,𝐛) ∈ 𝐿∞ (

(0, 𝑇 );R𝑑×𝑝 × R𝑝×𝑑 × R𝑝)

such that the flow 𝛷𝑇 (⋅;𝑊 ,𝐴,𝐛) generated by (1.3) interpolates . Fur-
thermore, the number of discontinuities of (𝑊 , 𝑎,𝐛) is
𝐿 = 2 (⌈𝑁∕𝑝⌉ − 1) .
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The key idea is that, when 𝑑 > 𝑁 , the first step in the proof
of Theorem 1 can be suppressed. This is done by transforming the
𝑥(1)-axis so that each 𝐱𝑛 shares the same first coordinate with 𝐲𝑛, or,
quivalently, by optimally reorienting the hyperplanes represented in
ig. 5(a). For more insights on the proof, see Fig. 6 in Section 4.

emark 4. Corollary 3 suggests ideas similar to those in Esteve et al.
2021, Theorem 5.1). In that result, interpolation is established for
≥ 𝑁 in a simplified neural ODE, when sup𝑛=1,…,𝑁 |𝐱𝑛 − 𝐲𝑛| < 𝜀

for a sufficiently small 𝜀 > 0, under a geometric assumption on the
images of the targets through 𝝈. Moreover, an estimation of the control
cost is obtained, which is linear with respect to 𝜀. The generation of
new synthetic coordinates until 𝑑 ≥ 𝑁 is not typically a problem,
as discussed in Dupont, Doucet, and Teh (2019), where the tech-
nique of embedding the dataset in R𝑑 × {0,… , 0} is proposed and its
computational advantages are studied.

In practice, 𝑁 tends to be larger than 𝑑. In that case, interpolation
with constant controls can be obtained for 𝑝 = 𝑁 under a certain
separability hypothesis on :

Assumption 1. Let  = {(𝐱𝑛, 𝐲𝑛)}𝑁𝑛=1 ⊂ R𝑑 × R𝑑 as defined in (2.1).
There exist a vector 𝐚 ∈ S𝑑−1, a permutation 𝜏 of 𝑁 elements and a
sequence

−∞ < 𝑏𝑁+1 < 𝑏𝑁 < ⋯ < 𝑏1 < ∞

such that, for all 𝑛 = 1,… , 𝑁 − 1:

−𝑏𝑛 < 𝐚 ⋅ 𝐱𝜏(𝑛) < −𝑏𝑛+1 and − 𝑏𝑛 < 𝐚 ⋅ 𝐲𝜏(𝑛) < −𝑏𝑛+1.

Assumption 1 claims that we can diagonally separate each pair
(𝐱𝑛, 𝐲𝑛) from the rest. This is achieved by defining 𝑁 + 1 parallel
yperplanes 𝐻𝑛 =

{

𝐚 ⋅ 𝐱 + 𝑏𝑛 = 0
}

such that the strip 𝑆𝑛 bounded by
𝑛 and 𝐻𝑛+1 contains only the point 𝐱𝑛 and its target 𝐲𝑛, as shown

in Fig. 2(a). While the hypothesis might seem overly restrictive, it is
noteworthy that if the points are randomly sampled from a compact
set, the probability that the condition is fulfilled converges to 1 when
the dimension grows:

Proposition 4. Let 𝜇 ∈ 𝑐
𝑎𝑐 (R

𝑑 ) such that the random variables 𝜋𝑖𝑋 are
ndependent and identically distributed for 𝑖 = 1,… , 𝑑, where 𝑋 ∼ 𝜇 and
𝑖 is the canonical projection on the 𝑖th coordinate. If every 𝐱𝑛 and 𝐲𝑛 in 
s sampled from 𝜇, and 𝑁 is sufficiently large, then the probability 𝑃 that
ssumption 1 is satisfied is bounded as

−

[

1 − 1
√

2

( 𝑒
2𝑁

)𝑁
]𝑑

≤ 𝑃 ≤ 1.

The hypothesis of Proposition 4 are fulfilled by the uniform proba-
bility measure in any hypercube, or by any isotropic Gaussian distribu-
tion.

Under Assumption 1, we can build a constant control such that the
flow of (1.5), taking a width 𝑝 = 𝑁 , interpolates . Our result can be
een as the version of Zhang et al. (2016, Theorem 1) for neural ODEs,
nder Assumption 1. A representation of the trajectories can be seen in
ig. 2(b).

orollary 5. Consider a dataset  ⊂ R𝑑 × R𝑑 for 𝑑 ≥ 2, under
ssumption 1. For any fixed 𝑇 > 0, there exists a control (𝑊 ,𝐴,𝐛) ∈
𝑑×𝑁 ×R𝑁×𝑑×R𝑁 such that the flow 𝛷𝑇 generated by (1.5) interpolates .

All in all, new strategies are required to study simultaneous control
n the autonomous model (1.5) under general conditions. A natural
tarting point to assess the problem’s feasibility is to relax it by ad-
itting an error 𝜀 > 0, and use density tools provided by universal

pproximation theorems (UATs); see Cybenko (1989), Pinkus (1999).
n deep learning, UATs establish the density of neural networks in
ertain function spaces, usually over compact domains. The decay rate
4 
Fig. 2. Representation of the control algorithm followed in Corollary 5.

of the error in relation to the number of parameters of the network has
been quantified for certain spaces (Bach, 2017; DeVore et al., 2021).
Specifically, these studies bound the uniform error decay rate when the
target function is Lipschitz continuous in a compact domain.

We will approach the UAT, often interpreted in a static manner,
from our dynamic control perspective. In this regard, shallow neu-
ral ODEs provide a vector field that transitions initial data to final
data, with its flow at time 𝑇 approximating the target function. First,
we establish the existence of a time-independent field whose integral
curves guide each input point 𝐱𝑛 in  to its corresponding target
𝑛 within a fixed time 𝑇 . This field is constructed based on purely
eometric considerations (see Fig. 3) and can be chosen to be Lipschitz
ontinuous.

roposition 6. Let 𝑁 ≥ 1, 𝑑 ≥ 2 and 𝑇 > 0 be fixed. Consider the
ataset  ⊂ R𝑑 × R𝑑 as defined in (2.1), and any compact subset 𝛺 ⊂ R𝑑

such that Int(𝛺) is connected and  ⊂ Int(𝛺) × Int(𝛺). Then, there exists a
vector field 𝐕 ∈ Lip

(

R𝑑 ,R𝑑) such that the flow 𝛹𝑇 ,𝐕 of the equation

𝐱̇ = 𝐕(𝐱)

interpolates , and the 𝑁 curves given by

𝑛 ∶= {𝛹𝑡,𝐕(𝐱𝑛) ∶ 𝑡 ∈ [0, 𝑇 ]} (𝑛 = 1,… , 𝑁),

are contained in Int(𝛺).

The subset 𝛺 ⊂ R𝑑 , which will serve as our domain of approxima-
tion, can always be established as 𝛺 = [−𝑅,𝑅]𝑑 for a sufficiently large
𝑅 > 0. Consequently, for any dataset  ⊂ R𝑑 × R𝑑 , there exists a field
𝐕 ∈ Lip(R𝑑 ,R𝑑 ) whose integral curves 𝑛 interpolate , i.e., the space

 ∶=
{

𝐕 ∈ Lip
(

R𝑑 ,R𝑑) ∶ 𝛹𝑇 ,𝐕 interpolates 
}

is non-empty. Moreover, we can define

𝐿0 ∶= inf
𝐕∈

𝐿𝑉 ,

so 𝐿0 only depends on  and the chosen domain of approximation 𝛺.
It suffices then to combine the UAT from DeVore et al. (2021) (see
Lemma 12 in Section 4) with classical results on the stability of ODEs
to obtain the following theorem:

Theorem 7. Let 𝑁 ≥ 1, 𝑑 ≥ 2 and 𝑇 > 0 be fixed. Consider the
dataset  as defined in (2.1). For each 𝑝 ≥ 1, there exists a control
(𝑊 ,𝐴,𝐛) ∈ R𝑑×𝑝 × R𝑝×𝑑 × R𝑝 such that the flow 𝛷𝑇 generated by (1.5)
satisfies

sup
𝑖=1,…,𝑁

|𝐲𝑛 −𝛷𝑇 (𝐱𝑛;𝑊 ,𝐴,𝐛)| ≤ 𝐶𝑑,,𝑇
log2(𝜅)
𝜅1∕𝑑

, (2.5)

here 𝜅 = (𝑑 + 2)𝑑𝑝 is the complexity of the NODE, and

𝐶𝑑,,𝑇 = 𝐶𝑑,𝐿0
𝑇 exp ( 𝑇 ) ,

being  = min{𝐿0, ‖𝑊 ‖‖𝐴‖} where ‖⋅‖ is the spectral norm, and 𝐶𝑑,𝐿0
> 0

a constant depending on 𝑑 and 𝐿0 but independent of 𝜅.

Remark 5. The argument employed in this theorem extends beyond

neural networks. Since we solely rely on a density result that provides
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Fig. 3. Construction of the Lipschitz field 𝐕 in Proposition 6 which interpolates 
nside a compact set 𝛺 that contains all the paths.

convergence rate, other dense families of functions like polynomi-
ls, trigonometric, finite element methods or wavelets could also be
onsidered, with their corresponding convergence rates.

emark 6. Given a domain of approximation 𝛺, for the bound (2.5) to
be optimal, it is natural to pose the problem of finding the interpolating
field 𝐕 ∈  which has the smallest possible Lipschitz constant 𝐿𝑉

ithin 𝛺.

emark 7. When 𝑑 ≥ 3, the construction of a field 𝐕 ∈  is generally
ery simple. Since, in that case, two arbitrary curves are unlikely to
ntersect, we can generally consider the 𝑁 segments that connect each
air (𝐱𝑛, 𝐲𝑛) ∈  and build 𝐕 as one of the piecewise constant fields
aving these segments as integral curves. Selecting the optimal field
hen becomes a combinatorial problem.

.2. Transport control

So far, we have considered the system (1.3) with a finite set of points
as initial data. A natural extension of this setting, particularly perti-

ent when the data points are sampled from an underlying distribution,
s to consider as input a probability measure 𝜇0 on R𝑑 . The scenario

where this distribution is a finite combination of Dirac deltas aligns
with the study previously conducted in Section 2.1.

Specifically, we consider the space 𝑐
𝑎𝑐 (R

𝑑 ), introduced in Sec-
tion 1.2. We aim to transform a given 𝜇0 ∈ 𝑐

𝑎𝑐 (R
𝑑 ) into a fixed target

probability measure 𝜇∗ through the push-forward map generated by a
neural ODE, that is,

𝛷𝑇 (⋅;𝑊 ,𝐴,𝐛)#𝜇0 = 𝜇∗.

This question can be reformulated as the control problem of a transport
equation. For each 𝑡 ∈ [0, 𝑇 ], we consider the family of measures
𝜇(𝑡) = 𝛷𝑡#𝜇0, where 𝛷𝑡 represents the flow at time 𝑡 generated by (1.3).
Given that the field
𝑝
∑

𝑖=1
𝐰𝑖(𝑡)𝜎(𝐚𝑖(𝑡) ⋅ 𝐱 + 𝑏𝑖(𝑡))

is Lipschitz continuous with respect to 𝐱, if 𝜇0 ∈ 𝑐
𝑎𝑐 (R

𝑑 ) then the curve
of measures {𝜇(𝑡)}𝑡∈[0,𝑇 ] is contained in 𝑐

𝑎𝑐 (R
𝑑 ). For each 𝑡 > 0, 𝜇(𝑡) is

determined by a density function 𝜌(𝑡) that satisfies the neural transport
equation
{

𝜕𝑡𝜌 + div𝐱
(

𝜌
∑𝑝

𝑖=1 𝐰𝑖 𝜎(𝐚𝑖 ⋅ 𝐱 + 𝑏𝑖)
)

= 0
𝜌(0) = 𝜌0.

(2.6)

Here, we have assumed that 𝜇0 has density 𝜌0, and

{(𝐰𝑖, 𝐚𝑖, 𝑏𝑖)}
𝑝
𝑖=1 ⊂ 𝐿∞ (

(0, 𝑇 );R𝑑 × R𝑑 × R
)

serve again as control functions. The projected characteristics of (2.6)
solve the neural ODE (1.3) in (0, 𝑇 ) × R𝑑 . If the controls are step
functions, and since the ReLU function is Lipschitz, the continuity
Eq. (2.6) is well-posed and the total mass is conserved. Therefore, we
aim to find some controls such that the corresponding solution of (2.6)
with initial condition 𝜌0 satisfies
𝜌(𝑇 ) = 𝜌∗. c

5 
This task, however, can be very hard to achieve, so we consider a
relaxation of the problem to approximate control of (2.6). For this
purpose, first we must choose a function to quantify the difference
between any two measures.

Definition 8. For any 𝑞 ≥ 1, the Wasserstein-𝑞 distance between
𝜇, 𝜈 ∈ 𝑐

𝑎𝑐 (R
𝑑 ) is defined as

𝑊𝑞(𝜇, 𝜈) ∶=
(

min
𝛾∈𝛱(𝜇,𝜈)∫R𝑑×R𝑑

|𝐱 − 𝐲|𝑞𝑑𝛾(𝑥, 𝑦)
)1∕𝑞

,

here 𝛱(𝜇, 𝜈) denotes the set of measures 𝛾 on R𝑑 × R𝑑 that couple
and 𝜈 in the sense that 𝛾(⋅ × R𝑑 ) = 𝜇(⋅) and 𝛾(R𝑑 × ⋅) = 𝜈(⋅). Note

hat 𝜇 ∈ 𝑐
𝑎𝑐 (R

𝑑 ) has finite 𝑞-th momentum for every 𝑞 ≥ 1, hence
he Wasserstein−𝑞 distance is well-defined in this space. Moreover,
ecalling Monge formulation of optimal transport, if 𝜇 and 𝜈 belong
o 𝑐

𝑎𝑐 (R
𝑑 ) then

𝑞(𝜇, 𝜈) =
(

min
𝑇 ∫R𝑑

|𝐱 − 𝑇 (𝐱)|𝑞𝑑𝜇 ∶ 𝑇#𝜇 = 𝜈
)1∕𝑞

, (2.7)

here 𝑇 ∶ R𝑑 → R𝑑 measurable, see Villani (2008).

roblem-Definition. Let 𝜇0 and 𝜇∗ be two compactly supported,
bsolutely continuous probability measures with respective densities 𝜌0
nd 𝜌∗. For any fixed time horizon 𝑇 > 0 and 𝜀 > 0, find controls

(𝐰𝑖, 𝐚𝑖, 𝑏𝑖)
}𝑝
𝑖=1 ⊂ 𝐿∞ (

(0, 𝑇 );R𝑑 × R𝑑 × R
)

,

or some 𝑝 ≥ 1, such that the solution of (2.6) in time 𝑇 approximately
nterpolates the initial condition 𝜌0 to the target density 𝜌∗. This is
chieved when the 𝑊𝑞-error of the corresponding measures, for some
≥ 1, satisfies:

𝑞(𝜇(𝑇 ), 𝜇∗) < 𝜀.

The following theorem offers a partial solution to this problem.
t assumes that 1 ≤ 𝑞 < 𝑑

𝑑−1 and targets the uniform measure in
[0, 1]𝑑 . While this bears resemblance to achieving null controllability,
the nonlinear nature of the problem prevents from directly extending
this result to arbitrary targets.

Theorem 8. Let 𝑑 ≥ 1, 𝜇0 ∈ 𝑐
𝑎𝑐 (R

𝑑 ) with density 𝜌0, 𝜇∗ the uniform
measure in [0, 1]𝑑 , and 𝑇 > 0 be fixed. For any 𝜀 > 0, 𝑞 ∈ [1, 𝑑

𝑑−1 ) and
𝑝 ≥ 𝑑, there exists a piecewise constant control

(𝑊 ,𝐴,𝐛) ∈ 𝐿∞ (

(0, 𝑇 );R𝑑×𝑝 × R𝑝×𝑑 × R𝑝)

such that the measure 𝜇(𝑡) ∈ 𝑐
𝑎𝑐 (R

𝑑 ) whose density 𝜌(𝑡) solves (1.4) taking
𝜌0 as initial condition, satisfies

𝑊𝑞(𝜇(𝑇 ), 𝜇∗) < 𝜀.

Furthermore, the number of discontinuities of (𝑊 ,𝐴,𝐛) is

𝐿 = ⌈2𝑑∕𝑝⌉ + max{⌈𝑛∕𝑝1⌉,… , ⌈𝑛𝑑∕𝑝𝑑⌉} − 1,

for any 𝑝1,… , 𝑝𝑑 ≥ 1 such that 𝑝1 +⋯ + 𝑝𝑑 = 𝑝, and

𝑛 ∶=
(

3𝑑1∕2+1∕𝑞
𝜀

)
1

1+𝑑∕𝑞−𝑑
.

For a given 𝜀 > 0, the behavior of 𝐿 resembles that described in
heorem 1, as it decreases with an increase in 𝑝, reaching 𝐿 = 1
hen 𝑝 is large enough. Our proof is similar to a strategy from Duprez,
orancey, and Rossi (2017), and based on the specific movements that

he neural ODE (1.3) allows. We compress the support of 𝜇0 to [0, 1]𝑑

nd divide it into hyperrectangles, each with a mass of 𝑂(𝜀𝑑 ). These
ubsets are then transformed to match a similar partition of [0, 1]𝑑

orresponding to the uniform measure 𝜇 .
∗
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Remark 9. If 𝜀 > 0 is sufficiently small, and we choose 𝑝1 = ⋯ =
𝑝𝑑−1 = 1, 𝑝𝑑 = 𝑝 − 𝑑 + 1, it follows that

𝐿 = ⌈2𝑑∕𝑝⌉ +
⎡

⎢

⎢

⎢

1
𝑝 − 𝑑 + 1

(

31+𝑑∕𝑞
√

𝑑
𝜀

)
𝑑

1+𝑑∕𝑞−𝑑 ⎤
⎥

⎥

⎥

− 1.

For 𝑞 = 1, this expression simplifies to:

𝐿 = ⌈2𝑑∕𝑝⌉ +
⎡

⎢

⎢

⎢

1
𝑝 − 𝑑 + 1

(

31+𝑑
√

𝑑
𝜀

)𝑑
⎤

⎥

⎥

⎥

− 1.

3. Discussion

3.1. Conclusions

We have established several results on the capacity of neural ODEs
for interpolation and its relationship with the chosen architecture,
particularly concerning depth 𝐿 + 1 and width 𝑝. More precisely, we
have provided explicit dependencies between these two parameters that
are sufficient to (exactly or approximately) interpolate either two sets
of 𝑁 different points in R𝑑 or any compactly supported, absolutely
continuous probability measure in R𝑑 with the uniform measure in
[0, 1]𝑑 . Our work reveals that 𝑝 and 𝐿 can play similar roles in the
algorithms, thereby exhibiting a trade-off in the network’s structure.

Specifically, Theorem 1 proves that a neural ODE with 𝑝 neurons can
interpolate any dataset of 𝑁 pairs of points using a piecewise constant
control with 𝐿 = 2 ⌈𝑁∕𝑝⌉ − 1 discontinuities. Although increasing 𝑝
reduces the number of discontinuities, we find a limiting case of a 2-
hidden layer neural ODE when 𝑝 ≥ 𝑁 . Explicit controls for interpolation
with a shallow neural ODE (𝐿 = 0) are obtained in Corollary 3 when
𝑑 > 𝑁 ; or in Corollary 5, with 𝑝 = 𝑁 under Assumption 1. More
generally, Theorem 7 provides an error decay rate with respect to the
number of parameters for shallow neural ODEs. Finally, Theorem 8
explores the Wasserstein-𝑞 approximate control of the neural transport
equation to a uniform distribution on [0, 1]𝑑 using piecewise constant
controls. As in Theorem 1, the number of discontinuities diminishes as
𝑝 increases.

3.2. Open questions

Some new objectives can be derived from our work:
1. Approaching the autonomous regime. As we have discussed, both
𝑑 > 𝑁 and Assumption 1 are only special cases where we can find con-
trols to interpolate in the autonomous regime of shallow neural ODE.
The question of finding such a construction for any 𝑑 ≥ 1, or at least
under a less restrictive hypothesis on the dataset than Assumption 1, is
still open. A first step could involve assuming the relaxed condition that
the projections of points onto a line with direction 𝐚 ∈ S𝑑−1 are ordered
as 𝐚 ⋅ 𝐱𝜏(1) < ⋯ < 𝐚 ⋅ 𝐱𝜏(𝑁) and 𝐚 ⋅ 𝐲𝜏(1) < ⋯ < 𝐚 ⋅ 𝐲𝜏(𝑁), for a certain
permutation 𝜏 of 𝑁 elements. The strategy to be adopted is clear.
It entails a combination of the one-dimensional control delineated in
Lemma 13 with the transversal control required to prove Corollary 5,
followed by a case-by-case analysis.
2. Universal approximation. In Ruiz-Balet and Zuazua (2023), the
authors demonstrate that a narrow neural ODE can approximate any
simple function with compact support. The proof hinges on simultane-
ous control and on the compressive nature of neural ODEs. However,
minimizing the number of time discontinuities required for this control,
particularly by increasing 𝑝, is a non-trivial task that may require an
entirely different approach.
3. Neural transport equation. The problem of controlling the au-
tonomous neural transport Eq. (2.6) is still open. The general case,
using arbitrary autonomous fields, was studied in Nitti and Fernández-
Real (2024), but an approximation argument similar to Theorem 7 is
not possible. One approach could be approximating both the initial and
target measures with atomic measures of the form 𝜌 = 1 ∑𝑁 𝛽 𝛿 ,
𝑁 𝑁 𝑛=1 𝑛 𝛼𝑛
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Fig. 4. Left to right: Compression, parallel motion, expansion. The blue dashed line
represents the hyperplane 𝐚 ⋅ 𝐱 + 𝑏 = 0.

with 𝛽𝑛 > 0 and 𝛼𝑛 ∈ R𝑑 , and then interpolating those Dirac deltas by
controlling the characteristic curves. However, a potential issue arises
as 𝑁 → ∞: the distance between 𝜌(𝑇 ) and 𝜌𝑁 (𝑇 ) (the solutions to (2.6)
with respective initial conditions 𝜌0 and 𝜌𝑁0 ) may diverge significantly.
This error can be quantified using the Grönwall inequality, which
suggests that the Lipschitz constant could increase unboundedly with
𝑁 , especially as the number of controlled points grows.
4. Minimizing the number of time jumps. Another interesting ques-
tion is how to frame the reduction of discontinuities as an optimal
control problem. For instance, one could penalize the frequency of time
jumps by targeting the total variation seminorm. However, this semi-
norm lacks regularity, and moreover the class of piecewise constant
functions is not a closed set of admissible controls.
5. Switching dimensions. In our simplified ResNet (1.1), the dimen-
sion remains constant across layers. However, strategically varying the
hidden dimension by defining 𝑝 = 𝑝(𝑡) could offer advantages, either by
reducing complexity through dimension shrinkage or by creating space
through dimension increase. Exploring effective methods to implement
these transitions, whether by employing projections or by applying
nonlinear transformations to the data, constitutes a compelling area for
research.
6. Optimal activation function. As discussed in Remark 3, explicit
control algorithms for more general activation functions that do not
satisfy (2.4) have yet to be developed. Despite the potential gain
in smoothness, the control cost generally increases due to an added
difficulty: the absence of regions fixed by the flow causes all points
to be continuously dispersed. Developing new constructive methods
similar to those in this work would allow for estimating the complexity
of controls in different dynamics and addressing the question of which
activation function offers the best performance.

4. Proofs

4.1. Basic dynamics

We describe the simplest dynamics that we can generate via (1.6)
by conveniently choosing (𝐰, 𝐚, 𝑏):

1. For each 𝑡 > 0, the term 𝐚(𝑡) ⋅ 𝐱 + 𝑏(𝑡) identifies a hyperplane in
R𝑑 . For instance, taking 𝐚 = 𝐞𝑘 and 𝑏 = −𝑐, we fix the hyperplane ℎ of
equation 𝑥(𝑘) − 𝑐 = 0.

2. Application of 𝜎 and product with the vector 𝐰(𝑡) yield the
field 𝐰(𝑡) max{𝑥(𝑘) − 𝑐, 0}, which exhibits distinct dynamics in two
complementary half-spaces:

𝐻+ ≡ {𝑥(𝑘) − 𝑐 > 0} and 𝐻− ≡ {𝑥(𝑘) − 𝑐 ≤ 0}

In 𝐻+ the field equals 𝐰(𝑡)(𝑥(𝑘) − 𝑐), whereas in 𝐻− the field is null,
meaning 𝐻− remains fixed under the flow.

3. The choice of 𝐰(𝑡) specifies the orientation and magnitude of
the field. For example, 𝐰(𝑡) = ±𝐞𝑘 yields 𝑥̇(𝑘)(𝑡) = ±max{(𝑥(𝑘) − 𝑐), 0},
so the points in 𝐻+ can either be attracted to or repelled from ℎ
(i.e., along the 𝑘th coordinate). Conversely, 𝐰(𝑡) = 𝐞𝑖 with 𝑖 ≠ 𝑘 results
in 𝑥̇(𝑖)(𝑡) = max{(𝑥(𝑘) − 𝑐), 0}. In this case, we generate in 𝐻+ a shear
flow with direction 𝑥(𝑖) that is parallel to ℎ.

The three basic operations of compression, expansion and move-
ment in parallel with the hyperplane (represented in Fig. 4) constitute
our toolbox for many subsequent proofs.
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Fig. 5. Representation of the control algorithm followed in Theorem 1.

4.2. Proof of Theorem 1

We will employ the following lemma, whose proof we postpone to
the end of this subsection:

Lemma 9. Let 𝑁 ≥ 1, 𝑑 ≥ 2 and consider the dataset  = {(𝐱𝑛, 𝐲𝑛)}𝑁𝑛=1
as defined in (2.1). There exists a change of coordinates in R𝑑 such that

𝑥(1)𝑛 ≠ 𝑥(1)𝑚 and 𝑦(2)𝑛 ≠ 𝑦(2)𝑚 , if 𝑛 ≠ 𝑚. (4.1)

Under the separability condition (4.1), we achieve the exact control
by building on the methods developed in Ruiz-Balet and Zuazua (2023).
Let 𝑝 ≥ 1 be fixed. We divide the proof in two steps, illustrated in
Figs. 5(a) and 5(b).
Step 1: Control of 𝑑−1 coordinates. By (4.1), we can relabel the data
{𝐱𝑛}𝑁𝑛=1 to impose the ordering

𝑥(1)1 < ⋯ < 𝑥(1)𝑁 .

We define a partition of {𝐱𝑛}𝑁𝑛=1 in ⌈𝑁∕𝑝⌉ subsets by increasing order
of the 𝑥(1)-coordinate. The 𝑗th subset is

𝑋𝑗 ∶= {𝐱(𝑗−1)⋅𝑝+1,… , 𝐱𝑗⋅𝑝}, for 𝑗 = 1,… , ⌈𝑁∕𝑝⌉ − 1,

and 𝑋
⌈𝑁∕𝑝⌉ contains the remaining 𝑁−𝑝⌊𝑁∕𝑝⌋ points. We describe the

control of the first subset 𝑋1. We take controls 𝐚𝑖 = 𝐞1 and 𝑏𝑖 ∈ R, for
𝑖 = 1,… , 𝑝, satisfying

−𝑏1 < 𝑥(1)1 < −𝑏2 < ⋯ < 𝑥(1)𝑝−1 < −𝑏𝑝 < 𝑥(1)𝑝 .

These controls define a family of parallel hyperplanes, given by 𝐚𝑖 ⋅ 𝐱+
𝑏𝑖 = 𝑥(1)+𝑏𝑖 = 0, which separate the points of 𝑋. In this way, 𝑖−1 terms
of the sum in (1.3) cancel inside the strip −𝑏𝑖 < 𝑥(1) < −𝑏𝑖+1 for each
𝑖 = 1,… , 𝑝, so (1.3) simplifies to

𝐱̇ =
𝑖

∑

𝑙=1

{

𝐰𝑙𝑥
(1) + 𝐰𝑙𝑏𝑙

}

. (4.2)

We consider velocities of the form 𝐰𝑖 = (0, 𝑤(2)
𝑖 ,… , 𝑤(𝑑)

𝑖 ), where the
components 𝑤(𝑘)

𝑖 ∈ R have to be defined in order to achieve the exact
control in time 𝑇 = 1. The first point, 𝐱1, is subject only to one velocity,
𝐰1, so

𝑥(𝑘)1 (𝑡) = 𝑤(𝑘)
1 (𝑥(1)1 + 𝑏1)𝑡 + 𝑥(𝑘)1 ,

while 𝑥(1)1 remains fixed. Therefore, it is enough to take

𝑤(𝑘)
1 =

𝑦(𝑘)1 − 𝑥(𝑘)1

𝑥(1)1 + 𝑏1
.

Similarly, for 𝑖 = 2,… , 𝑝, having fixed 𝐰1,… ,𝐰𝑖−1 it is enough to take

𝑤(𝑘)
𝑖 =

𝑦(𝑘)𝑖 − 𝑥(𝑘)𝑖 −
∑𝑖−1

𝑙=1 𝑤
(𝑘)
𝑙 (𝑥(1)𝑖 + 𝑏𝑙)

𝑥(1)𝑖 + 𝑏𝑖
,

for 𝑘 = 1,… , 𝑑. The described procedure can be simultaneously done
for each 𝑋 , with 𝑗 = 2,… ⌈𝑁∕𝑝⌉, taking into account that the fields
𝑗
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used to control 𝑋1,… , 𝑋𝑗−1 (all of them orthogonal to 𝐞1) will be added
as new terms in (4.2). In the end, we will have, for every 𝑛 = 1,… , 𝑁 :

𝛷1(𝐱𝑛;𝑊 ,𝐴,𝐛)(𝑘) = 𝑦(𝑘)𝑛 , for 𝑘 = 2,… , 𝑑.

The total number of iterations employed in this step is ⌈𝑁∕𝑝⌉, which
corresponds to ⌈𝑁∕𝑝⌉ − 1 switches.
Step 2: Control of the remaining coordinate. In a slight abuse of
notation, we redefine 𝐱𝑛 ∶= 𝛷1(𝐱𝑛), where 𝛷1 is the flow resulting from
step 1. Once again, we can relabel the data, now assuming

𝑥(2)1 < ⋯ < 𝑥(2)𝑁 .

Following the increasing order of the 𝑥(2)-coordinate, we define
𝑋1,… , 𝑋

⌈𝑁∕𝑝⌉−1, each being a subset of {𝐱𝑛}𝑁𝑛=1 with 𝑝 points, and
𝑋

⌈𝑁∕𝑝⌉, which contains the remaining 𝑁 − 𝑝⌊𝑁∕𝑝⌋ points.
We follow an analogous methodology to step 1. For each 𝑗, we

define controls 𝐚𝑖 = 𝐞2 and 𝑏𝑖 (for 𝑖 = 1,… , 𝑝) that separate the points
of 𝑋𝑗 using 𝑝 parallel hyperplanes, each described by the equation
𝑥(2) = 𝑏𝑖. Now, we consider velocities of the form 𝐰𝑖 = 𝑤𝑖𝐞1, where
the values 𝑤𝑖 are determined, as in step 1, to ensure

𝛷1(𝐱𝑛;𝑊 ,𝐴,𝐛)(1) = 𝑦(1)𝑛 , for 𝑛 = 1,… , 𝑁.

The number of switches employed in step 2 is ⌈𝑁∕𝑝⌉ − 1. Then, by
adding one more to transition between steps, the whole control requires
𝐿 = 2 ⌈𝑁∕𝑝⌉ − 1 switches, hence proving Theorem 1.

Proof of Lemma 9. The finite unions of linear hyperplanes
⋃

1≤𝑛<𝑚≤𝑁
(span(𝐱𝑛 − 𝐱𝑚))⟂ ⊂ R𝑑

and
⋃

1≤𝑛<𝑚≤𝑁
(span(𝐲𝑛 − 𝐲𝑚))⟂ ⊂ R𝑑

have non-empty complements in R𝑑 . Therefore, one can always choose
𝐮1,𝐮2 ∈ S𝑑−1 such that for all 𝑛 ≠ 𝑚

𝐮1 ⋅ (𝐱𝑛 − 𝐱𝑚) ≠ 0 and 𝐮2 ⋅ (𝐲𝑛 − 𝐲𝑚) ≠ 0.

If we complete to an orthonormal basis {𝐮1,𝐮2,… ,𝐮𝑑} of R𝑑 , condition
(4.1) is satisfied when expressing  in the new basis, as 𝑥(𝑘) = 𝐱 ⋅𝐮𝑘 for
every 𝐱 ∈ R𝑑 . □

4.3. Proof of Corollary 3

We aim to eliminate the initial step in the algorithm defined in the
proof of Theorem 1. To achieve this, we seek a new vector basis in
R𝑑 where the input-target pairs inherently share the first coordinate.
When 𝑑 ≤ 𝑁 , this condition usually cannot be met. However, when
𝑑 > 𝑁 , there exists an orthonormal vector basis  ⊂ R𝑑 such that for
all 𝑛 = 1,… , 𝑁 , the first coordinates of the 𝑁 pairs with respect to 
satisfy 𝑥(1)𝑛 = 𝑦(1)𝑛 .

To construct such a vector system, without loss of generality we
can assume that 𝑑 = 𝑁 + 1. Let (𝐱, 𝐲) ∈ R𝑑 × R𝑑 with 𝐱 ≠ 𝐲. We seek a
vector 𝐮 ∈ S𝑑−1 such that 𝐮 ⋅ 𝐱 = 𝐮 ⋅ 𝐲. This condition is equivalent to
𝐮 ⋅ (𝐱 − 𝐲) = 0, which is satisfied by any unit vector 𝐮 contained in the
linear hyperplane orthogonal to 𝐱 − 𝐲.

For 𝑑 − 1 input-target pairs of points, we consider the correspond-
ing hyperplanes {𝐻𝑛}𝑑−1𝑛=1 . Note that some of these hyperplanes can
be repeated. So, the intersection ⋂𝑑−1

𝑖=1 𝐻𝑖 yields a linear subspace of
dimension at most 𝑑−1. We choose any unit vector 𝐞′1 contained in that
subspace. Any completion to an orthonormal basis  = {𝐞′1,… , 𝐞𝑑} ⊂ R𝑑

will satisfy the desired condition for 𝑑 − 1 points. The procedure is

illustrated in Fig. 6.
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Fig. 6. Construction of a new axis 𝑥(1) ↦ 𝑥̃(1) in R3 for 𝑁 = 2, ensuring that the first
coordinates of each pair (𝐱1 , 𝐲1) and (𝐱2 , 𝐲2) are matched. Theorem 1 is then applied.

4.4. Proof of Corollary 5

Proof of Proposition 4. We carry out a similar analysis to the one
in Alvarez-Lopez et al. (2023), where the probability of requiring 𝑘
hyperplanes to separate two sets of 𝑁 points for binary classification
was estimated. We introduce the random variable 𝑍𝑝

𝑑,2𝑁 (), which
assigns to each possible dataset

 = {(𝐱𝑛, 𝐲𝑛)}𝑁𝑛=1 ⊂ supp(𝜇) × supp(𝜇)

the minimum number of parallel hyperplanes needed to separate in R𝑑

every pair (𝐱𝑛, 𝐲𝑛) from the others. Note that min 𝑍𝑝
𝑑,2𝑁 () = 𝑁 − 1.

We estimate the probability 𝑃𝑑,𝑁 ∶= 𝑃 (𝑍𝑝
𝑑,2𝑁 () = 𝑁−1) for any 𝑑 and

𝑁 .
First, we consider the one-dimensional case. Since all the points are

sampled from the same distribution, every possible configuration of the
2𝑁 points in the real line will have the same probability, i.e., their
distribution is uniform on the finite space of all possible orderings.
Therefore, we can compute:

𝑃1,𝑁 =
favorable configurations

total configurations = 𝑁! 2𝑁
(2𝑁)!

.

Now, we apply Stirling’s formula to approximate, for sufficiently large
𝑁 :

𝑃1,𝑁 ≈
𝑁𝑁

√

2𝜋𝑁(2∕𝑒)𝑁

(2𝑁)2𝑁
√

4𝜋𝑁∕𝑒2𝑁
= 1

√

2

( 𝑒
2𝑁

)𝑁
.

Let 𝑍𝑝,𝑐
𝑑,2𝑁 be similarly defined to 𝑍𝑝

𝑑,2𝑁 but restricting the hyperplanes
to be orthogonal to one of the 𝑑 canonical axes. Then, for any 𝑑 ≥ 1,
we can bound:

𝑃 (𝑍𝑝,𝑐
𝑑,2𝑁 = 𝑁 − 1) ≤ 𝑃 (𝑍𝑝

𝑑,2𝑁 = 𝑁 − 1). (4.3)

By hypothesis, the 𝑑 random variables defined as 𝑍𝑝
1,2𝑁 over the

projection of  on each canonical axis are i.i.d. to 𝑍𝑝
1,2𝑁 , so we can

write:

𝑃 (𝑍𝑝,𝑐
𝑑,2𝑁 > 𝑁 − 1) =

[

1 − 𝑃 (𝑍1,2𝑁 = 𝑁 − 1)
]𝑑

= 𝑁! 2𝑁
(2𝑁)!

≈

[

1 − 1
√

2

( 𝑒
2𝑁

)𝑁
]𝑑

,

if 𝑁 ≫ 1. By (4.3), the complementary provides the desired lower
bound for 𝑃𝑑,𝑁 . □

Proof of Corollary 5. Let 𝐚 ∈ S𝑑−1, {𝑏𝑛}𝑁+1
𝑛=1 ⊂ R and 𝜏 be given by

Assumption 1. With no loss of generality, we can assume that 𝐚 = 𝐞1
and 𝜏 is the identity permutation. The argument that we will use is
similar to the one employed in the proof of Theorem 1, but now the
motion must be longitudinal as well as transverse. It also hinges on the
fact that, inside the 𝑛th strip

𝑆𝑛 ∶= {𝐱 ∈ R𝑑 ∶ −𝑏𝑛 < 𝐚 ⋅ 𝐱 < −𝑏𝑛+1},

Eq. (1.5) simplifies to (4.2). The simultaneous control of the data points
is achieved inductively, in increasing order of the first coordinates, by
8 
appropriately defining the field 𝐰𝑛 associated with each hyperplane
𝐻𝑛. Both the base case and the inductive step are established by the
following two lemmas, which will be proven later.

Lemma 10. Consider two points 𝐱1, 𝐲1 ∈ R𝑑 with 𝐱1 ≠ 𝐲1. For any 𝑇 > 0
and 𝑏 ∈ R satisfying 𝑥(1)1 + 𝑏 > 0 and 𝑦(1)1 + 𝑏 > 0, there exists a unique
𝐰 ∈ R𝑑 such that the solution of
{

𝐱̇ = 𝐰𝜎(𝑥(1) + 𝑏),
𝐱(0) = 𝐱1 ∈ R𝑑

(4.4)

reaches 𝐱(𝑇 ) = 𝐲1.

Having controlled 𝐱1,… , 𝐱𝑛−1 to 𝐲1,… , 𝐲𝑛−1 in a time horizon 𝑇 > 0,
and using parameters {𝐰𝑖}𝑛−1𝑖=1 ⊂ R𝑑 and {𝑏𝑖}𝑛−1𝑖=1 ⊂ R such that 𝑏𝑛−1 <
⋯ < 𝑏1 and

𝑥(1)𝑖 + 𝑏𝑖 > 0 and 𝑦(1)𝑖 + 𝑏𝑖 > 0 for 𝑖 = 1,… , 𝑁,

steering 𝐱𝑛 involves overcoming an autonomous drift field

𝐝(𝐱) ∶=
𝑛−1
∑

𝑖=1
𝐰𝑖𝜎(𝐚 ⋅ 𝐱 + 𝑏𝑖) =

𝑛−1
∑

𝑖=1
𝐰𝑖𝜎(𝑥(1) + 𝑏𝑖). (4.5)

The drift field 𝐝 becomes more intense as the first coordinate in-
creases, owing to the characteristics of the ReLU function. However,
the following lemma shows that the control is possible:

Lemma 11. Consider 𝐱𝑛, 𝐲𝑛 ∈ R𝑑 with 𝐱𝑛 ≠ 𝐲𝑛. With the above notation,
for any 𝑇 > 0 there exists a unique 𝐰𝑛 ∈ R𝑑 and some 𝑏𝑛 ∈ R satisfying

𝑏𝑛 < 𝑏𝑛−1, 𝑥(1)𝑛 + 𝑏𝑛 > 0 and 𝑦(1)𝑛 + 𝑏𝑛 > 0

such that the solution of the Cauchy problem
{

𝐱̇ = 𝐝(𝐱) + 𝐰𝑛𝜎(𝑥(1) + 𝑏𝑛),
𝐱(0) = 𝐱𝑛,

(4.6)

where 𝐝 is given by (4.5), reaches 𝐱(𝑇 ) = 𝐲𝑛.

With Lemmas 10 and 11, the inductive argument is almost com-
plete. It is left to show that the trajectory of each initial datum 𝐱𝑛 will
remain in its corresponding strip 𝑆𝑛 for all 𝑡 ∈ (0, 𝑇 ).

On one hand, Lemma 11 guarantees that the trajectory 𝐱(𝑡) origi-
nating from 𝐱𝑛 will reach the endpoint 𝐲𝑛. On the other hand, taking
into account that the field is autonomous and invariant along each
hyperplane 𝑥(1) = const, then 𝑥̇(1)(𝑡) cannot change sign at any time,
that is to say, the 𝑥(1)(𝑡) does not change its direction. Consequently, the
entire trajectory will be contained within the strip bounded by 𝑥 = 𝑥(1)𝑛
and 𝑥 = 𝑦(1)𝑛 , which in turn is contained in 𝑆𝑛. □

Proof of Lemma 10. In the half-space {𝑥(1)+𝑏 > 0}, Eq. (4.4) is written
as

𝐱̇ = 𝐰𝜎(𝑥(1) + 𝑏) = 𝐰𝑥(1) + 𝐰 𝑏. (4.7)

We can assume that 𝑏 = 0, so the solution of (4.7) is

𝐱(𝑡) =
𝑥(1)1

𝑤(1)
𝐰
(

𝑒𝑤
(1)𝑡 − 1

)

+ 𝐱1,

which can be driven to 𝐱(𝑇 ) = 𝐲1 by taking

𝑤(1) = 1
𝑇

ln

(

𝑦(1)1

𝑥(1)1

)

and 𝑤(𝑘) =
𝑦(𝑘)1 − 𝑥(𝑘)1

𝑦(1)1 − 𝑥(1)1

𝑤(1),

or 𝑤(𝑘) = 𝑦(𝑘)1 − 𝑥(𝑘)1 if 𝑥(1)1 = 𝑦(1)1 , for 𝑘 = 2,… , 𝑑. Moreover, 𝐱(𝑡) stays in
the half-space 𝑥(1) > 0 for 𝑡 ∈ [0, 𝑇 ] because 𝑥(1)(𝑡) is monotone in that
interval. □

Proof of Lemma 11. First, take any 𝑏𝑛 ∈ R satisfying

𝑏 < 𝑏 , 𝑥(1) + 𝑏 > 0 and 𝑦(1) + 𝑏 > 0.
𝑛 𝑛−1 𝑛 𝑛 𝑛 𝑛
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For simplicity, we rewrite (4.4) as

𝐱̇ =
(

𝐬𝑛−1 + 𝐰𝑛
)

𝑥(1) + 𝐰𝑛𝑏𝑛 + 𝐜𝑛−1,

here 𝐬𝑛−1 =
∑𝑛−1

𝑖=1 𝐰𝑖, 𝐜𝑛−1 =
∑𝑛−1

𝑖=1 𝐰𝑖𝑏𝑖. If we restrict to the first
oordinate, we have:

𝑥̇(1) =
(

𝑠(1)𝑛−1 +𝑤(1)
𝑛

)

𝑥(1) +𝑤(1)
𝑛 𝑏𝑛 + 𝑐(1)𝑛−1,

𝑥(1)(0) = 𝑥(1)𝑛 ,

hich has solution

(1)(𝑡) =
𝑤(1)

𝑛 𝑏𝑛 + 𝑐(1)𝑛−1

𝑠(1)𝑛−1 +𝑤(1)
𝑛

[

𝑒
(

𝑠(1)𝑛−1+𝑤
(1)
𝑛

)

𝑡 − 1
]

+𝑥(1)𝑛 𝑒
(

𝑠(1)𝑛−1+𝑤
(1)
𝑛

)

𝑡.

First, we want to see if there exists 𝑤̂(1)
𝑛 ∈ R such that 𝑥(1)(𝑇 ) = 𝑦(1)𝑛 , or,

equivalently, if the function

𝑓 (𝑧) =
𝑧 𝑏𝑛 + 𝑐(1)𝑛−1

𝑠(1)𝑛−1 + 𝑧

[

𝑒
(

𝑠(1)𝑛−1+𝑧
)

𝑇 − 1
]

+𝑥(1)𝑛 𝑒
(

𝑠(1)𝑛−1+𝑧
)

𝑇 − 𝑦(1)𝑛 (4.8)

has a real root. For that task, we compute:

lim
𝑧→∞

𝑓 (𝑧) = sign
(

𝑏𝑛 + 𝑥(1)𝑛
)

⋅∞ = +∞,

lim
𝑧→−∞

𝑓 (𝑧) = −𝑏𝑛 − 𝑦(1)𝑛 < 0.

On the other hand,

lim
𝑧→−𝑠(1)𝑛−1

+
𝑓 (𝑧) =

(

𝑐(1)𝑛−1 − 𝑏𝑛𝑠
(1)
𝑛−1

)

𝑇 + 𝑥(1)𝑛 − 𝑦(1)𝑛

= lim
𝑧→−𝑠(1)𝑛−1

− 𝑓 (𝑧),

so 𝑓 is continuous. Hence, we can assure that there exists 𝑤̂(1)
𝑛 ∈ R such

that 𝑓
(

𝑤̂(1)
𝑛

)

= 0. Now, we denote

𝑠(1)𝑛 = 𝑤̂(1)
𝑛 + 𝑠(1)𝑛−1 and 𝑐(1)𝑛 = 𝑤̂(1)

𝑛 𝑏𝑛 + 𝑐(1)𝑛−1.

For each component 𝑗 ∈ {2,… , 𝑑},

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑥̇(𝑗) = 𝑐(1)𝑛
𝑠(𝑗)𝑛−1+𝑤

(𝑗)
𝑛

𝑠(1)𝑛

[

𝑒𝑠
(1)
𝑛 𝑡 − 1

]

+𝑥(1)𝑛

(

𝑠(𝑗)𝑛−1 +𝑤(𝑗)
𝑛

)

𝑒𝑠
(1)
𝑛 𝑡 +𝑤(𝑗)

𝑛 𝑏𝑛 + 𝑐(𝑗)𝑛−1,

𝑥(𝑗)(0) = 𝑥(𝑗)𝑛 ,

which has solution

𝑥(𝑗)(𝑡) = 𝑥(𝑗)𝑛 +

[

𝑤(𝑗)
𝑛 𝑏𝑛 + 𝑐(𝑗)𝑛−1 − 𝑐(1)𝑛

𝑠(𝑗)𝑛−1 +𝑤(𝑗)
𝑛

𝑠(1)𝑛

]

𝑡

+

[

𝑐(1)𝑛

𝑠(𝑗)𝑛−1 +𝑤(𝑗)
𝑛

𝑠(1)
2

𝑛

+ 𝑥(1)𝑛

𝑠(𝑗)𝑛−1 +𝑤(𝑗)
𝑛

𝑠(1)𝑛

]

𝑒𝑠
(1)
𝑛 𝑡.

Now, we want to find a solution of 𝑔(𝑧) = 0 for

𝑔(𝑧) = 𝑥(𝑗)𝑛 +

[

𝑧𝑏𝑛 + 𝑐(𝑗)𝑛−1 − 𝑐(1)𝑛

𝑠(𝑗)𝑛−1 + 𝑧

𝑠(1)𝑛

]

𝑇

+

[

𝑐(1)𝑛

𝑠(𝑗)𝑛−1 + 𝑧

𝑠(1)
2

𝑛

+ 𝑥(1)𝑛

𝑠(𝑗)𝑛−1 + 𝑧

𝑠(1)𝑛

]

𝑒𝑠
(1)
𝑛 𝑇 − 𝑦(𝑗)𝑛 .

This is an affine function in 𝑧, so 𝑔(𝑧) = 0 has a unique solution 𝑤̂(𝑗)
𝑛 ∈ R

if and only if the slope is non-zero. Suppose that the 𝑏𝑛 we have chosen
yields a zero slope, i.e.,
[

𝑐(1)𝑛
(1)

+ 𝑥(1)𝑛

]

𝑒𝑠
(1)
𝑛 𝑇 + (𝑏𝑛𝑠

(1)
𝑛−1 − 𝑐(1)𝑛−1)𝑇 = 0.
𝑠𝑛

9 
Recalling that 𝑓 (𝑤̂(1)
𝑛 ) = 0, we can write this equation as

𝑦(1)𝑛 +
𝑐(1)𝑛

𝑠(1)𝑛

+ (𝑏𝑛𝑠
(1)
𝑛−1 − 𝑐(1)𝑛−1)𝑇 = 0,

o

𝑐(1)𝑛

𝑠(1)𝑛

= (𝑐(1)𝑛−1 − 𝑏𝑛𝑠
(1)
𝑛−1)𝑇 − 𝑦(1)𝑛 (4.9)

nd we can solve for 𝑤̂𝑛 in this equation as

𝑤̂(1)
𝑛 =

[

(𝑐(1)𝑛−1 − 𝑏𝑛𝑠
(1)
𝑛−1)𝑇 − 𝑦(1)𝑛

]

𝑠(1)𝑛−1 − 𝑐(1)𝑛−1

𝑏𝑛 −
(

𝑐(1)𝑛−1 − 𝑏𝑛𝑠
(1)
𝑛−1

)

𝑇 − 𝑦(1)𝑛

.

eanwhile, substituting (4.9) in 𝑓 (𝑤̂(1)
𝑛 ) = 0, we get:

𝑥(1)𝑛 − 𝑦(1)𝑛
]

𝑒𝑠
(1)
𝑛 𝑇 − 𝑇 (𝑐(1)𝑛−1 + 𝑏𝑛𝑠

(1)
𝑛−1)[𝑒

𝑠(1)𝑛 𝑇 − 1] = 0,

hich can also be solved for 𝑤̂(1)
𝑛 as

̂ (1)𝑛 = 1
𝑇

ln

(

(𝑐(1)𝑛−1 − 𝑏𝑛𝑠
(1)
𝑛−1)𝑇

(𝑐(1)𝑛−1 − 𝑏𝑛𝑠
(1)
𝑛−1)𝑇 − 𝑦(1)𝑛 + 𝑥(1)𝑛

)

− 𝑠(1)𝑛−1.

qualizing both expressions of 𝑤̂(1)
𝑛 , we obtain an equation with differ-

nt analytic functions of 𝑏𝑛 and not involving 𝑤̂(1)
𝑛 . Therefore, changing

lightly the chosen value of 𝑏𝑛, these expressions become different,
ndependently of the corresponding value of 𝑤̂(1)

𝑛 , so there is a pertur-
ation of 𝑏𝑛 that satisfies the statement of the lemma while 𝑔(𝑧) = 0 has
unique solution. □

.5. Proof of Theorem 7

First, we prove Proposition 6 with an inductive argument of topo-
ogical nature.

roof of Proposition 6. First, we aim to build a family of 𝑁 disjoint
∞ curves contained in Int(𝛺), each connecting the two points of a
orresponding pair (𝐱𝑛, 𝐲𝑛) ∈ . When 𝑑 ≥ 2, any connected open set
n R𝑑 is path-connected. Therefore, we can take a continuous path 𝐶
hat connects any two given points (𝐱, 𝐲) inside 𝑈 ∶= Int(𝛺) ⧵𝐾, where

represents any finite union of disjoint curves contained in Int(𝛺).
oreover, by a well-known approximation argument this path can be

hosen to be 𝐶∞.
Now, we have 𝑁 disjoint 𝐶∞ curves {𝐶𝑛}𝑁𝑛=1 contained in Int(𝛺),

ach connecting a corresponding pair of points (𝐱𝑛, 𝐲𝑛). The tangent
elocity field of each curve is also 𝐶∞, so the assembled field 𝐕′,
efined in ⋃𝑁

𝑛=1 𝐶𝑛, is smooth too. Since its domain is compact, it
s also Lipschitz-continuous. The required vector field 𝐕 is explicitly
rovided by Kirzsbraun’s Theorem (see Valentine, 1945), which ensures
he existence of a Lipschitz map 𝐕 ∶ R𝑑 → R𝑑 that extends 𝐕′ sharing
he same Lipschitz constant. □

The proof of Theorem 7 employs the following lemma from DeVore
t al. (2021, Section 7.2.2):

emma 12 (Approximation Rate for Lipschitz Functions). Let 𝐾 be the unit
all in Lip(𝛺,R), where 𝛺 = [−𝑅,𝑅]𝑑 . We have

1
[𝜅 log2 𝜅]1∕𝑑

𝐶𝑑,𝑅 ≤ 𝐸(𝐾,𝛴𝜅 )𝐶(𝛺) ≤ 𝐶𝑑,𝑅
log2 𝜅
𝜅1∕𝑑

,

where:

• 𝛴𝜅 ∶=
{

𝑆𝜅 ∶ R𝑑 → R
}

is the space of shallow neural networks with
𝜅 = (𝑑+2)𝑝 parameters, 𝑝 being the number of neurons in the hidden
layer;

• 𝐸(𝐾,𝛴𝜅 )𝐶(𝛺) = sup𝑓∈𝐾 inf𝑆∈𝛴𝜅
‖𝑓 − 𝑆‖𝐶(𝛺) measures the capacity
of 𝛴𝜅 to approximate any function in 𝐾.
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This result was in turn derived from Bach (2017, Proposition 6),
where the upper bound is obtained for 𝐾𝐿, the ball of radius 𝐿 in
Lip(𝛺,R):

𝐸(𝐾𝐿, 𝛴𝜅 )𝐶(𝛺) ≤ 𝐶𝑑,𝑅 𝐿
log2 𝜅
𝜅1∕𝑑

. (4.10)

Proof of Theorem 7. Proposition 6 ensures that we can find a
Lipschitz-continuous field 𝐕 ∶ R𝑑 → R𝑑 such that the flow 𝛹𝑇 of the
ODE

𝐱̇ = 𝐕(𝐱) (4.11)

interpolates the dataset. The classical UAT in Cybenko (1989) guaran-
tees that we can uniformly approximate in 𝛺 with precision 𝜀∕

√

𝑑 each
of its components 𝑉 (𝑖) using a corresponding shallow neural network
𝑆 𝑖
𝜅𝑖

∶ 𝛺 → R, with 𝜅𝑖 ≥ 1 for 𝑖 = 1,… , 𝑑. Moreover, Lemma 12
quantifies the dependence of the error with respect to the number of
parameters of each 𝑆𝑖

𝜅𝑖
, ensuring that

𝜅1 = 𝜅2 = ⋯ = 𝜅𝑑 = (𝑑 + 2)𝑝

parameters suffice to ensure (4.10) on each component. The assembled
field

𝐕𝑁𝑁 =
(

𝑆1
𝜅1
,… , 𝑆𝑑

𝜅𝑑

)

∶ R𝑑 → R𝑑

is of the form 𝐕𝑁𝑁 (𝐱) = 𝑊 𝝈(𝐴𝐱+𝐛) with complexity 𝜅 = (𝑑+2)𝑝𝑑, and
satisfies sup𝐱∈𝛺 |𝐕(𝐱) − 𝐕𝑁𝑁 (𝐱)| < 𝜀. Consider the neural ODE given by

𝐱̇ = 𝐕𝑁𝑁 (𝐱). (4.12)

Let 𝐗𝑉 (𝑡; 𝐱0) and 𝐗𝑁𝑁 (𝑡; 𝐱0) be the respective trajectories in time 𝑡 > 0
that a point 𝐱0 ∈ 𝛺 will follow under the dynamics provided by (4.11)
and (4.12). The deviation

𝐳(𝑡) = |𝐗𝑉 (𝑡; 𝐱0) − 𝐗𝑁𝑁 (𝑡; 𝐱0)|

is bounded as

𝐳(𝑡) ≤ ∫

𝑡

0
|

|

𝐕(𝐗𝑉 (𝑠; 𝐱0)) − 𝐕𝑁𝑁 (𝐗𝑁𝑁 (𝑠; 𝐱0))|| ds

≤ ∫

𝑡

0

{

|

|

𝐕(𝐗𝑉 (𝑠; 𝐱0)) − 𝐕(𝐗𝑁𝑁 (𝑠; 𝐱0))||

+ |

|

𝐕(𝐗𝑁𝑁 (𝑠; 𝐱0)) − 𝐕𝑁𝑁 (𝐗𝑁𝑁 (𝑠; 𝐱0))||
}

ds

≤ 𝐿𝑉 ∫

𝑡

0
|

|

𝐗𝑉 (𝑠; 𝐱0) − 𝐗𝑁𝑁 (𝑠; 𝐱0)|| ds + 𝜀 𝑡

= 𝐿𝑉 ∫

𝑡

0
𝐳(𝑠)ds + 𝜀 𝑡.

By Grönwall’s inequality, it follows that

𝐳(𝑡) ≤ 𝜀 𝑡 exp
(

𝐿𝑉 𝑡
)

.

On the other hand, in the second line, we could alternatively add
and subtract 𝐕𝑁𝑁 (𝐗𝑉 (𝑠; 𝐱0)). Then, if we denote by 𝐿𝑁𝑁 the Lipschitz
constant of 𝐕𝑁𝑁 , we have:

𝐳(𝑡) ≤ ∫

𝑡

0

{

|

|

𝐕(𝐗𝑉 (𝑠; 𝐱0)) − 𝐕𝑁𝑁 (𝐗𝑉 (𝑠; 𝐱0))||

+ |

|

𝐕𝑁𝑁 (𝐗𝑉 (𝑠; 𝐱0)) − 𝐕𝑁𝑁 (𝐗𝑁𝑁 (𝑠; 𝐱0))||
}

ds

≤ 𝜀 𝑡 + 𝐿𝑁𝑁 ∫

𝑡

0
|

|

𝐗𝑁𝑁 (𝑠; 𝐱0) − 𝐗𝑉 (𝑠; 𝐱0)|| ds

= 𝜀 𝑡 + 𝐿𝑁𝑁 ∫

𝑡

0
𝐳(𝑠)ds.

By Grönwall’s inequality, it follows that

𝐳(𝑡) ≤ 𝜀 𝑡 exp
(

𝐿𝑁𝑁 𝑡
)

.

Taking 𝐱0 = 𝐱𝑛 and 𝑡 = 𝑇 , the two bounds for 𝐳(𝑡) give:

|𝐲𝑛 −𝛷𝑇 (𝐱𝑛)| ≤ 𝜀 𝑇 exp
(

min{𝐿𝑉 , 𝐿𝑁𝑁} 𝑇
)

.

Note that 𝐿𝑁𝑁 ≤ ‖𝑊 ‖‖𝐴‖ because 𝝈 is 1-Lipschitz, so the approxima-
tion rate (2.5) is obtained by direct application of (4.10). □
10 
Fig. 7. Division of [0, 1]2 into rectangles, each containing a mass of 1∕𝑛2 following the
distribution given by 𝜌0.

4.6. Proof of Theorem 8

We seek to find (𝑊 ,𝐴,𝐛) such that the generated vector field moves,
compresses and stretches the mass distributed following 𝜌0, to drive it
approximately to the target density, given by 𝜌∗. This is achieved in
four steps, illustrated in Figs. 7 to 10 for the case 𝑑 = 2.
1. Preparation. We compress supp(𝜇0) into [0, 1]𝑑 . To do this, we aim
to find a control

(𝑊 ,𝐴,𝐛) ∈ 𝐿∞ (

(0, 𝑇 );R𝑑×𝑝 × R𝑝×𝑑 × R𝑝)

such that, in a time 𝑇1 > 0, the flow 𝛷𝑇1 of (1.3) satisfies

𝛷𝑇1 (supp(𝜇0)) ⊂ [0, 1]𝑑

For 𝑘 = 1,… , 𝑑, we fix the hyperplane 𝑥(𝑘) = 0 and a compressive
velocity field by taking (𝐰, 𝐚, 𝑏) = (−𝐞𝑘, 𝐞𝑘, 0). We choose 𝑇1,𝑘 > 0
sufficiently large to ensure

𝛷𝑇1,𝑘

(

supp(𝜇0) ∩ {𝑥(𝑘) ≥ 0}
)

⊂ {0 ≤ 𝑥(𝑘) ≤ 1}.

We repeat the operation with the hyperplanes 𝑥(𝑘) = 1 for 𝑘 = 1,… , 𝑑,
taking (𝐰, 𝐚, 𝑏) = (𝐞𝑘,−𝐞𝑘, 1) and 𝑇 ′

1,𝑘 > 0 such that

𝛷𝑇 ′
1,𝑘
◦𝛷𝑇1,𝑘

(

supp(𝜇0) ∩ {𝑥(𝑘) ≤ 0}
)

⊂ {0 ≤ 𝑥(𝑘) ≤ 1}.

Both operations are possible in a finite time because 𝜇0 has compact
support. In the end, we will have built piecewise constant controls
(𝐰, 𝐚, 𝑏) that take 2𝑑 values, such that

𝛷𝑇1 (supp(𝜇0)) ⊂ [0, 1]𝑑 , for 𝑇1 ∶=
𝑑
∑

𝑘=1

(

𝑇1,𝑘 + 𝑇 ′
1,𝑘

)

.

Using 𝑝 neurons, we can simultaneously apply 𝑝 controls, because when
(𝐰, 𝐚, 𝑏) = (±𝐞𝑘,±𝐞𝑘, 1), then the characteristic curves of (2.6) fulfill
𝑥(𝑙) = const for every 𝑙 ≠ 𝑘. So, the total number of values taken by
(𝑊 ,𝐴,𝐛) is ⌈2𝑑∕𝑝⌉.
2. Partition. We aim to divide [0, 1]𝑑 into a collection of 𝑛𝑑 hyper-
rectangles, each containing a mass of 1∕𝑛𝑑 , as distributed by 𝜇0. The
process can be visualized in Fig. 7 for 𝑑 = 2. For simplicity, we redefine
𝜇0 ∶= 𝛷𝑇1#𝜇0 with density 𝜌0, now satisfying supp(𝜇0) ⊂ [0, 1]𝑑 . Let 𝑛 ≥ 1
and consider the function

𝑡 ⟼ ∫[0,𝑡)×[0,1]𝑑−1
𝑑𝜇0 = ∫[0,𝑡)×[0,1]𝑑−1

𝜌0.

This function is continuous, strictly increasing (by absolute continuity),
equal to 0 at 𝑡 = 0 and equal to 1 at 𝑡 = 1. Therefore, we can choose
𝑛 + 1 numbers

𝑐0 = 0 < 𝑐1 < ⋯ < 1 = 𝑐𝑛

such that, for 𝑖1 = 0,… , 𝑛 − 1,

∫[𝑐𝑖1 ,𝑐𝑖1+1]×[0,1]𝑑−1
𝜌0 =

1
𝑛
.

Similarly, for each 𝑖1 = 0,… , 𝑛 − 1 we choose 𝑛 + 1 numbers

𝑐 = 0 < 𝑐 < ⋯ < 1 = 𝑐
𝑖1 ,0 𝑖1 ,1 𝑖1 ,𝑛
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Fig. 8. Transformation of the rectangles 𝐶𝐼𝑑 into the corresponding ones 𝐺𝐼𝑑 .

such that, for 𝑖2 = 0,… , 𝑛 − 1,

∫[𝑐𝑖1 ,𝑐𝑖1+1]×[𝑐𝑖1 ,𝑖2 ,𝑐𝑖1 ,𝑖2+1]×[0,1]𝑑−2
𝜌0 =

1
𝑛2

.

Repeating this operation recursively for each coordinate, we end up
with 𝑛𝑑 hyperrectangles

𝐶0
𝑖1 ,…,𝑖𝑑

∶=
[

𝑐𝑖1 , 𝑐𝑖1+1
]

×⋯ ×
[

𝑐𝑖1 ,…,𝑖𝑑 , 𝑐𝑖1 ,…,𝑖𝑑+1

]

⊂ R𝑑 ,

with 𝑖𝑘 ∈ {0,… , 𝑛 − 1} for every 𝑘 = 1,… , 𝑑, such that

∫𝐶0
𝑖1 ,…,𝑖𝑑

𝜌0 =
1
𝑛𝑑

.

The analogous partition for the uniform measure 𝜇∗ is

𝐺𝑖1 ,…,𝑖𝑑 ∶=
[

𝑖1
𝑛
,
𝑖1 + 1
𝑛

]

×… ×
[

𝑖𝑑
𝑛
,
𝑖𝑑 + 1
𝑛

]

.

For the sake of readability, we will denote each multi-index by 𝐼𝑘 ≡
(𝑖1,… , 𝑖𝑘) ∈ {0,… , 𝑛 − 1}𝑘, for 𝑘 = 1,… , 𝑑, so for instance we write
𝐶0
𝐼𝑑

≡ 𝐶0
𝑖1 ,…,𝑖𝑑

and 𝐺𝐼𝑑 ≡ 𝐺𝑖1 ,…,𝑖𝑑 .
3. Control. We aim to define the controls that expand and compress
the mass until the hyperrectangles 𝐶0

𝐼𝑑
approximate a corresponding

collection of 𝑛𝑑 hypercubes, each of them containing the same mass
1∕𝑛𝑑 , as distributed by 𝜇∗. Ideally, we would build (𝑊 ,𝐴,𝐛) such that
the flow of the ODE (1.3) satisfied

𝛷𝑇 (𝐶0
𝐼𝑑
;𝑊 ,𝐴,𝐛) = 𝐺𝐼𝑑 (4.13)

for each 𝐼𝑑 ∈ {0,… , 𝑛 − 1}𝑑 . This would be done by transforming each
hyperplane {𝑥(𝑘) = 𝑐𝐼𝑘} into a target hyperplane {𝑥(𝑘) = 𝑖𝑘∕𝑛}.

However, this task is not possible in general, since any {𝑥(𝑘) = 𝑖𝑘∕𝑛}
can be a target for multiple distinct hyperplanes {𝑥(𝑘) = 𝑐𝐼𝑘}. We
therefore relax the problem to 𝛿-approximate control by considering
𝛿-displacements of the target hyperplanes {𝑥(𝑘) = 𝑖𝑘∕𝑛}. Now we aim
to control each 𝐶0

𝐼𝑑
to a corresponding target 𝐺𝛿

𝐼𝑑
that is 𝛿-close to 𝐺𝐼𝑑 ,

for a sufficiently small 𝛿 > 0.
Let us build the new hyperrectangles 𝐺𝛿

𝐼𝑑
. The process is shown in

Fig. 9. For each 𝑘 ∈ {2,… , 𝑑}, 𝑖𝑘 ∈ {0,… , 𝑛} and 𝐼𝑘−1 ∈ {0,… , 𝑛−1}𝑘−1,
we define

𝑔𝛿𝐼𝑘 ∶= 𝑖𝑘∕𝑛 + 𝛿(𝑐𝐼𝑘 − 𝑐𝑖𝑘 ),

where

𝑐𝑖𝑘 ∶= min{𝑐𝐼 ′𝑘−1 ,𝑖𝑘 ∶ 𝐼 ′𝑘−1 ∈ {0,… , 𝑛 − 1}𝑘−1}.

Note that 𝑔𝛿𝐼𝑘 = 1 whenever 𝑖𝑘 = 𝑛. By construction,

𝑔𝛿𝐼𝑘−1 ,𝑖𝑘 < 𝑔𝛿𝐼 ′𝑘−1 ,𝑖𝑘
⟺ 𝑐𝐼𝑘−1 ,𝑖𝑘 < 𝑐𝐼 ′𝑘−1 ,𝑖𝑘

and

𝑔𝛿𝐼𝑘−1 ,𝑖𝑘 = 𝑔𝛿𝐼 ′𝑘−1 ,𝑖𝑘
⟺ 𝑐𝐼𝑘−1 ,𝑖𝑘 = 𝑐𝐼 ′𝑘−1 ,𝑖𝑘 .

By recursion, we define a new partition of [0, 1]𝑑 into a collection of
rectangles 𝐺𝛿

𝐼𝑑
with 𝐼𝑑 ∈ {0,… , 𝑛 − 1}𝑑 , where

𝐺𝛿 ⊂ 𝐺 + {0} × [−𝛿, 𝛿]𝑑−1.
𝐼𝑑 𝐼𝑑
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Fig. 9. Construction of the partition in rectangles 𝐺𝛿
𝐼𝑑

.

Moreover, this partition mimics the structure of the partition defined
for 𝜇0, in the sense that there is the same number of distinct target
hyperplanes as initial ones to be controlled. To sum up, if we take
𝛿 < 1∕𝑛, we end up with:
{

𝐶0
𝐼𝑑

∶ 𝐼𝑑 ∈ {0,… , 𝑛 − 1}𝑑
}

s.t. ∫𝐶0
𝐼𝑑

𝑑𝜇0 =
1
𝑛𝑑

, (4.14)

{

𝐺𝛿
𝐼𝑑

∶ 𝐼𝑑 ∈ {0,… , 𝑛 − 1}𝑑
}

s.t. ∫𝐺𝛿
𝐼𝑑

𝑑𝜇∗ ≤ 3𝑑

𝑛𝑑
,

and diam(𝐺𝛿
𝐼𝑑
) ≤

3
√

𝑑
𝑛

.

It is left to map 𝐶0
𝐼𝑑

to 𝐺𝛿
𝐼𝑑

for each 𝐼𝑑 . This is based on the following
lemma, whose proof we postpone for readability.

Lemma 13. Let 𝑑 ≥ 2, 𝜇0 ∈ 𝑐
𝑎𝑐 (R

𝑑 ) with density 𝜌0, 𝜌∗ the uniform
density in [0, 1]𝑑 , and 𝑇 > 0 be fixed. Let 𝑛 ≥ 1 and consider a family
of hyperrectangles such as (4.14). For any 𝑝1,… , 𝑝𝑑 ≥ 1, there exists a
piecewise constant control

(𝑊 ,𝐴,𝐛) ∈ 𝐿∞((0, 𝑇 );R𝑝×𝑑 × R𝑑×𝑝 × R𝑝)

with 𝑝 ∶= 𝑝1 +⋯ + 𝑝𝑑 such that the flow 𝛷𝑇 generated by (1.3) satisfies,
for each 𝐼𝑑 ∈ {0,… , 𝑛 − 1}𝑑 :

𝛷𝑇 (𝐶0
𝐼𝑑
;𝑊 ,𝐴,𝐛) = 𝐺𝛿

𝐼𝑑
.

Furthermore, the number of discontinuities of (𝑊 ,𝐴,𝐛) is

𝐿 = max{⌈𝑛∕𝑝1⌉,… , ⌈𝑛𝑑∕𝑝𝑑⌉} − 1.

4. Estimates. We compute the 𝑊𝑞-distance between both mea-
sures to verify the approximate control. Let 𝛷𝑇 be the flow given by
Lemma 13, satisfying

𝛷𝑇 (𝐶𝐼𝑑 ) = 𝐺𝛿
𝐼𝑑
, for 𝐼𝑑 ∈ {0,… , 𝑛 − 1}𝑑 .

Let us quantify, in the Wasserstein-𝑞 distance, the proximity of 𝛷𝑇 #𝜇0
to 𝜇∗. We have

𝑊𝑞(𝜇(𝑇 ), 𝜇∗) = 𝑊𝑞(𝛷𝑇 #𝜇0, 𝜇∗)

≤
∑

𝐼𝑑∈{0,…,𝑛−1}𝑑
𝑊𝑞(𝛷𝑇 #𝜇0|𝐺𝛿

𝐼𝑑
, 𝜇∗|𝐺𝛿

𝐼𝑑
), (4.15)

see Villani (2008) for the inequality. For each 𝐼 ∈ {0,… , 𝑛 − 1}𝑑 , let
𝛾𝐼𝑑 ∶ R𝑑 → R𝑑 be the measurable function that satisfies

𝛾𝐼𝑑#(𝛷𝑇 #𝜇0|𝐺𝛿
𝐼𝑑
) = 𝜇∗|𝐺𝛿

𝐼𝑑
,

attaining the minimum in (2.7) for 𝑊𝑞 . In particular, 𝛾𝐼𝑑 only redis-
tributes the mass inside 𝐺𝛿

𝐼𝑑
, so

∫R𝑑
|𝑥 − 𝛾𝐼𝑑 (𝑥)|

𝑞𝑑𝜇∗|𝐺𝛿
𝐼𝑑

= ∫𝐺𝛿
𝐼𝑑

|𝑥 − 𝛾𝐼𝑑 (𝑥)|
𝑞𝑑𝜇∗

≤ diam(𝐺𝛿
𝐼𝑑
)𝑞 ∫ 𝛿

𝑑𝜇∗ ≤ 3𝑞+𝑑𝑑𝑞∕2

𝑛𝑞+𝑑
.

𝐺𝐼𝑑
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Fig. 10. From left to right, by rows: Transformation, step by step, of each rectangle
𝐶𝐼𝑑 to the corresponding 𝐺𝛿

𝐼𝑑
(in green).

Plugging this bound into (4.15), we conclude that

𝑊𝑞(𝜇(𝑇 ), 𝜇∗) ≤ 31+𝑑∕𝑞
√

𝑑 𝑛𝑑
( 1
𝑛𝑞+𝑑

)1∕𝑞

= 31+𝑑∕𝑞
√

𝑑 𝑛−(1+𝑑∕𝑞−𝑑).

It follows that

𝑊𝑞(𝜇(𝑇 ), 𝜇∗)
𝑛→∞
←←←←←←←←←←←←←←←←←←←←←→ 0 ⟺ 𝑞 < 𝑑

𝑑 − 1
,

and, in that case, 𝑊𝑞(𝜇(𝑇 ), 𝜇∗) < 𝜀 is obtained for

𝑛 >

(

31+𝑑∕𝑞
√

𝑑
𝜀

)
1

1+𝑑∕𝑞−𝑑

,

hence proving Theorem 8.

Proof of Lemma 13. We control the rectangles by mapping each
hyperplane to its corresponding target hyperplane. The strategy is
illustrated in Fig. 10.

The proof has three steps. First, we simultaneously control any
𝑝𝑘 hyperplanes orthogonal to a fixed direction 𝑘. Second, for 𝑁 hy-
perplanes, with 𝑁 ≥ 𝑝𝑘, we iteratively control 𝑝𝑘-subsets. Third,
we show that this process can be done in all 𝑑 canonical directions
simultaneously.
Step 1. Let 𝑘 ∈ {1,… , 𝑑}, 𝑝𝑘 ≥ 1 and

−∞ < 𝑐1 < ⋯ < 𝑐𝑝𝑘 < ∞,

−∞ < 𝑔1 < ⋯ < 𝑔𝑝𝑘 < ∞.

We aim to find controls {(𝐰𝑖, 𝐚𝑖, 𝑏𝑖)}
𝑝𝑘
𝑖=1 ⊂ R𝑑 ×R𝑑 ×R such that the flow

generated by (1.3) satisfies

𝛷𝑇 ({𝑥(𝑘) = 𝑐𝑖}) = {𝑥(𝑘) = 𝑔𝑖}, 𝑖 = 1,… , 𝑝𝑘. (4.16)

In particular, we will take 𝐚𝑖 = 𝐞𝑘 for all 𝑖, and 𝑏𝑖 such that −𝑏𝑖 <
min{𝑐𝑖, 𝑔𝑖}. Since the field
𝑝𝑘
∑

𝑖=1
𝐰𝑖𝜎(𝐚𝑖 ⋅ 𝐱 + 𝑏𝑖) =

𝑝𝑘
∑

𝑖=1
𝐰𝑖𝜎(𝑥(𝑘) + 𝑏𝑖)

only depends on the 𝑥(𝑘)-coordinate, it is projectable onto the 𝑥(𝑘)-
axis, i.e., the forward evolution of a hyperplane orthogonal to any
coordinate-axis is a hyperplane orthogonal to the same coordinate-axis,
at every time. We can thus identify each {𝑥(𝑘) = 𝑐 } and {𝑥(𝑘) = 𝑔 } with
𝑖 𝑖
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the point 𝑐𝑖 ∈ R or 𝑔𝑖 ∈ R and study its evolution in R, so the problem
becomes one-dimensional. Thus, we identify 𝑥(𝑘) ≡ 𝑥 and fix 𝐰𝑖 = 𝑤𝑖𝐞𝑘
with 𝑤𝑖 ∈ R, so we aim to find {𝑤𝑖}

𝑝𝑘
𝑖=1 ⊂ R and {𝑏𝑖}

𝑝𝑘
𝑖=1 ⊂ R such that

𝛷𝑇 (𝑐𝑖) = 𝑔𝑖, for 𝑖 = 1,… , 𝑝𝑘. (4.17)

We proceed by induction on 𝑝𝑘.
First, we consider 𝑝𝑘 = 1 and let 𝑐1, 𝑔1 ∈ R. Take any −𝑏 <

min{𝑐1, 𝑔1} to ensure {𝑐1, 𝑔1} ⊂ {𝑥 + 𝑏 > 0}, and

𝑤1 =
1
𝑇

ln
(

𝑔1 + 𝑏
𝑐1 + 𝑏

)

,

so 𝛷𝑇
(

𝑐1
)

= 𝑔1. Note that {𝑥 + 𝑏 ≤ 0} is fixed by 𝛷𝑡.
In the inductive step, we assume that the statement is true for some

𝑝𝑘 ≥ 1, and consider

−∞ < 𝑐1 < ⋯ < 𝑐𝑝𝑘+1 < ∞,

−∞ < 𝑔1 < ⋯ < 𝑔𝑝𝑘+1 < ∞.

Let {(𝑤𝑖, 𝑏𝑖)}
𝑝𝑘
𝑖=1 ⊂ R × R with −𝑏𝑖 < min{𝑐𝑖, 𝑔𝑖} for all 𝑖, be such that

(4.17) is satisfied. We want to add a new pair (𝑤𝑝𝑘+1, 𝑏𝑝𝑘+1) ∈ R ×R to
further obtain:

𝛷𝑇 (𝑐𝑖) = 𝑔𝑖, 𝑖 = 1,… , 𝑝𝑘 + 1.

Case 1: 𝑐𝑝𝑘 < 𝑔𝑝𝑘 . Take 𝑏𝑝𝑘+1 = −𝑔𝑝𝑘 , so (1.3) becomes

𝑥̇ =
𝑝𝑘
∑

𝑖=1
𝑤𝑖(𝑥 + 𝑏𝑖)1𝑐𝑖<𝑥(𝑥) +𝑤𝑝𝑘+1(𝑥 − 𝑔𝑝𝑘 )1𝑔𝑝𝑘<𝑥

(𝑥).

The added velocity 𝑤𝑝𝑘+1(𝑥−𝑔𝑝𝑘 ) only acts on the half-space {𝑥 ≥ 𝑔𝑝𝑘},
so the points {𝑐1,… , 𝑐𝑝𝑘} are only subject to the drift field

𝑑(𝑥) ∶=
𝑝𝑘
∑

𝑖=1
𝑤𝑖(𝑥 + 𝑏𝑖)1𝑐𝑖<𝑥(𝑥).

Therefore, when adding (𝑤𝑝𝑘+1, 𝑏𝑝𝑘+1), we still have

𝛷𝑇 (𝑐𝑖) = 𝑔𝑖, 𝑖 = 1,… , 𝑝𝑘.

If 𝑐𝑝𝑘+1 ≤ 𝑔𝑝𝑘 , there exists 𝜏 ∈ [0, 𝑇 ] such that

𝛷𝜏 (𝑐𝑝𝑘+1) = 𝑔𝑝𝑘 .

Otherwise, if 𝑐𝑝𝑘+1 > 𝑔𝑝𝑘 , consider 𝜏 = 0. Note that 𝜏 only depends on
the 𝑝𝑘 first neurons, on 𝑐𝑝𝑘+1 and on 𝑔𝑝𝑘 , and it is thus independent
of (𝑤𝑝𝑘+1, 𝑏𝑝𝑘+1). So, 𝑐𝑝𝑘+1 is only subject to 𝑑(𝑥) for 𝑡 ∈ (0, 𝜏), and to
𝑑(𝑥) +𝑤𝑝+1(𝑥 − 𝑔𝑝𝑘 ) for 𝑡 ∈ (𝜏, 𝑇 ). More precisely:

𝑑
𝑑𝑡

𝛷𝑡(𝑐𝑝𝑘+1) = 𝑑(𝛷𝑡(𝑐𝑝𝑘+1))

+𝑤𝑝𝑘+1(𝛷𝑡(𝑐𝑝𝑘+1) − 𝑔𝑝𝑘 )1𝜏≤𝑡<𝑇 (𝑡).

Then, with a similar computation to that of Lemma 11:

𝛷𝑇 (𝑐𝑝𝑘+1) =𝛷𝑇−𝜏◦𝛷𝜏 (𝑐𝑝𝑘+1)

=

(

𝑔𝑝𝑘 +
∑𝑝𝑘

𝑖=1 𝑤𝑖𝑏𝑖 −𝑤𝑝𝑘+1𝑔𝑝𝑘
𝑠𝑝𝑘+1

)

𝑒(𝑇−𝜏)𝑠𝑝𝑘+1

−
∑𝑝𝑘

𝑖=1 𝑤𝑖𝑏𝑖 −𝑤𝑝𝑘+1𝑔𝑝𝑘
𝑠𝑝𝑘+1

,

where we have reused notation 𝐬𝑛 =
∑𝑛

𝑖=1 𝐰𝑖 for every 𝑛. It follows that

lim
𝑤𝑝𝑘+1→−∞

𝛷𝑇 (𝑐𝑝𝑘+1) = 𝑔𝑝𝑘 , lim
𝑤𝑝𝑘+1→∞

𝛷𝑇 (𝑐𝑝𝑘+1) = ∞.

Therefore, by continuity, and since 𝑔𝑝𝑘 < 𝑔𝑝𝑘+1, there exists 𝑤𝑝𝑘+1 ∈ R
such that 𝛷𝑇 (𝑐𝑝𝑘+1) = 𝑔𝑝𝑘+1.
Case 2: 𝑔𝑝𝑘 ≤ 𝑐𝑝𝑘 < 𝑔𝑝𝑘+1. Take 𝑏𝑝𝑘+1 = −𝑐𝑝𝑘 , so (1.3) becomes

𝑥̇ =
𝑝𝑘
∑

𝑤𝑖(𝑥 + 𝑏𝑖)1𝑐𝑖<𝑥(𝑥) +𝑤𝑝𝑘+1(𝑥 − 𝑐𝑝𝑘 )1𝑐𝑝𝑘<𝑥
(𝑥),
𝑖=1
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Again, the points {𝑐𝑖}
𝑝𝑘
𝑖=1 are only subject to 𝑑(𝑥) because the added

velocity only acts on {𝑥 ≥ 𝑐𝑝𝑘}, so

𝛷𝑇 (𝑐𝑖) = 𝑔𝑖, 𝑖 = 1,… , 𝑝𝑘.

The point 𝑐𝑝𝑘+1 is subject to the total velocity at 𝑡 = 0. A similar
computation to Case 1 leads to

𝛷𝑇 (𝑐𝑝𝑘+1) =

(

𝑐𝑝 +
∑𝑝𝑘

𝑖=1 𝑤𝑖𝑏𝑖 −𝑤𝑝𝑘+1𝑐𝑝𝑘
𝑠𝑝𝑘+1

)

𝑒𝑇 𝑠𝑝𝑘+1

−
∑𝑝𝑘

𝑖=1 𝑤𝑖𝑏𝑖 −𝑤𝑝𝑘+1𝑐𝑝𝑘
𝑠𝑝𝑘+1

,

hich satisfies

lim
𝑝𝑘+1→−∞

𝛷𝑇 (𝑐𝑝𝑘+1) = 𝑐𝑝𝑘 , lim
𝑤𝑝𝑘+1→∞

𝛷𝑇 (𝑐𝑝𝑘+1) = ∞.

By continuity, and since 𝑐𝑝𝑘 < 𝑔𝑝𝑘+1, there exists 𝑤𝑝𝑘+1 ∈ R such that
𝛷𝑇 (𝑐𝑝𝑘+1) = 𝑔𝑝𝑘+1.
Case 3: 𝑔𝑝𝑘+1 ≤ 𝑐𝑝𝑘 . Take 𝑏𝑝𝑘+1 = −𝑐𝑝𝑘 , so (1.3) becomes

𝑥̇ =
𝑝𝑘
∑

𝑖=1
𝑤𝑖(𝑥 + 𝑏𝑖)1𝑐𝑖<𝑥(𝑥) +𝑤𝑝𝑘+1(𝑥 − 𝑐𝑝𝑘 )1𝑐𝑝𝑘<𝑥

,

and

𝛷𝑇 (𝑐𝑖) = 𝑔𝑖, 𝑖 = 1,… , 𝑝𝑘.

Let 0 < 𝜏 ≤ 𝑇 be the first time such that 𝛷𝜏 (𝑐𝑝𝑘+1) = 𝑐𝑝𝑘 . An analogous
computation to the previous cases gives

𝛷𝜏 (𝑐𝑝𝑘+1) =

(

𝑐𝑝𝑘+1 +
∑𝑝𝑘

𝑖=1 𝑤𝑖𝑏𝑖 −𝑤𝑝𝑘+1𝑐𝑝𝑘
𝑠𝑝𝑘+1

)

𝑒𝜏𝑠𝑝𝑘+1

−
∑𝑝𝑘

𝑖=1 𝑤𝑖𝑏𝑖 −𝑤𝑝𝑘+1𝑐𝑝𝑘
𝑠𝑝𝑘+1

,

o

= 1
𝑠𝑝𝑘+1

log

(
∑𝑝𝑘

𝑖=1 𝑤𝑖(𝑐𝑝𝑘 − 𝑏𝑖) + 2𝑤𝑝𝑘+1𝑐𝑝𝑘
∑𝑝𝑘

𝑖=1 𝑤𝑖(𝑐𝑝𝑘+1 + 𝑏𝑖) +𝑤𝑝𝑘+1(𝑐𝑝𝑘+1 − 𝑐𝑝)

)

.

By varying 𝑤𝑝𝑘+1 in (−
∑𝑝𝑘

𝑖=1 𝑤𝑖,+∞), we can ensure that 𝜏 can take any
value in (0, 𝑇 ). Then,

𝛷𝑇 (𝑐𝑝𝑘+1) =𝛷𝑇−𝜏◦𝛷𝜏 (𝑐𝑝𝑘+1)

=

(

𝑐𝑝𝑘 +
∑𝑝𝑘

𝑖=1 𝑤𝑖𝑏𝑖
𝑠𝑝𝑘

)

𝑒(𝑇−𝜏)𝑠𝑝𝑘 −
∑𝑝𝑘

𝑖=1 𝑤𝑖𝑏𝑖
𝑠𝑝𝑘

.

For 𝜏 = 𝑇 , the expression is equal to 𝑐𝑝𝑘 , and for 𝜏 = 0 it equals
𝛷𝑇 (𝑐𝑝𝑘 ) = 𝑔𝑝. By continuity, and also because 𝑔𝑝𝑘 < 𝑔𝑝𝑘+1 ≤ 𝑐𝑝𝑘 , an
argument like in case 1 ensures the existence of 𝑤𝑝𝑘+1 ∈ R such that
𝛷𝑇 (𝑐𝑝𝑘+1) = 𝑔𝑝𝑘+1.
Step 2. Let 𝑘 ∈ {1,… , 𝑑}, 𝑝𝑘 ≥ 1, and 𝑁 ≥ 𝑝𝑘 and

−∞ < 𝑐1 < ⋯ < 𝑐𝑁 < ∞, −∞ < 𝑔1 < ⋯ < 𝑔𝑁 < ∞.

We will show that there exist piecewise constant controls
(

𝑤𝑖, 𝑎𝑖, 𝑏𝑖
)𝑝𝑘
𝑖=1

such that the flow of (1.3) satisfies

𝛷𝑇 (𝑐𝑖) = 𝑔𝑖, 𝑖 = 1,… , 𝑁,

and the number of discontinuities is ⌈𝑁∕𝑝𝑘⌉ − 1. We use a similar
argument to the one in the proof of Theorem 1. We divide {𝑐𝑖}𝑁𝑖=1 and
{𝑔𝑖}𝑁𝑖=1 into subsets of 𝑝 points

𝐶𝑗 ∶= {𝑐(𝑗−1)⋅𝑝𝑘+1,… , 𝑐𝑗⋅𝑝𝑘},

𝐺𝑗 ∶= {𝑔(𝑗−1)⋅𝑝𝑘+1,… , 𝑔𝑗⋅𝑝𝑘},

for 𝑗 = 1,… , ⌈𝑁∕𝑝𝑘⌉ − 1, and 𝐶
⌈𝑁∕𝑝𝑘⌉, 𝐺

⌈𝑁∕𝑝𝑘⌉ with the remaining
𝑁 − 𝑝𝑘⌊𝑁∕𝑝𝑘⌋ points.

The piecewise constant controls are obtained by induction on 𝑗.
In each iteration, we apply step 1 to define 𝑝𝑘 constant controls
𝑤𝑗 , 𝑎𝑗 , 𝑏𝑗 )𝑝𝑘 that map the 𝑝 points of 𝐶 to the corresponding ones
𝑖 𝑖 𝑖 𝑖=1 𝑘 𝑗

13 
n 𝐺𝑗 in time 𝑇
⌈𝑁∕𝑝𝑘⌉

. Note that the initialization of induction in step 1
ensures that the previously controlled subsets 𝐶1,… , 𝐶𝑗−1 can remain
fixed during the subsequent iterations, which trivializes the induction.
Finally, we have the piecewise constant controls

(𝑤𝑖, 𝑎𝑖, 𝑏𝑖)
𝑝𝑘
𝑖=1 =

⌈𝑁∕𝑝𝑘⌉
∑

𝑗=1
(𝑤𝑗

𝑖 , 𝑎
𝑗
𝑖 , 𝑏

𝑗
𝑖 )
𝑝𝑘
𝑖=11

(

(𝑗−1)𝑇
⌈𝑁∕𝑝𝑘⌉

, 𝑗𝑇
⌈𝑁∕𝑝𝑘⌉

)(𝑡),

which achieve the desired objective.
Step 3. For every 𝑘 = 1,… , 𝑑, let 𝑝𝑘, 𝑁𝑘 ≥ 1, and

−∞ < 𝑐𝑘1 < ⋯ < 𝑐𝑘𝑁𝑘
< ∞, −∞ < 𝑔𝑘1 < ⋯ < 𝑔𝑘𝑁𝑘

< ∞.

For each fixed direction 𝑘 ∈ {1,… , 𝑑}, step 2 is used to build piecewise
constant controls

(𝐰𝑗,𝑘, 𝐚𝑗,𝑘, 𝑏𝑗,𝑘)
𝑝𝑘
𝑗=1 = (𝑤𝑗,𝑘 𝐞𝑘, 𝐞𝑘, 𝑏𝑗,𝑘)

𝑝𝑘
𝑗=1

ith ⌈𝑁𝑘∕𝑝𝑘⌉ − 1 discontinuities, such that

𝑇 ({𝑥(𝑘) = 𝑐𝑘𝑖 }) = {𝑥(𝑘) = 𝑔𝑘𝑖 }, 𝑖 = 1,… , 𝑁.

Moreover, only the 𝑘th coordinate is varying on each flow, as argued
in steps 1 and 2 when we simplified the problem to one dimension.
We define each tern of the assembled control (𝐰𝑗 , 𝐚𝑗 , 𝑏𝑗 )

𝑝
𝑗=1, with 𝑝 ∶=

∑𝑑
𝑘=1 𝑝𝑘, by

(𝐰𝑗 , 𝐚𝑗 , 𝑏𝑗 )

=
(

𝐰𝑗−
∑𝑘−1

𝑖=1 𝑝𝑖 ,𝑝𝑘
, 𝐚𝑗−∑𝑘−1

𝑖=1 𝑝𝑖 ,𝑝𝑘
, 𝑏𝑗−∑𝑘−1

𝑖=1 𝑝𝑖 ,𝑝𝑘

)

,

for ∑𝑘−1
𝑖=1 𝑝𝑖 + 1 ≤ 𝑗 ≤

∑𝑘
𝑖=1 𝑝𝑖. Therefore, the resulting neural ODE (1.3)

on each coordinate writes

𝑥̇(𝑘) = 𝑤(𝑘)
1,𝑘(𝑥

(𝑘) + 𝑏1,𝑘) +⋯ +𝑤(𝑘)
𝑝𝑘 ,𝑘

(𝑥(𝑘) + 𝑏𝑝𝑘 ,𝑘)

All the equations of the system are independent, so each movement
does not interfere with the other 𝑑 − 1 movements. Therefore, the
corresponding flow of (1.3) satisfies

𝛷𝑇 ({𝑥(𝑘) = 𝑐𝑘𝑖 }) = {𝑥(𝑘) = 𝑔𝑘𝑖 }

for 𝑘 = 1,… , 𝑑 and 𝑖 = 1,… , 𝑁𝑘, and moreover, the number of
discontinuities in the controls is

𝐿 = max{⌈𝑁1∕𝑝1⌉ − 1,… , ⌈𝑁𝑑∕𝑝𝑑⌉ − 1}

= max
𝑘=1,…,𝑑

⌈𝑁𝑘∕𝑝𝑘⌉ − 1.

Recalling that 𝑁𝑘 = 𝑛𝑘 for 𝑘 = 1,… , 𝑑 (by construction of the rectangles
𝐶0
𝐼𝑑

and 𝐺𝛿
𝐼𝑑

), it follows the desired result. □
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