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ARTICLE INFO ABSTRACT

Communicated by J.C. Ji Vibration attenuation is a critical aspect of mechanical engineering design, and eddy currents
provide an effective damping technique that does not add mass to the system, and it is especially

Keywords: effective at low frequencies. In this context, this paper introduces a methodology tailored for the
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design of thin non-magnetic metallic beams with eddy current damping. By solving the eddy
current problem for a reference beam across various boundary conditions and lengths, a
. N comprehensive database of output variables is generated. These include structural and electrical
Design strategies K N . ) . K
Parametric study variables, along with coefficients from two simplified equivalent beam models: an electrome-
Finite difference method chanical model and a Kelvin-Voight viscoelastic model. Simplified equations are subsequently
derived to predict the behaviour of other beams, eliminating the need to solve complex elec-
tromechanical problems individually. The methodology incorporates a parametric study of design
variables, including beam geometry, material properties, velocity magnitude, magnetic field
strength, and boundary conditions, revealing straightforward relationships between these vari-
ables and damping performance. Moreover, insights into eddy current maps are provided,
emphasising their dependence on boundary conditions. This approach significantly streamlines
the design process, enabling efficient and precise vibration attenuation. The methodology, further
supported by a MATLAB application included as supplementary material, constitutes an invalu-
able resource for engineering design.

1. Introduction

Foucault currents, also known as eddy currents due to their swirling nature, are generated whenever an electric field is induced in a
conducting medium [1]. This well-known phenomenon, first observed in 19-th century, has remained a consistent area of research due
to the multitude of studies and applications that have emerged since its discovery. These studies aim either to mitigate the effects of
induced eddy currents or to exploit them for beneficial purposes. Numerous mechanical applications have been developed around eddy
currents, such as braking systems [2,3] and seismic control mechanisms [4,5], among many others.

In mechanical engineering, vibration attenuation is of paramount importance, and damping by induced eddy currents is one of the
many passive damping techniques employed to achieve this in structural systems [6,7]. This method is particularly advantageous as it
is effective at lower frequencies compared to more traditional damping techniques and, importantly, it does not add mass to the
system, operates instantaneously, and possesses a reversible nature. Numerous studies have focused on eddy current damping. For
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instance, in [8], a negative stiffness eddy-current damper is proposed for cable vibration control. In [9], a novel magnetic spring-
damper is designed, consisting of a conducting aluminium plate and two permanent magnets, where the dynamic damping charac-
terisation employs the differential Buoc-Wen model. In [10], a negative stiffness eddy-current damper is proposed and validated
numerically and experimentally for the vibration control of large-scale engineering structures. In [11], a tuned mass damper with eddy
current damping is designed, consisting of two fixed conductive plates and eight rectangular permanent magnets, for structural vi-
bration control. In [12], the eddy current damping forces in a moving conductor are enhanced by splitting the external magnetic field
into multiple fields with alternating directions, generating multiple loops with reduced electrical resistance. Furthermore, combining
other damping techniques with eddy current damping has proven to be highly efficient [13]. Of the various types of structural systems
that have been studied in the literature, beams are among the most commonly utilised in numerous practical applications, such as in
aircraft wings [14] or vehicle front ends [15]. However, studies specifically addressing the mitigation of vibrations by combining
structural beams with eddy current dampers remain limited, as this area is still in the developmental phase [5]. These studies primarily
focus on the practical implementation of eddy current dampers and their correlation with experimental data [16,17], rather than on a
detailed examination of the nature of induced eddy currents and their effects on aspects such as damping forces and power dissipation,
among others. As a thorough understanding of induced eddy currents is crucial for accurately predicting energy dissipation, extensive
knowledge of their properties is essential for effective design aimed at maximising energy dissipation. A previous comprehensive study
by the authors exists in which induced eddy currents were numerically analysed on a thin non-magnetic conducting metallic beam in
the presence of a static and uniform magnetic field, considering different bending or torsional mode shapes [18].

Here, this paper aims to perform a comprehensive parametric study of the design variables influencing beams with eddy current
damping, focusing on their dynamic and electrical characteristics and vibration attenuation capacity. The beam vibrates under an
applied magnetic field, with bending mode shapes characterising the vibration. Small amplitudes of vibration are assumed throughout
this work in order to approximate the system’s behaviour as linear. The design variables considered include beam geometry (length,
width, and thickness), material properties (Young’s modulus, volumetric density, and electrical conductivity), bending velocity
magnitude, magnetic field magnitude, and ten combinations of boundary conditions (free, clamped, sliding and pinned).

The physical system can be modelled using a single-degree-of-freedom electromechanical model, which, under the assumption of
negligible self-inductance, is equivalent to a Kelvin-Voight mechanical model, as outlined in [19]. These models were validated both
experimentally [20] and through direct comparison with numerical results provided in [21], and are therefore selected in this work to
model the beam with eddy current damping. These models offer significant insights into the damping behaviour induced by eddy
currents. As a result, the output variables for the first four bending modes include electrical variables (maximum current density,
average dissipated power, and total current), structural variables (angular natural frequency and stiffness), as well as coefficients from
the electromechanical model (electrical resistance and bar length) and the Kelvin-Voight mechanical model (viscous coefficient and
viscous damping ratio).

The proposed methodology involves examining the equations of the output variables, revealing straightforward relationships
between these variables and the design variables, except for the beam length and boundary conditions. Consequently, a reference beam
is studied in detail for each of the ten boundary conditions by varying the ratio between the beam length and a fixed width. In these
cases, the complete eddy current problem must be solved numerically. However, using the relationships established for the design
variables and results for the reference beam, the methodology can be extended to design other beams without solving for the eddy
currents directly. This significantly simplifies the design process, enabling designers to predict the behaviour of beams with eddy
current damping using only their geometry and material properties, thereby eliminating the need for complex numerical procedures.

The structure of the article is as follows: after the introduction in Section 1, Section 2 presents the beam with eddy current damping
under study and describes the design variables for analysis. Section 3 details the electromechanical model of the system introduced in
Section 2 and its equivalent Kelvin-Voight mechanical model, including the respective coefficients of each model. Section 4 outlines
the numerical procedure used to solve for the eddy currents in the reference beam and stablishes the output variables to be extracted.
Section 5 provides a brief analysis of the nature of the induced eddy currents for two beam boundary conditions. Section 6 presents the
parametric study and the design methodology, initially outlining the relationships identified between the output and design variables,
followed by a study of the influence of the beam length for the ten different beam boundary conditions of the reference beam, and
concluding with an example illustrating how the methodology can be generalised to predict results for any design beam. Additionally,
Appendix provides eddy current density maps for the first four bending modes across all ten boundary conditions. Lastly, a MATLAB
application is provided as supplementary material to assist designers in determining the attenuation introduced in any design beam
with eddy current damping.

2. Description of the beam with eddy current damping

The beam with eddy current damping under study consists of a thin, metallic non-magnetic beam under one of the ten boundary
conditions presented in Table 1. Fig. 1 illustrates the particular case of a free-free beam. The beam is subjected to an external magnetic
field denoted by B., and undergoes a harmonic vibration represented by a velocity field with a spatial distribution given by v(x). Owing
to the assumption of small vibration amplitudes and the application of Euler-Bernoulli beam theory, only velocity in the z-direction
exists, such that v(x) = v(x)2, where v(x) represents the spatial distribution. The interaction between the motion and the external
magnetic field induces harmonic eddy currents, with their spatial distribution defined by the current density vector field J(x,y). Since
the beam is thin, the currents are only induced in the x - y plane and thus, their spatial distribution can be expressed as

J(x,y) = Je(2,3)X +Jy (%, Y)Y, @



Table 1

Modal characteristics for the ten different beam boundary conditions [22].
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Table 1 (continued)

Case

Vr(x) Transcendental Equation for 4, Kr B my
6. Sliding-Pinned cos (B) cosir =0 -- 1, vr m/2
— .r
N l
7. Sliding-Sliding cos (ALx) sind, =0 -- 1, vr m/2
L
— X
8. Clamped-Pinned ArX X tan/l, —tanhl, = 0 cosh/, — cosi, 1509, r=1 m/p?
cosh(— | —cos| — - - - -
L L sinh/, — sini, 1512, r=2
X D 1512, r=3
; —Kr (sinh (%) —sin (%) ) 1512, r=4
|
> X L
N I
9. Clamped-Clamped ArX X cosircoshi, —1 =0 coshl, — cosi, 1588, r=1 m/p?
cosh( == ] — cos| = —_— r
L L sinhA, — sini, 1509, r=2
Y o i 1513, r=3
/ —x,(sinh(%) —sin(%) ) 1512, r=4

ANN

V4

(continued on next page)

D 30 unug ‘W

064211 (S20T) vET 3ulssad0.d [DUSIS puD SwaisAs [DIDYIIN



Table 1 (continued)
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Fig. 1. Beam with eddy current damping under study for a free-free beam.

where Jy(x, y) represents the spatial distribution of current density vector field in the x-direction, and J, (x,y) is its counterpart in the y-
direction. Vibration is attenuated by the damping forces in the z-direction caused by the induced eddy currents. These forces can be
represented as a pressure q(x,y), as illustrated in Fig. 1, originating from the Lorentz force. The dissipated power can be interpreted
either as mechanical power dissipation or as electrical Joule losses in the form of heat [18].

The geometry of the beam is defined by its length L, width b, and thickness d, aligned with the x-, y-, and z-directions, respectively.
The dimensions of the beam satisfy the condition b < L and additionally, the beam is thin, meaning that d <« L. The relevant material
properties of the beam for the analysis presented in this work are its volumetric density p,, Young’s modulus E, and electrical resistivity
p, all of which are uniform throughout the entire beam.

The external magnetic field is uniform and static (or time-invariant), characterised by the magnetic flux density vector B. = BX,
where B represents its magnitude. Only the magnetic field in the x-direction is considered, as it is the sole term responsible for inducing
eddy currents when bending mode vibrations are applied [18].

In this work, the velocity spatial distribution v(x) is associated with bending mode shapes, and for the r-th mode, this results in

Vi (x)

bzl 2
B @

Vr (X) = Vmax

where Vi is the maximum velocity, and v, (x) is the mode shape, provided in Table 1 [22] for the ten boundary conditions to study. In
this table, 4, is the eigenvalue of the r-th mode, , is a coefficient, and f, is a normalisation factor of the mode shape v,(x). The in-
formation in Table 1 shows that the normalisation factor g, is a natural number (either 2 or 1) for all modes, except for cases 8, 9 and
10, where it is a positive real number. Only three decimal places are shown for this factor; however, it can be determined more
accurately from the derivative of the mode shape.

Another important magnitude for the r-th mode presented in Table 1, is the modal mass of the beam m,, which represents the
equivalent mass of a single-degree-of-freedom system containing the same kinetic energy as the vibrating mass and is related with the
beam’s mass m (m = p,Lbd). The ratio of the beam’s mass to its modal mass is a natural number (either 4 or 2) for all boundary
conditions, except in cases 8, 9 and 10, where it is given by f2.

The harmonic bending motion of the beam, for the r - th mode, occurs at an angular natural frequency w,, which can be obtained as

[22]
2d | E
o=z |12, ©

Eddy currents are induced due to the interaction between the harmonic motion and the external magnetic field. Since the vibration is
harmonic, the resulting eddy currents are also harmonic and occur at the same angular natural frequency w;, as the motion is in steady
state. As Eq. (1) indicates, the spatial distribution of the current density vector field J(x, y) is only generated in the x - y plane, given the
small thickness of the beam. This assumption is valid only if, for the r - th mode, the skin depth &, given by [1]
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2p

5r = 5
HoWr

(€))

where p, is the permeability of free space, is sufficiently large relative to the beam thickness. This implies that the condition 5, > d
must hold.

3. Electromechanical model of the beam with eddy current damping and its equivalent Kelvin-Voight mechanical model

The system introduced in Section 2, where eddy currents are induced via motional induction, and depicted in Fig. 1 for a free-free
beam, can be modelled as an electromechanical system, as shown in Fig. 2. This model applies when self-inductance is neglected and is
valid for any beam boundary condition [19]. For this model, self-inductance is negligible when the reactance L is significantly
smaller than the resistance R, ensuring that the system behaves primarily as a resistive circuit, where @ denotes the angular velocity
and L, represents the coefficient of self-induction. This condition requires that either @ and/or Ly must be sufficiently small. Since
velocity and frequency are related by v = wA, where A represents the vibration amplitude, the condition

R
V< I:A )

must be satisfied. To determine a velocity threshold beyond which self-induction effects can be neglected, it is necessary to estimate
both R and L,. In a previous study by Siakavellas [23], analytical expressions for both R and L, are provided for a rectangular plate,
although it is assumed that the currents circulate in rectangular paths, rather than in closed, curved loops as is the case in this work.
However, by assuming that L > b, which is a reasonable assumption for the system in this study, the expressions provided by Sia-
kavellas can be regarded as sufficiently accurate for determining a velocity limit in Eq. (5) beyond which self-inductance effects are
neglected for the beam. Thus, Eq. (5) can be rewritten as [23]

6mpA

VS 4obd(1 + 2In2)°

©)

If small vibration amplitudes are considered, then self-inductance effects are neglected when Eq. (6) is satisfied. Eq. (6) has been
verified for all cases of Sections 5 and 6.

In this electromechanical representation, the non-magnetic conducting beam is modelled as a bar of equivalent mass meq and length
¢, connected to a spring of stiffness k. The length ¢ represents the equivalent length of the conductor and is related to the shape of the
eddy current density maps induced in the beam. Similar to the original beam, the bar is subjected to a uniform, static external magnetic
field of magnitude B in the x-direction and vibrates in the z-direction with a velocity magnitude vy.x and angular frequency w.
Motional induction generates a current I in a closed loop C, which includes an electrical resistance R. The equation of motion for this
model is expressed as [19]

2 2
B Rf 4(8) + ku(t) = 0, @

Meqli(t) +

where t represents time, () denotes time derivative, and u(t) represents the displacement of the moving bar. Here, tim,y is equivalent to
the mode shape magnitude Vpax.

The electromechanical model in Fig. 2 is equivalent to the Kelvin-Voight damping mechanical model depicted in Fig. 3 [19].

In this single-degree-of-freedom mechanical model, the beam is represented by a block of equivalent mass meq, connected to a

R
e
B
® k -
§ A‘ A ﬁ‘ max
Y 1 m,,,l
b
C
X z

Fig. 2. Electromechanical model of the beam with eddy current damping.
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Fig. 3. Equivalent Kelvin-Voight damping mechanical model.

spring of stiffness k and a dashpot with viscous coefficient c. The block vibrates in the z-direction with a velocity magnitude vy,.x and
angular frequency w. The corresponding equation of motion is given by

Meqli(t) + cui(t) +ku(t) = 0 (8)
By comparing the equations of motion for the electromechanical model given by Eq. (7) and the mechanical model given by Eq. (8),

their equivalence is evident. The equivalent mass and spring stiffness are identical in both models. Furthermore, the viscous coefficient
c in the Kelvin-Voight model is related to the coefficients of the electromechanical system through the following relationship

B2/?
c= R

©)]

which links c to the external magnetic field B, the bar length #, and the electrical resistance R in Fig. 2. Additionally, from the model in
Fig. 3, the viscous damping ratio ¢ of a single-degree-of-freedom system can be defined as
c
= 10

DW= (10)
These models, and their equivalence, provide significant insights into the damping behaviour of the original beam. The analysis can be
approached from the perspective of the electromechanical model in Fig. 2, once meq, k, R, I, and ¢ are established, or from the
perspective of the equivalent Kelvin-Voight mechanical model in Fig. 3 by specifying meq, k, and c.

4. Numerical procedure for solving eddy currents for motional induction and output variables

The eddy currents induced by the interaction between the beam’s vibration and the external magnetic field must be determined in
order to calculate the output variables. This Section begins with the presentation of the electromagnetic equations governing motional
induction, followed by a detailed explanation of the numerical procedure employed to solve for the eddy currents. It concludes with a
description of the output variables to be derived in the analysis, obtained once the eddy currents are solved.

4.1. Electromagnetic equations

The dynamic behaviour of the generic beam depicted in Fig. 1 is governed by the general expression of Faraday’s law of induction.
In its quasi-static form, this law is expressed in integral form as [1]

}i(prdl:f/SBi-de/sBe-dSJrjg(vae)-dl, an

where B; represents the magnetic field density vector induced by the eddy currents through self-inductance, B, is the external magnetic
field density vector, v is the velocity field vector, C is an arbitrary contour within the domain, S is the surface enclosed by the arbitrary
contour C, dlis an elementary distance vector along the contour C, dS is an elementary surface area vector of the surface S, - denotes the
dot product, and x denotes the cross product. In this study B; = 0, because the beam is thin, and this parametric study focuses on lower
frequencies, where self-inductance effects are not significant [24]. Additionally, B. = 0 since the external magnetic field is time-
invariant in this work.

It is important to note that in Eq. (11) the modal bending velocity is time-dependent; however, in this study, it is harmonic, with v
representing its spatial distribution as indicated in Eq. (2). Given that the resulting variables associated with the velocity, such as the
currents, are also harmonic, for the sake of convenience, from this point forward, all vector terms in subsequent equations will refer to
their spatial distributions.

The principle of charge conservation must be satisfied throughout the beam, leading to the steady-state continuity equation for
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currents

vV.J=0, (12)

where V is the del operator V = %JAC + %y + a—"zi, and V- represents the divergence operator. This equation indicates that the current

density vector is divergence-free, and therefore, there exists a vector potential T from which the current density vector can be
expressed as [25]

J=VxT, 13)

where Vx represents the curl operator. As the beam is thin, and the Euler-Bernoulli beam theory is employed for its mechanical
behaviour, the vector potential T is defined solely in the z-direction, i.e., T(x,y) = T(x,y)2, where T(x,y) is the spatial distribution of
the vector potential T. Substituting Eq. (13) into Eq. (11) yields

}g(vaT).dl:f(vae).dl (14)

C

To solve Eq. (14) and obtain T, boundary conditions must be applied. It has been demonstrated that, due to the relationship between J
and T given in Eq. (13), selecting any arbitrary constant along the beam’s edge satisfies Eq. (12) [26]. For mathematical simplicity, in
this work, T(x,y) = 0 is chosen along the beam’s edge. As Eq. (14) lacks an analytical solution, numerical methods must be utilised.
The numerical procedure for solving the currents is presented below.

4.2. Numerical method

The aim of the numerical procedure is to determine the current density vector J throughout beam’s surface. To achieve this, the
vector potential T is first solved from Eq. (14), and then J is obtained using the definition given in Eq. (13). The numerical method used
to solve T from Eq. (14) is based on the finite differences method developed by Nagel, which allows for the calculation of T in a
metallic, non-magnetic sheet subjected to a time-varying magnetic field [26]. This method has been recently extended to include the
effects of motional induction [18], and the same procedure is employed here. A brief description of the method follows, with further
details available in [18].

The surface of the beam is discretised into N rectangular cells, with N, cells along the x-direction and Ny, cells along the y-direction.
Each cell represents a rectangular block with uniform current density J, with length h, in the x-direction, width h, in the y-direction,
and thickness d in the z-direction. Fig. 4 illustrates an example of the discretisation scheme in the x - y plane, with the contour integral
from Eq. (14) represented by the dashed line. Here, the current density J, and velocity field v are defined at the centre of each cell,
indicated by crosses x in Fig. 4, while the electric vector potential T is defined at the cell corners, marked by dots e in Fig. 4.

Integration of Eq. (14) for any node T, within the discretisation scheme, as shown by the dashed contour in Fig. 4 and detailed
further in Fig. 5, yields (for more information on the resolution process, see [18,26,27])

b h
p h—(ZTO—TZ—T4)+h—y(2TO—T1 —T3) | =hB(v2a — 1), (15)
"y X

where T; are the potentials at each node of the five-point star depicted in Fig. 5, where dl; is the elemental vector distance associated
with each side of the dashed line, v; is the velocity of the left-side corners of the contour and v, is the equivalent velocity for the right-
side corners. On each side, the velocity at the left or right corners is the identical, as the applied velocity field from Eq. (2) does not vary
in the y-direction.

Eq. (15) is applied to each internal T node, assembling a linear system of equations. However, without boundary conditions, the
system is indeterminate. As mentioned earlier, T(x,y) = 0 along the beam’s edge. Thus, the vector potential T is divided between the

edge nodes Teqge, and the unknowns Ty, i.e. T = { Teqge Tuk }T, where { o }T represents the transpose operator, and Tegge = 0. As a

[ 4 \ 4 \ 4 \ 4 9
T, | n L, |12 Iy |13 L, |14 I 15
12,x Jz? i 5,3
P21 Para i P23 i Para
|
[ L 4 w L 4 i @ @
., |6 T, |7 ! T |8 | T, |9 T,5 | 10
! 1
U |
h * i #
Y Uh Jia Ty Jia
Pu Pia P Pra
y [ L ® ® L ]

Fig. 4. Example of beam discretisation.
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Fig. 5. Integration domain of a node.

result, a linear system of (N, — 1) (Ny - 1) equations is formed, from which Ty is obtained from

MT, =D, (16)

where M is a symmetric coefficient matrix assembled from the left-hand side of Eq. (15), and b is the vector of independent terms
assembled from the right-hand side of Eq. (15). Finally, the current density J for each cell is calculated using Eq. (13), yielding

—Th —To+T5+ T4
Jo—_—12rsvo4 17)
x 2h,

and

T4+ T, — T3+ T,
J=—tT-"2 374 18
7 2h, (18)

These equations allow for the calculation of the current density J for each of the N cells.
4.3. Parametric study output variables

After solving the current equations, the output variables of the parametric study can be computed. Specifically, the electrical
variables include the maximum current density, the average dissipated power, and the total current. The structural variables are the
angular natural frequency and stiffness. Additionally, the coefficients of the electromechanical model consist of the electrical resis-
tance and bar length, while those of the Kelvin-Voight mechanical model include the viscous coefficient and the viscous damping ratio.
The procedure for computing these output variables is outlined below.

4.4. Average dissipated power

The induced eddy currents dissipate power as heat within the material, a phenomenon known as Joule’s heating, which can be
expressed by the differential form of Joule’s law [28] as

p(X,y,t) :innS(x,'.y7t) "Iins(xay7t)7 (19)

where t denotes time, p(x,y, t) represents the instantaneous dissipated power per unit volume, and Jins(x,y, t) represents the instan-
taneous eddy current density vector field. Since the current density is harmonic in this work, the above expression can be averaged
over a cycle, yielding

where p is the average dissipated power per unit volume, and the factor of 2 accounts for the averaging of the harmonic functions. The
average power dissipated per unit volume at the centre of the j - th cell can be calculated from Eq. (20) by taking the eddy current
density at that point from the terms in Eq. (17) and Eq. (18). This resulting power is constant throughout the cell volume, as the eddy
current density is also constant. The total average dissipated power P in the beam is then computed by summing the contribution of
each individual cell over the beam’s surface [18], resulting, for the r-th mode, in

10
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P, = phxhdeN:Ji (:3) ZJ; <xjyj) 1)

Jj=1

where x; and y; refer to the x- and y-coordinates of the centre of the j - th cell.
4.5. Total current circulating in the beam

The total current circulating in the beam I can be derived from the current density J. It is known that for modal bending motion, the
induced eddy currents are symmetric about the longitudinal axis of the beam [18]. Furthermore, due to the charge conservation
principle presented in Eq. (12), the following integral

L
d / Jydx = 0 22)
0

along the longitudinal axis of the beam must be equal to zero. In the finite difference scheme used to compute the eddy current density
J, since the current density is constant within each cell, the total current I can be calculated, for the r-th mode, as

Nx Nx
L=dh Y Ji(x),0) =dh
k=1 k=1

J, (%,0) ‘ 23)

where Jj, denotes the positive current density along the cells on the beam’s axis for the r-th mode, x;{ is the x-coordinate of the centre of
a cell corresponding to the positive values of J;, and J; and x; represent the analogous negative values of Jy,. The notation | e |
represents the absolute value. The total sum of the individual numerical values of J; and J, must be equal, as evidenced by Eq. (23)
and illustrated by the schematic diagram in Fig. 6.

4.6. Stiffness

For any of the models in Fig. 2 and in Fig. 3, since the vibration is given by the mode shape given in Eq. (2), for each r-th mode,
vibration occurs at the corresponding angular natural frequency w,, described in Eq. (3). Then, the equivalent mass of the models
corresponds to the modal mass m, (see Table 1) and the stiffness of the r-th mode is given by

k, = o?m, 24)

It is important to note that, in a general sense, the stiffness in the above expression is calculated from the equivalent mass me,, as given
in the models in Figs. 2 and 3. However, since this work focuses entirely on resonance, for the r-th mode it is stablished that m, = meq.

4.7. Electrical resistance

The circulating currents induced within the beam as a result of its motion in the presence of a magnetic field dissipate energy as
heat. This energy dissipation corresponds to an effective electrical resistance, which arises from the interaction between the induced
currents and the material’s inherent resistivity. For the r-th mode, the electrical resistance of the beam R and corresponding to the one
in the electromechanical model in Fig. 2, is determined using Joule’s law as [1]

2P,
=

r

R, (25)

X

N

Fig. 6. Scheme for calculating the total current circulating in the beam.
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where the factor of 2 accounts for the root mean square (RMS) current circulating in the beam.
4.8. Bar length

From the power dissipated by the Lorentz force, bar length £ of the electromechanical model can be deduced. For the r-th mode, the
length results in [19]

2P,
= 26
’ vaaxlr ( )
4.9. Viscous coefficient
For the r-th mode, and in accordance with Eq. (9), the viscous coefficient ¢, can be expressed as
B2
=-_r 27
“="x (27)

4.10. Viscous damping ratio

In the Kelvin-Voight mechanical model depicted in Fig. 3, an equivalence can be made between the Joule’s losses of the eddy
currents and the energy dissipated by the dashpot as

1
P= Ecvﬁm (28)

Thus, for the r-th mode, the viscous damping ratio ¢, is derived as [18]

P,
m,w,v>

max

¢ (29)

5. Analysis of the nature of the eddy currents for motional induction

This Section presents an analysis of the eddy current density maps obtained for the reference beam with the clamped-free and
sliding-pinned boundary conditions, corresponding to cases 3 and 6 in Table 1. These two cases analyse, taken as examples from the ten
types of boundary conditions listed in Table 1, combinations of the four different types of boundary conditions (free, clamped, sliding
and pinned). The aim is to examine how these types of boundary conditions influence the behaviour of the currents and generalise
these findings to the other cases in Table 1. These maps and those of the remaining beam boundary conditions listed in Table 1 are
provided in Appendix.

The beam’s vibration is characterised by bending mode shapes, with eddy currents induced by an externally applied uniform and
constant magnetic field. First, the geometry and material properties of the reference beam are described. Then, a study of the eddy
current maps is conducted, and the nature of the currents is analysed for the different boundary conditions.

5.1. Model data of the reference beam

This section outlines the geometry and material properties of the reference beam, along with general considerations regarding the
discretisation.

The beam’s geometry and corresponding uniform material properties are detailed in Table 2, where the electrical conductivity is
defined as ¢ = 1/p. Aluminium is selected as the non-magnetic conducting material due to its high conductivity.

The external magnetic field is applied in the x-direction with a magnitude of B = 1 T. The beam’s motion is characterised by the
r - th bending mode shape, as described in Eq. (2), with vp,x =1 m/s. The discretisation of the beam follows the procedure outlined in
Section 3.2, consisting of 421 rectangular cells along the x-direction and 21 rectangular cells along the y-direction. In the following
analysis of the eddy current density maps, the first four bending modes are examined, with maps provided for four evenly spaced beam

Table 2
Reference beam geometry and material
properties.
Property Value
b(mm) 10
d(mm) 1
. (kg/n”) 2700
E (GPa) 65
6(MS/m) 5

12
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Fig. 7. Eddy current density maps for the first bending mode of the clamped-free reference beam: (a) modal velocity; (b) eddy current density map
for L/b = 10; (c) eddy current density map for L/b = 23.33; (d) eddy current density map for L/b = 36.67 and (e) eddy current density map for L/
b =50.
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Fig. 8. Eddy current density maps for the second bending mode of the clamped-free reference beam: (a) modal velocity; (b) eddy current density
map for L/b = 10; (c) eddy current density map for L/b = 23.33; (d) eddy current density map for L/b = 36.67 and (e) eddy current density map for
L/b = 50.
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Fig. 9. Eddy current density maps for the third bending mode of the clamped-free reference beam: (a) modal velocity; (b) eddy current density map
for L/b = 10; (c) eddy current density map for L/b = 23.33; (d) eddy current density map for L/b = 36.67 and (e) eddy current density map for L/

b = 50.
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Fig. 10. Eddy current density maps for the fourth bending mode of the clamped-free reference beam: (a) modal velocity; (b) eddy current density
map for L/b = 10; (c) eddy current density map for L/b = 23.33; (d) eddy current density map for L/b = 36.67 and (e) eddy current density map for

L/b = 50.
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x/L

(b)
L/b=2333

Fig. 11. Eddy current density maps for the first bending mode of the sliding-pinned reference beam: (a) modal velocity; (b) eddy current density
map for L/b = 10; (c) eddy current density map for L/b = 23.33; (d) eddy current density map for L/b = 36.67 and (e) eddy current density map for
L/b = 50.
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Fig. 12. Eddy current density maps for the second bending mode of the sliding-pinned reference beam: (a) modal velocity; (b) eddy current density
map for L/b = 10; (c) eddy current density map for L/b = 23.33; (d) eddy current density map for L/b = 36.67 and (e) eddy current density map for

L/b = 50.
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Fig. 13. Eddy current density maps for the third bending mode of the sliding-pinned reference beam: (a) modal velocity; (b) eddy current density

map for L/b = 10; (c) eddy current density map for L/b = 23.33; (d) eddy current density map for L/b = 36.67 and (e) eddy current density map for
L/b = 50.
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Fig. 14. Eddy current density maps for the fourth bending mode of the sliding-pinned reference beam: (a) modal velocity; (b) eddy current density
map for L/b = 10; (c) eddy current density map for L/b = 23.33; (d) eddy current density map for L/b = 36.67 and (e) eddy current density map for
L/b = 50.
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aspect ratios, L/b = 10, 23.33, 36.67 and 50, at each mode. Eq. (4) has been validated in every case.

5.2. Analysis of the clamped-free and sliding-pinned reference beam

The modal velocities of the first four bending modes for the clamped-free and sliding-pinned reference beam, as described in Eq.
(2), are applied, and the resulting eddy current density maps are shown in Figs. 7-14 for four evenly spaced ratios L /b, from 10 to 50. In
all cases, the positions along the beam’s length and width are expressed using the normalised coordinates x/L and y/b, respectively.

The first aspect to highlight regarding the eddy current maps is that the number of eddies generated corresponds to the mode

W)

number and are symmetric with respect to the longitudinal axis of the beam. Additionally, the eddies rotate anticlockwise when 75> >

0 and clockwise when % < 0. This can be demonstrated using the differential form of Eq. (11), which is derived by applying Stokes’
theorem to both sides, resulting in
w(x)

Vx (o)) =B=F (30)

The boundary between two consecutive eddies in the x-direction coincides with the points where the modal velocity reaches a local
maximum or minimum. Since at the boundary of an eddy V x (pJ) = 0, this can only occur when %ﬁ‘) =0, corresponding to the points
where the modal velocity reaches a local maximum or minimum.

The eddy exhibiting the highest values is located closest to the free end of the beam, with its maximum value found at the top and
bottom edges of the beam width. In contrast, the eddy exhibiting the minimum values is positioned closest to the clamped end,
regardless of the mode number.

The centres of the eddies are positioned where the modal velocity has zero curvature. An exception is found with the eddy closest to
the free and pinned beam ends, where, as the length of the beam increases, the centre of the eddy shifts closer to those ends. This occurs
because, for these boundary conditions, the curvature is zero at the beam ends. Since no eddy centre can be located precisely at the
beam ends, as this would violate the charge conservation principle in Eq. (12), the system compensates by generating the eddy near the
beam ends. As observed in the eddy current maps, as the beam length increases, the eddy progressively moves closer to the free and
pinned ends across all modes, resulting in a non-symmetric eddy, unlike the others that remain symmetric.

It is concluded that, for each mode, the positions of the eddy centres and the boundaries between consecutive eddies along beam’s
longitudinal axis are independent of the beam length, except for the eddy closest to the free and pinned beam ends. For this eddy, its
centre shifts closer to the ends as the beam length increases. These conclusions can be further corroborated by inspecting the eddy
current maps provided in Appendix for these cases and the remaining boundary conditions.

6. Parametric study and design methodology

This Section introduces a methodology for designing beams with eddy current damping. The design variables include the beam
geometry (length L, width b, and thickness d), material properties (Young’s modulus E, volumetric density p,, and electrical con-
ductivity o), the modal velocity magnitude vpax, the magnetic field magnitude B, and the beam boundary conditions specified in
Table 1. The output variables, considered for the first four bending modes, include electrical variables (the maximum eddy current
density in the x- and y-directions, Jymax and Jy max, respectively, the average dissipated power P, and the total current I), structural
variables (the angular natural frequency w and stiffness k), and the coefficients associated with the electromechanical model depicted
in Fig. 2 (electrical resistance R and bar length ¢), as well as the equivalent Kelvin-Voight mechanical model shown in Fig. 3 (viscous
coefficient ¢ and viscous damping ratio {).

The methodology begins by examining the equations to determine the influence of each design variable on the output variables.
This analysis leads to the conclusion that straightforward relationships can be established for most design and output variables, except
for beam length and boundary conditions. Consequently, a simple equation is proposed for each output variable applicable to any
beam, based on the output variables of a reference beam with the same aspect ratio L/b, to facilitate the design of other beams.
Subsequently, a parametric study is carried out to investigate the influence of the length-to-width ratio of a reference beam across the
ten boundary conditions detailed in Table 1. This approach enables the output variables for any design beam to be derived from the
reference beam output variables and the established relationships, significantly simplifying the design process for beams with eddy
current damping. Finally, an example application is presented in the concluding subsection.

6.1. Influence of the design variables on the output variables

To establish a methodology for analysing beams with eddy current damping, the equations of each output variable are meticulously
examined. First, from Egs. (15), (17), and (18), it can be concluded that the current density fields are identical for beams with the same
aspect ratio L/b. Consequently, the relationship between Jy(x,y) for a beam and that of a reference beam with the same aspect ratio is
given by

Je(X,Y) _ 0 Vmax B

= o (31)
JXO (xv.y) 0o Vmaxu BO
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where (o ), denotes the variables of the reference beam. The same relationship applies between Jy (x,y) and Jy, (x,y).

This result highlights the critical role of the beam’s aspect ratio in determining the output variables, enabling the derivation of
relationships that express these variables as functions of the aspect ratio from: Eq. (21) for the average dissipated power P; Eq. (23) for
the total current I; Eq. (3) for the natural angular frequency w; Eq. (24) for the stiffness k; Eq. (25) for the electrical resistance R; Eq.
(26) for the bar length #; Eq. (27) for the viscous coefficient ¢; and Eq. (29) for the viscous damping ratio ¢.

As an example, Eq. (21), referring to the dissipated power, can be rewritten as

o hXXN: (’”f) ACED, (32)

o

<

j=1

From this, it follows that the dissipated power of any beam relates to that of a reference beam with the same aspect ratio as

Pi(b)d a(vmax)2<B)2 (33)
Py bo/ do 60 \Vmax,/ \Bo

After examining all the aforementioned equations, the effect of the design variables on the output variables is summarised in Table 3,
where each ay, is the ratio of each design variable between the design beam and a reference beam with the same aspect ratio, for
instance a, = b/by. It is important to note that Table 3 applies directly to all the different beam boundary conditions presented in

Table 1 and is valid for any mode. For clarity, the following equation serves as an example for determining the viscous damping ratio of
a design beam, ¢, when the viscous damping ratio of the reference beam, ¢, is known:

-1/2 71/20[ a Co (34)

{=dpag'ag
The variations of each output variable relative to the reference beam can be determined by multiplying all the individual values of a
row for each studied output variable, as demonstrated in Eq. (34). Thus, Table 3 highlights which output variables have the greatest
influence on the mechanical behaviour of the beam. For example, if the aim of a particular application is to increase the beam’s
dissipated power and viscous damping ratio, an effective approach would be to use a wider beam or to increase the magnitude of the
external magnetic field. However, if the goal is to increase the electrical resistance, altering the beam’s width and the magnitude of the
external magnetic field would have no effect. Instead, reducing the beam’s thickness is one way to achieve this, although this would
come at the cost of reducing the dissipated power in the beam.

6.2. Influence of the beam length on the output variables

Since no straightforward relationship is readily identified for the beam length, in contrast to the other design variables, a study is
conducted on a reference beam for the ten boundary conditions listed in Table 1. This study involves varying the reference beam length
L from a minimum aspect ratio of L/b = 10 to a maximum of 50, using 1000 linearly spaced samples. The geometry and material
properties of the reference beam are outlined in Table 2, while the boundary conditions are detailed in Table 1. The results for the
previously described output variables are illustrated in Figs. 15-24.

The following presents an analysis of the trends observed in Figs. 15-24.

e The maximum values of the eddy current density maps in the x- and y-directions increase with the mode number. These values
decrease as the beam length increases, with the rate of decrease being greater for higher modes. For longer beams, referring to those
with an aspect ratio of 40 or more, Jy max decreases proportionally to (L/ b)’l, whereas Jy max decreases proportionally to (L/ b)’2 for
each mode.

Table 3

Relationships between the output variables of the design beam and those of a reference beam with the same aspect ratio.
Ratio b d E Py 4 Vmax B
Jemax /Jx.max, 1 1 1 1 a ay ap
Jy.max /Jy,maxq 1 1 1 1 Ay ay ag
P/Py af aq 1 1 [ a? ak
I/Iy ap aq 1 1 Ay ay ap
w/wo a2 ag a2 Ry 1 1 1
k/ko ay 2 (13 ag 1 1 1 1
R/Ro 1 az! 1 1 ;! 1 1
¢/t a 1 1 1 1 1 1
c/co (lg ag 1 1 a5 1 (1123
/o a? agt ag'? a1 a, 1 a2
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Fig. 15. Output variables for the free-free reference beam across modes 1 ( ), 2 ( ), 3 ( ), and 4 ( ): (a) maximum eddy current

density in the x-direction; (b) maximum eddy current density in the y-direction; (c) average dissipated power; (d) total current; (e) angular natural
frequency; (f) stiffness; (g) electrical resistance; (h) bar length; (i) viscous coefficient and (j) viscous damping ratio.

e The average dissipated power P is greater for shorter beams across all modes and boundary conditions, exhibiting a decreasing
trend as beam length increases. For longer beams, P is proportional to (L/b) * for each mode, indicating that shorter beams result in
greater dissipation of mechanical energy. Additionally, the dissipated power increases with the mode number.

e The total current circulating in the beam I decreases with beam length for all modes and boundary conditions. However, the total
current increases with the mode number. For longer beams, I is proportional to (L/b) ' for each mode.

o The angular natural frequency o decreases proportionally to (L/b) 2 as the beam length increases for all modes and boundary
conditions, as expected from Eq. (3). As the mode number increases, the angular natural frequency also rises, corresponding to an
increase in the eigenvalue 4.
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Fig. 16. Output variables for the free-sliding reference beam across modes 1 ( ), 2 ( ), 3( ), and 4 ( ): (a) maximum eddy current
density in the x-direction; (b) maximum eddy current density in the y-direction; (c) average dissipated power; (d) total current; (e) angular natural
frequency; (f) stiffness; (g) electrical resistance; (h) bar length; (i) viscous coefficient and (j) viscous damping ratio.

e The stiffness k decreases proportionally to (L/b) > for all modes and boundary conditions, in agreement with Eq. (24). Since the
stiffness depends on the angular frequency and the modal mass, the stiffness k also increases as the mode number rises.

The electrical resistance R increases linearly with the aspect ratio L/b across all modes and boundary conditions. As the mode
number increases, the electrical resistance decreases. This aligns with observations for maximum currents and dissipated powers, as
higher electrical resistance causes more rapid current decay, resulting in reduced power dissipation.

The bar length £ generally increases as the mode number increases, except in the free-free and free-sliding beams, where the
opposite behaviour occurs. A notable phenomenon is observed in the clamped-free beam, where the length ¢ is greater for mode 2
than for the other modes, due to the hyperbolic terms of the applied velocity field. Regarding the trend of ¢ as the ratio L/b in-
creases, it is observed that in the free-free, free-sliding, and clamped-free beams, # increases slightly with the ratio across all modes.
For the sliding-sliding beam, a decay is noted, and as the ratio increases further, the length # tends to converge to the same value for
all modes. In the remaining beams, a slight increase in ¢ is observed for beams with a ratio L/b below 20 in mode 1, contrary to the
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Fig. 17. Output variables for the clamped-free reference beam across modes 1 ( ), 2 (-~ =), 3¢( ), and 4 ( ): (@) maximum eddy
current density in the x-direction; (b) maximum eddy current density in the y-direction; (c) average dissipated power; (d) total current; (e) angular

natural frequency; (f) stiffness; () electrical resistance; (h) bar length; (i) viscous coefficient and (j) viscous damping ratio.
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Fig. 18. Output variables for the free-pinned reference beam across modes 1 ( ), 2 ( ), 3 ( ), and 4 ( ): () maximum eddy current
density in the x-direction; (b) maximum eddy current density in the y-direction; (c) average dissipated power; (d) total current; (e) angular natural
frequency; (f) stiffness; (g) electrical resistance; (h) bar length; (i) viscous coefficient and (j) viscous damping ratio.

other modes, where a slight decrease in ¢ is observed. As the ratio L/b exceeds 20, ¢ tends to remain constant across all modes. As
indicated in Section 3, £ represents the equivalent length of the conductor, which is directly related to the shape of the current lines.
The shape of these current lines is highly dependent on the boundary conditions and the mode, as can be seen in Section 5 and the
Appendix. This makes ¢ particularly sensitive to these factors in comparison to the other output variables.

e The damping coefficient ¢ decreases as the beam length increases for any mode and boundary condition. As the mode number
increases, the value of the damping coefficient also increases. These results are consistent with the behaviour of the induced

currents. For longer beams, ¢ decreases proportionally to (L/b) '

e The viscous damping ratio ¢ is generally higher for shorter beams and reaches a constant value for each mode beyond a ratio L/b of
30. This output variable is also observed to be the most sensitive one to boundary conditions. As the mode number increases, the
viscous damping ratio decreases, with the most significant reduction occurring from mode 1 to mode 2. An exception to this trend is
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Fig. 19. Output variables for the pinned-pinned reference beam across modes 1 ( ), 2 ( ), 3 ( ), and 4 ( ): (a) maximum eddy
current density in the x-direction; (b) maximum eddy current density in the y-direction; (c) average dissipated power; (d) total current; (e) angular
natural frequency; (f) stiffness; (g) electrical resistance; (h) bar length; (i) viscous coefficient and (j) viscous damping ratio.

observed in beams with clamped boundary conditions. For the clamped-free beam, the viscous damping ratio increases from mode
1 to mode 2 and then decreases. In clamped-pinned, clamped-clamped, and clamped-sliding beams, the viscous damping ratio of
mode 4 is not higher than the other modes in shorter beams. This behaviour is attributed to the hyperbolic terms of the applied

velocity field in these cases.

6.3. Application example

A practical example is provided for a beam with eddy current damping under clamped-free boundary conditions, utilising the
output variables presented in Fig. 17 and the relationships detailed in Table 3. The design variables (beam geometry, material
properties, modal velocity magnitude, and magnetic field magnitude) for the design beam in this example are summarised in Table 4,

alongside each ratio ay,.
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Fig. 20. Output variables for the sliding-pinned reference beam across modes 1 ( ), 2 ( ), 3 ( ), and 4 ( ): (a) maximum eddy
current density in the x-direction; (b) maximum eddy current density in the y-direction; (c) average dissipated power; (d) total current; (e) angular
natural frequency; (f) stiffness; (g) electrical resistance; (h) bar length; (i) viscous coefficient and (j) viscous damping ratio.

The values provided in Table 4, together with the relationships in Table 3 and the output variables from Fig. 17 for L/b = 30, are
employed to calculate the output variables for the clamped-free design beam in this example for any mode. As an illustration, Table 5
presents the output variables for both the reference beam and the design beam in this example for the third mode.

The procedure utilised to obtain the output variables in this example is applicable to all ten boundary conditions and for any mode.
This methodology facilitates the determination of the damping behaviour of beams with eddy current damping without the need to
solve the eddy currents explicitly. This capability is particularly valuable in design applications where vibrations are attenuated
through eddy currents.

Furthermore, a MATLAB application has been developed based on the proposed methodology, and it is included as supplementary
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Fig. 21. Output variables for the sliding-sliding reference beam across modes 1 ( ), 2 ( ), 3 ¢( ), and 4 ( ): (a) maximum eddy
current density in the x-direction; (b) maximum eddy current density in the y-direction; (c) average dissipated power; (d) total current; (e) angular
natural frequency; (f) stiffness; (g) electrical resistance; (h) bar length; (i) viscous coefficient and (j) viscous damping ratio.

material.
For illustrative purposes, a design flowchart outlining the steps to apply the proposed methodology is shown in Fig. 25.

7. Conclusions

This study presents a methodology for designing beams with eddy current damping, specifically developed for engineering ap-
plications focused on vibration attenuation. The methodology centres in thin metallic non-magnetic beams that vibrate in the presence
of an external, static, and uniform magnetic field, with self-inductance effects neglected. The beam’s vibration is characterised by
bending mode shapes, and different combinations of beam boundary conditions are considered.

The methodology involves numerically solving the eddy current problem for a reference beam with varying lengths and ten
different boundary conditions, creating a comprehensive database of results. This database is then used to determine the output
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Fig. 22. Output variables for the clamped-pinned reference beam across modes 1 ( ), 2 ( ), 3 ¢( ), and 4 ( ): (a) maximum eddy
current density in the x-direction; (b) maximum eddy current density in the y-direction; (c) average dissipated power; (d) total current; (e) angular
natural frequency; (f) stiffness; (g) electrical resistance; (h) bar length; (i) viscous coefficient and (j) viscous damping ratio.

variables of other beams based on their design variables. The design variables in this study include the beam geometry, material
properties, velocity magnitude, magnetic field magnitude, and boundary conditions. The output variables, which allow for the pre-
diction of the beam’s mechanical behaviour, include electrical variables, structural variables, and coefficients associated with two
simplified equivalent models of the beam: an electromechanical model and the mechanical Kelvin-Voight model.

After solving the eddy current problem for the reference beam, simple equations have been derived to obtain the output variables of
any design beam directly from the reference beam’s output variables. This approach avoids the need to solve the complex eddy current
problem for each design beam individually, significantly simplifying the numerical procedures and, as a result, the design process for
beams with eddy current damping.

Furthermore, the eddy current maps for the reference beam have been analysed, revealing that the different types of beam
boundary conditions directly affect the distribution of eddies across the beam surface. It has been deduced that the boundary between
two consecutive eddies along the beam’s longitudinal axis is independent of beam length for each mode and across all boundary
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Fig. 23. Output variables for the clamped-clamped reference beam across modes 1 ( ), 2 ( ), 3( ), and 4 ( ): (@) maximum eddy
current density in the x-direction; (b) maximum eddy current density in the y-direction; (c) average dissipated power; (d) total current; (e) angular
natural frequency; (f) stiffness; (g) electrical resistance; (h) bar length; (i) viscous coefficient and (j) viscous damping ratio.

conditions. The positions of the eddy centres along the beam’s longitudinal axis are also independent of beam length for all modes,
except for the eddy centre closest to a free or pinned end. In these cases, it is observed that the centre shifts closer to these beam ends as
the beam length increases.

In conclusion, the work presented in this paper offers a valuable resource for designing beams with eddy current damping. This
resource is beneficial both qualitatively, as it enhances understanding of the nature of induced eddy currents, and quantitatively, as it
provides a methodology for analysing the output variables and simplifying numerical procedures. Additionally, the MATLAB appli-
cation developed as part of this work, which is included as supplementary material, serves as a practical and useful tool for designers of

beams with eddy current damping.
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current density in the x-direction; (b) maximum eddy current density in the y-direction; (c) average dissipated power; (d) total current; (e) angular
natural frequency; (f) stiffness; (g) electrical resistance; (h) bar length; (i) viscous coefficient and (j) viscous damping ratio.

Table 4

Design variables and ratios for the clamped-free design beam of the example.
Property Value Ratio Value
L (mm) 600 - -
b (mm) 20 ap 2
d (mm) 0.8 aq 0.8
E (GPa) 68.25 ag 1.05
py (kg/m®) 3915 ap, 1.45
o (MS/m) 7 Ay 1.4
Vmax (M/s) 0.9 ay 0.9
B (T) 0.8 ag 0.8
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Table 5
Output variables for the clamped-free reference beam and the design beam of the example (third
mode).

Result Reference beam Design beam

Jemax (MA/m?)
Jymax (MA/m?)
P (mW)

I1(A)

 (rad/s)

k (kN/m)
R(mQ)

¢ (mm)

¢ (mNs/m)
0

0.611
0.439

129

3.56

971.0

191

2.02

7.22

257

6.54 x 1073

0.616
0.443
29.88

5.75

165.0
0.257

1.81

14.4

73.8

23.8x 1072
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Fig. 25. Design process flowchart.
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